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PREFACE 


Advantage has been taken of the opportunity afforded by the 
appearance of a Second Edition to include a detailed treatment 
of Dr. Cauer’s Theory, and notes on recent developments of 
the theory and design of filters. The enormous advances, made 
in the past few years, indicate the importance of the subject 
and the need for a periodic description of these advances. The 
author thanks Mr. Kaye E. Weedon for many helpful 
suggestions. 

A. T. STARR. 

Fabaday House. 

August, 15 ) 38 . 

PREFACE TO FIRST EDITION 

The importance of the study of electric circuits and network 
theory cannot be over-emphasized, as direct applications are 
useful in many branches of electrical technology, such as 
telegraphy, telephony, radio, power transmission and distribu¬ 
tion, dielectric theory, and the design of electrical machinery. 
There is no book in English which starts from first principles 
and leads, without any omissions of theory, to a complete 
survey of the subject. Hitherto the engineer has had to search 
for the correlating links of theory among many papers and books 
in various languages, and in doing so he has had to read much 
that is irrelevant or unnecessary. Even now the method of 
solving non-linear problems by the (so-called) symbolic method 
is still a closed book to most engineers, and such a question as 
the inductance of part of a circuit is a matter of confused 
thinking. 

In this country the theory of electric circuits has been 
markedly neglected until recently, possibly because the major 
developments in electrical communication have been imported 
from America and Germany. Although the excellent book by 
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Mr. A. C. Bartlett on Electrical Artificial Lines and Filters deals 
with his specialized researches, it is not applicable to practical 
design or suitable for teaching purposes. The author thinks, 
therefore, that the present book meets a need, which will be 
felt still more in the early future. 

In this book a brief and relevant treatment of electromag¬ 
netism precedes a thorough discussion of the powerful vector 
and symbolic methods used in A.C. The treatment eliminates 
the doubts that many engineers feel concerning the validity 
of the symbolic method even in linear problems, because of its 
failure to describe the power conditions. The extension of the 
method for non-linear problems is indicated. 

The design of resistances, condensers and coils, including 
transformers, is then given in considerable detail, and the theory 
of combination of these elements follows. The theory of the 
four-terminal network is clarified by incorporating methods 
well-established for the treatment of power transmission. 

A full discussion of wave filters is then given, following mainly 
the fruitful methods of Dr. O. J. Zobel of the Bell Telephone 
Laboratories. A more general and orderly approach to the 
general problem of the wave filter is described, which led the 
author independently to a method of filter design described in 
very close detail and with admirable completeness by Dr. W. 
Cauer of Gottingen. A new notation impresses order among 
the many types of band pass filter and a nomogram makes their 
characteristics immediately available. Radio-frequency trans¬ 
formers and band pass filters receive attention. 

Acoustic analogies and electro-acoustics are treated from 
first principles and in detail. The subject of transients in net¬ 
works includes some original results and implications. 

The author thanks the editors of the Bell System Technical 
Journal for their very gracious permission to include much 
work from the Journal , and Figs. 08, 69, 205, 219-221, 303-300, 
and 330. Acknowledgments are due to Dr. Zobel for the theory 
of the constant-A: and mid-series and mid-shunt equivalent 
filters. Standard Telephones and Gables are thanked for per¬ 
mission to include Figs. 95, 90, 290, and 310-312; also the 
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calculation and design of the band pass filter on pages 296-300 
(taken verbatim from the Electrical Communication , April, 
1932) and pages 322-325 (kindly supplied by Mr. W. N. 
Rose way and Mr. F. Ralph of Standard Telephones and Cables). 
Ferranti, Ltd., are thanked for information on the AF5 trans¬ 
former and a wave-trap; Colvern, Ltd., for the Ferrocartcoils, 
whose measured resistance and magnification are shown in 
Fig. 98; Messrs. Wright and Weaire for information on their 
scratch-filter, and their superheterodyne band pass filter, whose 
photograph is given in Fig. 298 and measured response curve 
in Fig. 297. 

The author is indebted to the editorials appearing in the 
Wireless Engineer for lucid expositions of many difficult points, 
and also for the editorial which drew his attention to the work 
of Dr. Cauer. 

When possible, references are given to papers written in 
English, for ease of reading. 

Finally, the author thanks I)r. L. E. C. Hughes for reading 
all the proofs and his advice, which has eliminated many 
obscurities in the text; Professor C. L. Fortescue, for his 
comments on Chapter IT; and Dr. Alexander Russell for his 
advice and encouragement. 

Great care has been taken to correct errors and misprints, 
and the author will be grateful if readers will inform him of any 
that ha ve escaped his notice. 

Far.a day HnnsK. 

SniTIfAMPTON ROW, 

Loxnov. W.O.l. 

August, . 


A. T. STARR. 
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NOTATION AND ABBREVIATIONS 


A = Ampere. 

A — Vector potential. 

B = Magnetic induction. 

D = Displacement = kE/4. 

E = Electric intensity. 

F = Farad; juF = 10 6 farad; N i F = 10 12 farad. 
H = Henry = 10 9 cm.; mH = 10' 3 henry. 

H = Magnetic intensity. 

V - Volt. 

W — Watt; kW = 1,000 watts; mW = 10' 3 watt. 
e = Instantaneous E.M.F. 

/ — Frequency. 
i — Instantaneous current. 

j = V- !• 

n! = |n = Factorial n — 1 . 2 . 3 . . . n. 
r\0 = re ]( Kr\0 = re~$ = r\ - 0. 

| z = Angle of z. 

\z\ = Modulus or magnitude of z. 

8= i-|-± .i-1 + 1 + . . . — 2-71828. 
k = Dielectric constant. 

fffcr) = f(.'i'i) + f(.-e 2 ) + • • • %„) = sigma f(x T ). 

r « I 

(p = Scalar potential. 
oj — Pulsatance = 2tt x frequency, 
log N = lo gl „ X. 

logh N = log £ N — natural logarithm. 

> = Greater than. 

xiii 
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NOTATION AND ABBREVIATIONS 


< = Less than. 

> = Greater than or equal to. 

>> = Much greater than. 

H = Nearly equal to. 

7 ^ = Not equal to. 
oc — Proportional to. 
so = Infinity. 

R.P. = Real part. 

I.P. = Imaginary part. 

Owing to frequent reference, it has been found convenient 
to quote initials of the following journals— 

I.E.E. Journal of the Institution of Electrical Engineers 
(London). 

I.R.E. Proceedings of the Institute of Radio Engineers (New 
York). 

B.S.T.J . Bell System Technical Journal (New York). 
W.E. Wireless Engineer ami Experimental Wireless, for¬ 
merly Experimental Wireless and Wireless Engineer. 





ELECTRIC CIRCUITS 
AND WAVE FILTERS 


CHAPTER I 

MATHEMATICAL PROCESSES 

Introduction. The subject of electric circuits and wave filters 
requires a thorough knowledge of the mathematical theory of 
complex numbers. This chapter will therefore begin with a 
brief resume of some useful mathematics, with which the reader 
is expected to have already some acquaintance. The formulae 
and processes will be presented in a concise form for ease of 
reference. The theory of complex numbers and the trigono¬ 
metric functions of real and complex numbers will be set out 
more fully, so that the algebraic and graphical treatments of 
alternating current theory can be understood properly when 
they are developed in Chapter II. 

Some Algebraic Equations. The quadratic equation 
ax 2 + bx -f c = 0 

is satisfied by the two values of x given by 

V(6 2 -4oc) 


The equations 
and 

are satisfied by 

and 


a x x + Wy + c x = 0 ) 
a 2 x + b 2 y + c 2 = 0 ) 

(&iC 2 — &2 C l) 

x — - 

(a 1 b 2 - a 2 b x ) 

{C]Ci 2 — c 2 a x ) 

{a^b 2 


( 2 ) 

( 3 ) 


For a larger number of simultaneous equations the solution 
is best given in the form of determinants.* 


* A Treatise on Algebra , by Charles Smith (Macmillan & Co. Ltd., London), 
1913, Fifth Edition, Chapter XXXI. 


1 



2 


ELECTRIC CIRCUITS 


[Chap. I 


Thus the solution of the equations 

a x x + b x y + c x z = d x >> 
a 2 x + b 2 y + c 2 z = d 2 l 
and a z x + b z y + c z z = d z J 




d x , 

K 

Ci 

■ 

is 

x = 

d 2 , 

b 2 ? 

C 2 

H-A 



d 3 , 

^3? 

C 3 




a x , 

d x , 




y = 

a 2 > 

d 2 , 

C 2 

H-A 



a z , 

d z , 

C 3 




a x , 

K 

d x 


and 

z = 


b%> 

d 2 

-A 



®3> 

b 3 , 

d 3 




a x , 

h, 

Ci 


where 

D = 

a*, 

b 2 , 

c 2 




a*, 

b^, 

C 3 



Progressions and Binomial Series. An arithmetic progression 
is a series of terms in which each term differs from the preced¬ 
ing by a constant, d say. If the first term is a, the series is 

a + (a + d) + (a + 2d) + * • • • • (5) 

The nth. term is a + (n - 1 )d, and the sum of n terms is 
\n (2a + n - 1 . d) . . . (6) 

A geometric progression is a series of terms in which each 
term is a constant multiple, x say, of the preceding. If the 
first term is a, the series is 

a + ojx + ax 2 + . . . . . (7) 

The nth term is ax n ~ x and the sum of n terms is 

a(x n - l)/(x-l) . . . (8) 

If the magnitude (or modulus) of x is less than 1, the sum 
approaches a/(l - x) as the number of terms increases in¬ 
definitely. The series (7) is then said to be convergent and its 
sum is aj( 1 - x). 

The binomial theorem states that 


(1 + x) n = 1 + nx + 


n(n - 1) 


n(n - 1) (n - 2) 
1.2.3 ^ 
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This is true for any value of x if n is a positive integer, but 
it is also true for any value of n if the modulus of x is less than 1. 

Algebraic Notation. 1 . 2.3 . . . n is called “ factorial n ,” 
and is written \n or n ! 

Thus 1! = 1, 

2! = 1 . 2 = 2, 

31=1.2.3 = 6, 

4! = 1 . 2.3.4 = 24, 

and so on. 

It is convenient to attach a meaning to 0!, and the meaning 
is found in the following way. 

n \ — 1.2.3 . . . (n - 2) (n - 1 )n 
= n X (n - I)! 

If we put n = 1 we get 1! = 1 X 0!,so that 0! = 1. 

There is a very useful notation applied to sums of terms. 
Thus the series 

1 + 2 + 3 + ... + n, 

which is the sum of all integers from 1 to n , is written as 

n 

E r. 

r — 1 

In the same way, 

l 2 + 2 2 + 3 2 + . . . + n 2 — E r 2 , 

r= 1 

and 1.2 + 3.4+...+ (2 n - 1) 2n = E (2r - 1) 2r. 

r= 1 

More generally we write 

f (®i) + f(* 2 ) + . . . + f(xj = r f(* r ), 

l 

where f is any function. 

Exponential and Logarithmic Functions.* A series with an 
infinite number of terms is called an infinite series . Thus the 
series of equation (7), which is 

00 

a + ax + ax 2 + . . . = E ax r , 7 

r = 1 f c 

is an infinite series. 

In order that the sum of an infinite series be finite, it is not 

* See Plane Trigonometry , by S. L. Loney (Cambridge, University Press), 
Part II, Chapter I. 

2 —(T-5782) 
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sufficient that the terms diminish to zero. Thus the terms in 
the series 27 (1 /r), viz. 

1+I+3 + 4+ * ' •> 

diminish to zero, but the sum of the series is infinite and the 
series is said to diverge. To ascertain whether an infinite series 
is convergent, divergent, or neither, certain tests can be 
applied.* 

The »eri« f (i) ^ + -1+1 + 1+ , , 

= I + -n + ii + f!+.<"» 

can be shown to be convergent and its sum is 2*71828. . . . 
This number is written e or 8. Throughout this book the latter 
symbol, epsilon, will be used for this number to avoid confusion 
with e used for instantaneous E.M.F. 

It can then be shown that for any value of x 

/v2 a.3 

£ a: =l-|-a:-|- —+ —. . (11) 

00 

= .( lla ) 

o 

This is not a truism, but expresses a definite theorem, which 
becomes more explicit when we write it in the form 

( 1 1 \x /v»2 

1 + 1 + 2! + 3! + - • *) =1+ *+2! + 3! + - * * 

£ x is the exponential function of x and it is sometimes con¬ 
venient to write it as “exp. 

The logarithm of a number N to a base A is the power to which 
A must be raised to become N, so that 

A to *A* = N, 

where log^ N = the logarithm of N to the base A 

For example log 10 100 = 2 
because 10 2 = 100. 



* Theory of Infinite Series , by T. J. I’A. Bromwich. (Macmillan.) 
f Calculation of Alternating Current Problems , by L. Cohen, (Me Graw-Hill 
Publishing Co.), First Edition, Table XXII, gives the values of and 
for values of x up to 4. 
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We can thus say that if 

log, N = x, ) 

A x = N.) 

The following theorems can be proved 

log, MN = log, M + log, N 
log, {MIN) = log, M - log, N 
log, M p = p log, M 
log, N = (log, N) x (log, B) . 
Because (13d) is important its proof will be given. 
Let log, N = x, log,, N = y, and log, B = z. 

Then A x = N,B V = N, and A 1 = B. 


(12 a) 


(13a) 

(136) 

(13c) 

(13d) 


Therefore A x = N = B v = (A z ) v = A vz , so that x = yz, 
which proves the theorem. 

There are two important bases to which logarithms are 
taken, 10 and 8. The logarithm of N to the base 10 is the 
ordinary logarithm and is written 

log 10 ^ = log^ .... (14a) 


The logarithm of N to the base 8(= 2-71828 . . .) is called 
the natural , hyperbolic, or neperian logarithm of N and is 
written 


log 6 N = logh N .... (146) 


By equation (13d) we have that 

log N = log 10 N = log e N X log 10 8. 

logi 0 £ is a constant and equals *43429. Also log e 10 = l/log 10 8 
and equals 2*3026. 

Hence log N = *43429 logh N . . . (15a) 

and logh N = 2*3026 log A* . . . (156) 

It can be shown, by a combination of the binomial and 
exponential theorems of equations (9) and (11), that 


logh (l+a?) = a?-- 5 *+- 5 *-. 


= 27( l) r+1 - 
r=i r 


(16) 


This is true only if |#| < 1, where we write \x\ for the modulus 
of x. 


* For tables of logh N for N = 1 to 10, see Four Figure Mathematical Tables , 
by J. T. Bottomley, pages 54—55. 
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The series (16) happens to hold when x = + 1 , but the 
series is then not useful, as its sum can be made anything we 
please by a rearrangement of the order of the terms. 

A more convenient formula for natural logarithms is 


logh x = 


r/x - iy i/x - iy i/x - iy 

L\* + 1 ) + Hz 4- i/ + 5Vx+iy 


+ 



which holds for all positive values of x. 

For example, 

, , fl 1 1 1 1 1 

logh 2-2 [- + 3 • 33 + 5 • 35 + • • • J 

= -6931, taking only 4 terms. 


For values of x near 1 , only a few terms of the series are 
required to obtain a very close approximation. 


It should be noticed that when x is small, 


logh (1 + x) = x . . . . . (16a) 

The differential coefficient of x r is rx r ~ x . If E x is differen¬ 
tiated term by term, the original series reappears. As the 
resulting series is convergent, the process is valid. Thus 


CO 

II 

■ (18) 

Similarly ~ £ kx = Jc£ kx 

. (18a) 

It can be shown that 


d 1 , 1 

- 7 - logh x = — . 
dx 0 X 

• (19) 

This is true for all values of x. 



Since 


log x = 0*43429 logh x, 


d , 


0-43429 

X 


(19a) 


Equations (16) and (19) show the usefulness and importance 
of 8 . 

Since a x = E x i° gh a . . . (20) 

a x = logh aE x logh a 

= (logh a)a x . . . ( 20 a) 
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Trigonometric Functions. In Fig. 1 there are two perpen¬ 
dicular lines, X'OX and Y'OY, which are called the axes of 
reference ; X'OX is the £-axis and Y'OY the y-axis. The 
position of any point P in the plane can be fixed by stating 
the values of ON and NP, where NP is drawn at right angles 
to the a;-axis. ON is called the ^-coordinate or abscissa , and 
NP the ^/-coordinate or ordinate. Together they are called the 
rectangular coordinates and P is said to be the point ( x , y ). 
The axes divide the plane into four parts XOY, YOX', X'OY', 
and Y'OX; which are called the first , second , third , and fourth 
quadrants respectively. Plus and minus signs are attached to 
x and y in order to determine in which quadrant the point is 
situated. There is a conven¬ 
tion to take x negative to the 
left and positive to the right, 
whilst y is negative down¬ 
wards and positive upwards. 

Thus, in Fig. 1, P has a 
positive x and a positive y, 
whilst P' has a negative x 
and a positive y. 

The position of P can be 
determined also by the length 
of OP and the angle XOP. 

We write OP = r, angle XOP 
= 6 , and P is the point (r, 6). We can take r as positive or 
negative, but in this work it is convenient to agree to take r as 
positive always. We take 6 as positive when we have to rotate 
OX in the anti-clockwise direction to reach OP, and negative 
when OX must be rotated in the clockwise direction. 

For ordinary use the degree is the unit and is such that 
angle XOY = 90 degrees. In mathematics it is more con¬ 
venient to use the radian as the unit, the radian being defined 
as the angle subtended at the centre of a circle by an arc equal in 
length to the radius. Since the circumference of a circle is equal 
to 2tt times the radius and equal arcs subtend equal angles it 
follows that ' 

2rr radians = 360 degrees, 
or 1 radian = 360/277 = 57*30°. 

It is clear that 360° = 277, 180° = 77, 90° = 77 / 2 , etc., where 
it is understood that the radian is the unit unless otherwise 
specified. 



Fig. 1. Rectangular and Polar 
Co-ordinates 
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An angle can have any value, positive or negative. Thus, 
in Fig. 1, angle XOP is between O and 77/2 and XOP' is between 
77/2 and 7 t. Adding 27 t to an angle means an extra complete 
revolution and the position of OP is unchanged. 

r and 0 are the polar coordinates of the point P and P is 
called ( x , y) or (r, 0). Sometimes the latter is written r\6. 

The trigonometrical ratios of 0 are given by 
sine 0 — sin 0 = y/r , cosine 0 = cos 0 — x/r, 
tangent 0 — tan 0 = yjx , secant 0 = sec 0 = r/x , 
cotangent 0 = cot 6 = x/y, and cosecant 6 = cosec 6 = rjy. 

It should be remembered that r is always positive, and x 
and y positive or negative according to position. These defi¬ 
nitions are perfectly general and apply to angles of any mag¬ 
nitude. Thus, in Fig. 1, 

sin 0' = y'jr' — positive, 


cos O' = x'/r' = negative, 

and so on. 

There are many relations connecting the trigonometric 
functions of angles which are proved in any textbook on 
trigonometry. Some useful relations will be given without 
proof. 


and 


sin 


cos 


tan 6 


e 3 


0 5 

s 7 

~ 3 ! 

+ 

5!' 

'7! + • • • 

0 2 


0 4 

0« 

“2! 

+ 

4! ~ 

' 6! + • • • 

0 3 


2. 

17 

+ B 


I5 

e5 + 5T5 e ’ 


( 21 ) 


where 6 is in radians. The expression for tan 6 holds for values 
of 6 less than 7t/2, but the expressions for the sine and cosine 
are true for all values of 6. These expressions are sufficient 
proof of the importance of the radian. 

Some simple theorems are easily proved. 
sin 2 6 + cos 2 0=1 

tan 0 = sin 0/cos 0 



Also sin (A i B) = sin A cos B ^ cos A sin B 
cos (A±B) = cos A cos B sin A sin B 
(tan A ± fan B) 


and tan (A ^ B) = 


(1 tan A tan B) 


(23) 
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In these equations the upper signs must be taken together 
and the lower signs together, and the equations hold for all 
values of A and B. Putting A = B we derive 


and 


sin 2A = 2 sin A . cos A = 

cos 2A = cos 2 A - sin 2 A 
= 2 cos 2 A - 1 


2 tan A 
(1 + tan 2 A) 


= 1-2 sin 2 A = 


tan 2A = 


2 tan A 
1 - tan 2 A 


1 - tan 2 A 
1 + tan 2 A 




A + B 


A - B 

Also sin A + sin B = 

2 sin 

2 

cos 

2 



A - B 


A + B 

sin A - sin B = 

2 sin 

2 

cos 

2 



A + B 


A - B 

cos A + cos B = 

2 cos 

2 

cos 

2 



A + B 


B - A 

and cos A - cos B = 

2 sin 

2 

sin 

2 


> (24) 


Y (25) 


The inverse trigonometric ratios are defined in the following 
way. 

If sin d = s, 

0 = sin' 1 s or arc sin s. 

Similarly, if cos 6 = c, 6 = arc cos c, and if tan 6 = t, 6 = arc 
tan t. 

There are series expressions for the inverse functions corre¬ 
sponding to the series in equation (21). Thus 

arc sin A = A + ^A 3 + ^A 8 + + • • • ] 

arc cos A = ^ - arc sin A 

A 

= 1 _(A + 6 A3+ - 

, A A 3 A 8 A 7 

and arc tan A = A- — + — - — +. . . 

o o 7 


(26) 
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These expressions hold if | A| < 1. 

7T 

If j A | > 1, arc tan A = — - arc cot A 

A 

TT 1 

= -- arc tan 


[Chap. I 


_ 7T_1 1 

_ 2“-A + 3A 3 


■5 A 5 


+ . 


(26a) 


It is usually agreed to take the inverse functions as lying 
between 0 and 7 r/2. Generality can be maintained by adding 
a suitable constant and using a plus or minus sign. For exam¬ 
ple, if sin d = - s, let a be the angle between 0 and 7r/2 whose 
sine is s. Then it is clear that 6 may be equal to any of the 
following: -a, rr + a, 277 - a, 377 + a, . . . We may thus 
write 6 = nir + (- l) n + 1 arc sin s, where arc sin s is in the first 
quadrant and n is any positive or negative integer. 

The following list of differential coefficients and integrals is 

USeful ~ TABLE I 


Function 

Differential Coefficient 

Integral 

sin ax 



a cos ax 

1 

— cos ax 
a 

cos ax 



- a sin ax 

1 . 

— sm ax 
a 

tan ax 



a sec 2 ax 

logh sec ax 

sec ax 



a sec ax tan ax 

logh (sec ax + tan ax) 

cot ax 



- a cosec 2 ax 

-i logh sin ax 

cosec ax. 



— a cosec ax cot ax 

~ logh (cosec ax - cot ax) 

arc sin ax 



a l\/{ 1 - a 2 x 2 ) 

arc cos ax 



- a IV( 1 ~ a 2 x 2 ) 


arc tan ax 



a/{ 1 + a 2 x 2 ) 

1 x n+1 
n ~}-l 

x n . 



nxn -1 . 

(a + bx) n 



nb(a + bx)n -1 

(n + 1)b (« + ^) n+1 

8 ax . 



cax 

a O .... 

d pax 

a® . 



(logh a)a x 

a^/logh a 

logh ax 



l/x .... 

x logh ax — x 
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Real Hyperbolic Functions.* The hyperbolic sine and cosine, 
written sinh and cosh, are defined by the expressions— 


• , , n 0 3 & 0 7 

smh 6 — 6 + + 5 -J + 71 + - 

d 2 0 4 0 6 

and cosh e=1 + 2 ! + 4 j + 6l + - 


(27)t 


These expressions are obtained from the series for the sine 
and cosine by putting all the signs positive. The rest of the 
ratios are given by 

tanh 6 = sinh 0/cosh 0 

:6 7 + . . . 


= «-l«* + n 6S 


315 


sech 6 = 1/cosh 6, 
coth 6 = 1/tanh 6, 


and 

cosech 6 = 

1/sinh d. 



E 6 = 

6 2 

6 s 

Since 

1 + 6 + J] 

+ 37 


e~ 9 = 

e 2 

6 3 

and 

:1 ~ e + 2! 

“ 3l 


(27 a) 


(28) 


(28a) 


+ • • • 

A i *J i 

it follows that 

sinh 6 = J(80 - 8 " e ) 
cosh 0 = |(8 0 + E-°) 
and tanh d = (E e - E- d )/(E 6 + E~ d ) 

Also cosh 6 + sinh 6 = E d 

and cosh 6 - sinh 6 = E~ e 

To every theorem connecting sines and cosines there corre¬ 
sponds a theorem connecting hyperbolic sines and cosines. 
Thus, corresponding to equations (23) there exist the equations 

sinh (A ± B) = sinh A cosh B ^ cosh A sinh B 

cosh (A B) = cosh A cosh B ± sinh A sinh B 

„ A ^ /A , . tanh A ± tanh B 

and tanh (A 4- B) = -——-— ,- r -—t—^ 
v 7 1 ± tanh A tanh B 


(29) 


* For full discussion, see Loney, op. cit. 

f Calculation of Alternating Current Problems, by L. Cohen, gives tables for 
sinh 6 and cosh Q for values of Q up to 4 in Table XXII. 
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These formulae are, if anything, more regular in form than 
those in (23), and can be proved very simply from equations 
(28) or (28a). 

Thus, 

sinh (A + B) = A [£ (A + B > - 8 - < A + B >] 

= j[8 A .e B -e- A .e- B ] 

= |[(cosh A + sinh A) (cosh B -f sinh B) 

- (cosh A - sinh A) (cosh B - sinh B)] 

= sinh A . cosh B + cosh A . sinh B. 

The various theorems can be derived more easily later when 
complex numbers are investigated, but they can be proved 
without resorting to complex theory. 

The inverse hyperbolic functions are very important, and 
are capable of being expressed in logarithmic forms. Thus, 

sinh -1 6 = arc sinh 6 = logh [6 + Vi® 2 + 1)] 

= 0- ^ 3 + I5 05_ Il2 e7 + • • •’ if l e i < 1 

cosh -1 6 = logh [6 + y/(d 2 ~ 1)] 

= logh 26 - - ~ - . . if |0| > 1, 

andtanh -1 0= J logh [(1 + 0)/( 1 - 0)] 

= 0 + ]0 3 + l0 5 + . • if|0| < 1. 

In these formulae the logarithmic forms hold for all values 
of d, but the series for the stated values only. A proof of the 
first formula will be given. 

Let sinh -1 6 = x; then sinh x = d = ^(8* - 8“*). 

Multiplying both sides by 8* and re-arranging, we get 

£ 2x _ 26E x -i = 0 , 

which is a quadratic in £ x . Equation (1) then gives 

8* = «20 ± VW 2 + 4)] = 6 ± V(0 2 + 1). 

As £ x must be positive, the positive sign must be taken, so 
that 

8* = Q + V(0 2 + 1). 

i.e. x = sinh -1 6 = logh [6 + y / ( 6 2 + 1)]. 




Chap . /] MATHEMATICAL PROCESSES 
An important set of formulae is 
cosh -1 6=2 sinh -1 
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■X+') ] 
jm 


= 2 cosh -1 

= 2tanh-y(^-J) 

These follow immediately from (30). Thus 


(31) 




, re -1 0 + 1 

= logh [-y- + -j- + 

= io g h [0 + V( 0 2 -i)] 

= cosh -1 6. 


V(0 2 -i) 


The other formulae can be proved in a similar manner. 
The differential coefficients of the hyperbolic functions are 
found immediately from (27) or (28) and we have the following 
list. 

d . , , d 


dx 

d 


sinh x = cosh x, cosh x = sinh x, 
d 


7 tanh x = sech 2 x , - 7 - sech x = - sech x tanh x . 
dx dx 

Dr. A. Russell* gives a brief treatment of the hyperbolic 
functions and a table of sinh, cosh, and tanh for values of 6 
up to 2-38. To interpolate in the tables we can use Taylor’s 
Theorem, which states that 

A 2 


f(x + A) = f(x) + A£'(x) + f"(x) + . . . 

where i\x) = ^ f(x) 
d 2 


i"( x ) = j+2 f (*)> etc - 


(32) 


* Alternating Current Theory (Cambridge University Press), Vol. 2, Chapter 
XIX. 
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Thus, sinh (x + A) = sinh x + A cosh x 

A 2 . , 

+ smh «+.••• 

==i sinh x + A cosh x 
Similarly, cosh (x + A) == cosh x + A sinh a 
and tanh (# + A) = tanh x + A/cosh 2 # 

A may be positive or negative. 

When x becomes large, 

sinh x = cosh x = ^8* 
and tanh a; = 1 - 28~ 2x 

Complex Numbers. The algebraic method of dealing with 
alternating currents is based on the theory of complex numbers, 
which will now be developed.* As complex numbers are 
generally associated with vector diagrams and vector diagrams 
with complex numbers, it is often thought that the two con¬ 
ceptions are really one. This is not the case; and it will be 
shown later that a vector treatment of alternating currents is 
possible without the use of complex numbers, just as a complex 
algebraic theory is possible without the use of vectors. 

The quadratic equation x 2 + 1 = 0 is not satisfied by any 
real, i.e. positive or negative, number. We therefore agree to 
extend our notion of number to admit of the existence of a 
number - 1, which we call j, the pure imaginary. It is no 
more imaginary than <y/2 or x%, but the name has stuck. The 
quadratic equation x 2 + 1 = 0 then has two roots + j and - j, 
and the quadratic equation ax 2 + bx + c = 0 has two roots 
for any values of a, 6, and c. If b 2 is less than 4 ac, the roots 
are of the form A + jB and A - jB, where A and B are real. 
A + jB is a complex number and A - jB is its conjugate. 

Complex numbers are defined as obeying the ordinary laws 
of algebra, viz. that 

a -)— b = b -J— a y 
a + (b + c) = (a 4- 6) + c, 
a X b = b X a, 
a X (b X c) = (a X b) X c, 

and so on, with the one extension that when j 2 occurs it may be 
replaced by - 1. 

* Loney, ojp. cit.. Part II. Also The Propagation of Electric Currents in 
Telephone and Telegraph Conductors , by J. A. Fleming, Chapter I. 
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Addition and subtraction are then obvious operations. Thus 
(A + jB) + (C + jD) = (A) + (jB) + (C) + (jD) 

= (A) + (C) + (jB) + (jD) 

= (A + C) + j(B + D), 
and (A + jB) - (C + jD) = (A - C) + j(B - D). 

Multiplication is just as easy. Thus, 

(A + jB) (C + jD) = AC + AjD + jBC + j 2 BD 

= (AC - BD) + j(AD + BC) (34) 

Division is rather more difficult, and the process is known as 
rationalization. An example will explain the method. 

A + jB (A + jB)(C-jD) 

C + jD ~ (C + jD) (C-jD) 

(AC + BD) + j(BC - AD) 

~ C 2 - j 2 D 2 

AC + BD .BC-AD 
~ C 2 + D 2 + J C 2 + D 2 ' ’ ( 35 ) 

It will be noted that the sum and product of two conjugate 
complex numbers are real. For 

(A + jB) + (A-jB) = 2A 
and (A + jB) (A - jB) = A 2 + B 2 . 

There is an important theorem about complex numbers, 
which is that, if 

A + jB = C + jD) 

then A = C and B = D) * ' * K } 


For, if A + jB = C + jB, 

A - C = j(D - B), 

(A - C) 2 - - (D - B) 2 , 
and (A - C) 2 + (D - B) 2 = 0, 

(A - C) 2 must be real and positive and so must (D - B) 2 . As 
their sum is zero, each must be zero, so that A - C = 0 , and 
D - B = 0, giving A = C and B = D. Thus if two complex 
numbers are equal, their real and their imaginary parts must 
separately be equal. 
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Polar Form of Complex Numbers, x + ]y is said to be a 
complex number in the Cartesian form. The name is explained 
later. The complex number can be expressed in the form 
r(cos 6 + j sin 0), which is called the polar form of the number. 
The relations between x , y , r, and 6 are found as follows. 

Let x + ]y — r(cos 6 + j sin 6) . . (37) 

Equating real and imaginary parts according to (36), we 
obtain 

x = r cos 0) 

and y = r sin d ) ' * • ( ) 

which give x and y in terms of r and 6. Squaring and adding 
give 


(39) 


r = V(* 2 + y 2 ) ) 
and division gives 6 = arc tan (yfx) ) 

r is called the modulus of the complex number and 6 is the 
argument or angle. 

From equations (21), it follows that 


cos 


. . ■ / e 2 e 4 \ / e 3 e 5 \ 

0 + ]sme-(l-2j + j|-. . •) + + 5j • • •) 


0 2 . 0 3 6 * 


0 s 


= 1 + j 0 “ 2l “ ^ 3l + 4l j 6l • ’ 

1 i -a i (j®) 2 I (j®) 3 . (j®) 4 , 
= 1+3^ + ^- + ^ + -^ + 


3! 


= 8 : 


if) 


since j 2 = - 1, j 3 = - j, j 4 = 1, etc. 

We thus see that 

cos 6 + j sin 6 = S j0 ) 
Similarly, cos 6 - j sin 6 = S _j0 ) 

This is Euler’s Theorem. 

By addition and subtraction it is seen that 


and 


sin0 = i(8 ifl -8- J0 ) 
cos 0 = i(8 i0 + 8" ie ) 


}• 


(40) 


(41) 


From equations (37) and (40) it appears that x + jy may be 
written in the form 

x + ]y= V(z 2 + 2/ 2 )£ ar ° tan {v,x) ■ ■ (42) 



17 


Chap . I] MATHEMATICAL PROCESSES 


A more convenient method of writing this, and which means 
nothing more, is 

x + \y = V( x * + y 2 ) I arc tan (y/x) . (42 a) 

For example 1 + j = V 2 I 77 / 4 
and 1 - j = |-7 t/4. 


The latter expression is also written 

1 “ j = V 2 I 77 / 4 - 

The polar form is particularly convenient when complex 
numbers are multiplied or divided. For 

fj£ i01 X r 2 8 i03 = v,£ j01 + 1 ^ 


= r 1 r 2 8 i(01 + e2) ; 

or, equivalently, 

»i |0 X X r 2 |0 2 = r/ 2 jgi + e 2 . 


(43) 


Thus, to multiply two complex numbers, we multiply their 
moduli to get the modulus of the product and add their angles 
to get the angle of the product. For example, 2|30° X 3| - 10° 
= 6| 20°. Division is just as simple. Thus 

r ilgt _ ^ _ ji M,) 

r 2 &® 2 r z 




(44) 


In this case the moduli are divided and the angles subtracted. 
It is clear from (42a) that, if 

x + ]y = r|0 


then x - ]y = r|0 

so that conjugate numbers have equal moduli and equal but 
opposite angles. 

It can be shown from (36) that, if 


rjfl = r'\ff 
r = r 9 and 0 = 0' 


(36a) 


Many results, especially in the theory of a.c. bridges, follow 
more readily by the use of (36a) than by the use of (36). 

The polar form is unsuitable when complex numbers are 
to be added. The best thing to do is to convert from the polar 
to the Cartesian form and then add. The conversion can be 
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made by calculation from equations (38), but this is cumber¬ 
some. Messrs. Keufel and Esser have made a vector slide-rule, 
on which the conversion can be made very simply. If a great 
deal of converting is to be done, probably the simplest method, 
and also the least fatiguing mentally and optically, is to draw 
on squared paper a large diagram consisting of circles and radii. 
The author, having once had occasion to perform a large number 
of conversions, drew circles of radii 10, 11, 12, . . . 100 cm., 
and radial lines at 0°, 1°, 2°, . . . 45°. This enabled him to 
convert from x -f ]y to r\d and from r\0 to x + j y. The angle 
could be read to within 0*2° easily and r to 1 mm. x and y 
could be read somewhat more accurately. To avoid fatigue, 
the graph was mounted vertically and the position of any point 
on the graph located with a pin. The two desired quantities 
could then be read and written down separately. 

The logarithm (to the base £) of a complex number is the 
index to which 8 must be raised to become that number. 

Therefore, logh r\0 = logh (r X £ 30 ) 

= logh r + logh £ 30 
= r + 

since logh £ is clearly j 6. 


As 

gj2wr _ CQg 2 n7T _j_ j s j n 2nrr 



= 1, if n is any integer, 

gj@ + j2 nTi 


Then 

logh & f) = ]0 + j , 


and 

logh r\d = logh r + j(0 {- 2mr) 

• (45) 


where n is any integer. 

It appears then that a number has an infinite number of 
logarithms, which differ by multiples of 23 * 77 -. In other words, 
the logarithm of a complex number is infinitely multiple-valued. 
This is not a new conception, as the angle with a given sine 
or cosine has also an infinite number of values. Thus arc 
sin \ = mr -f- (— l) n (7T /6), where n is any integer. 

If we put 6 = 0, r\0 is a real number r. Then 

logh r — logh r + j2mr . . . (46) 

so that a real number has an infinite number of logarithms; 
the real value of this logarithm, which is obtained by putting 
n = 0, is the usual Neperian logarithm. 
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If we put 6 = it, r\B — t\tt = - r, so that 

logh (- r) = logh r + ]tt + ]2mr 

= logh r + j(2n + l)7r . . (46a) 

We have thus found an expression for the logarithm of a 
negative real number. 

By joint application of equations (45), (42), and (46a) it is 
seen that 


logh (X + j y) = \ logh (x 2 + y 2 ) 

+ j[arc tan {y/x) + 2mr ] . . (47) 

when x is positive, and 

logh (x + j y) = i logh (x 2 + y 2 ) 

+ j[arc tan ?y/x) + (2n + 1)tt] . (47a) 

when x is negative. 

If x = 0, we get logh j y = logh y + ](2n + ^tt) 


and logh (- j y) = logh y + j(2n - |tt). 

The theorems of (13a), (136), and (13c) still hold for these 
complex logarithms. 

The Argand Diagram. Argand suggested that complex num¬ 
bers could be adequately and helpfully represented on a plane 
diagram in the following way. Taking rectangular axes, as in 
Fig. 1, real numbers are re¬ 
presented as lengths along 
the x-axis and pure imagin- 
aries as lengths along the 
y-axis. Thus ON represents 
the real number x and OM 
the pure imaginary j y. The 
sum of two lengths at right 
angles is taken as the length of 
the diagonal of the parallelo¬ 
gram formed by these lines. 

Thus ON + OM = OP, 



Fig. 2. Addition of Complex Number 


so that OP represents x + j y. 

In this method NP = OM, so that only the direction* and 
magnitude of a line are important. 

It follows at once from this method of adding a real and a 
purely imaginary number that any two complex numbers are 
added by the usual parallelogram law of vector addition. Thus, 
in Fig. 2, OP x = x x + j y x and OP 2 = x 2 + W* 

3—(T.5782) 



20 ELECTRIC CIRCUITS [Chap. I 

Let OPjPP 2 be a parallelogram, so that P X P = OP 2 . Then 
ON = ONi + N X N = ON x + ON 2 = Xl + x % 
and NP = NM -f MP = N^ + N 2 P 2 = y x + y 2i 
so that OP = (x 1 + x 2 ) + j (y x + y 2 ) 

= (*i + m) + (« 2 + m)- 

Because complex numbers add vectorially on the Argand 
diagram, it has become usual to speak of complex numbers as 
vectors. This is not justified, and G. A. Campbell has rightly 
insisted on calling them complex scalars. It is obvious that 
complex numbers are not vectors, because they do not possess 
the vector and scalar products. Custom has linked the name 

of vector with complex num¬ 
bers and so no attempt will be 
made here to adhere to the 
rigorous definition of vector, as 
given by Heaviside (. Electro¬ 
magnetic Theory , Vol. I). 

The reason why x + ]y is 
called the Cartesian form is now 
clear. In Fig. 1, it is seen that 
x = r cos 6 and y = r sin 6, so 
that 

OP = r(cos 0 + j sin 6), 

where r = OP and 0 = angle 
XOP. Thus the r and 6 of 
equation (37) are the r and 6 of Fig. 1; and since r and 6 are 
the polar coordinates of the point P, it is reasonable to call 
r(cos 6 + j sin 6) the polar form of the complex number repre¬ 
sented by OP. The relations between r, 6 , x 9 and y have 
already been given. 

The polar form having been explained, it is easy to see the 
multiplication and division of complex numbers on the Argand 
diagram from equations (43) and (44). In Fig. 3, let OP x = rjflj. 
and OP 2 = r 2 \6 2 . Then if OP is the product, OP = r ± r 2 |0 X + 0 2 . 
Thus 

|OP| = |OP x | x I OP, I 
and ZXOP = zXOP x + zXOP 2 

where |OP| stands for the modulus, or magnitude, of OP. 
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If OP' = OP x ^ OP 2 , then !OP'| = (OP,! ^ |OP| and Z.XOP' 
= zXOP x - zXOP 2 . 

Since a real number has angle 0 if the number is positive, 
and angle 7 r if the number is negative, multiplying a complex 
number by a real number gives a complex number, which lies 
along the first complex number. 

Let us consider the effect of multiplying a complex number, 

HA’ b yj* 

x j = H0 x 1 l^ 7r 

= r\ 0 + jrr; 

so that multiplying by j rotates the vector, representing the 
complex number, through a right angle in the positive direction, 
but leaves the modulus unaltered. Similarly, division by j 
rotates the vector ^ 7 r in the negative direction. 

Hyperbolic and Trigonometric Functions. It is now opportune 
to consider the relations between the hyperbolic and trigono¬ 
metric functions. Since 


and 


sinh 0 = (£ e -£- e )/2 
sin 0 = (£tf-£-tf)/ 2 j, 


it follows that sin 6 = -7 sinh \B 

] 


and 


sinh 0 = - sin j 6 
J 


In the same way tan 0 = -r tanh j 0 

tanh 0 = - tan i 6 
J 

cos 6 = cosh j 0 , 
and * cosh 0 = cos j 0 . 


(48) 


We have thus arrived at the trigonometric functions of 
imaginary angles. It is now possible to replace every theorem 
in trigonometry by a theorem in hyperbolic functions. For 
example, there is the trigonometric theorem 

cos 2 0 + sin 2 6 =1. 
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In place of 6 we may put ]d and derive 

cos 2 jd + sin 2 ]6 = 1, 
or (cosh d) 2 + (j sinh d) 2 = 1, 

giving the theorem on hyperbolic functions 

cosh 2 6 - sinh 2 0=1. 


Equations (29) can be derived from equations (23), and 
equations (24) yield similar results. 

The trigonometric functions are exponentials of pure imag- 
inaries and the hyperbolic functions are exponentials of real 
numbers. It can be shown at once that exponentials of complex 
numbers do not introduce new functions, but can be expressed 
as products of the two former functions. 

Thus 8 A + i B = 8 A X S jB 

= 8 A (cos B + j sin B) 

or (cosh A + sinh A) (cos B + j sin B) * 

or S A |B 


The modulus of 8 A + jB is thus 8 A , not £v / (a 2 + b 2 ) j an( j 
angle is B. 

We may consider the general possibilities of the trigonometric 
or hyperbolic functions in the same way. It is sufficient to 
consider only the general hyperbolic functions, since, by (48), 
the trigonometric functions of complex numbers can be ex¬ 
pressed as hyperbolic functions of complex numbers. One 
formula will be proved and the rest stated. 


sinh (A + 
cosh (A + 

and tanh (A + 


jB) = sinh A cos B + j cosh A sin B 
jB) = cosh A cos B + j sinh A sin B 
sinh 2A + j sin 2B 
^ cosh 2A -j- cos 2B* 


(50) 


The last will be proved to show how the expressions can be 
handled. 


tanh (A + 


sinh (A + jB) 
J ; ~ cosh (A + jB) 


cosh (A - jB) 
cosh (A - jB) 


J[sinh 2A + sinh 2jB] 
J[cosh 2A + cosh 2jB] 

sinh 2A + j sin 2B 
cosh 2A + cos 2B * 
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Linear Differential Equations. The equation 
dy 

“ E +*- 0 

is a linear differential equation of the first order. We try to 
put y = A£ mx , when substitution in the equation gives 

amA£ mx + bA£ mx = 0, 

so that (am + 6) = 0, i.e. m = - b/a. Thus y = A£~ bXi ' a is 
the solution. 

The second order equation is 

a % + h % +Cy = 0 .... (51) 

If we let y = A£ mx , as before, the equation for m is 
am 2 + bm + c = 0, 

b 1 

giving, by (1), m = ~ 2a ^ 2a ' 4ac ^ 

There are two values of m, 

b 1 

and m2 = __ _ _ V(6 2_4a C ). 

If b 2 - 4ac > 0, m x and ra 2 are both real, and the most general 
solution for y is 

y = A 1 8 w i 3? + A 2 8 w ^ . . . (52) 

where A x and A 2 are independent arbitrary constants, which 
are determined by other (boundary) conditions. If y is to be 
real, A x and A 2 must be real. 

If b 2 - 4ac < 0, 



m ' = --k + iw 

and 


where 

a) = |a\/(4ac - b 2 ). 

Then 

y = AiB”*!* + A 2 £ m ^ 


= 8 ' {bx/2a) [AjE^ + A 2 £~ i(ox ] 



24 


ELECTRIC CIRCUITS 


[Chap. I 


Let A 1 = X 1 + jY x and A 2 = X 2 + jY 2 , 

then y = £-(^/ 2a ) [(X x + X 2 ) cos cox + (Y 2 - Y x ) sin cox 
+ j(Y 2 + Y x ) cos cox + j (X x - X 2 ) sin cox] 

If y is to be real, X x = X 2 and Y 1 = Y 2 , so that A 1 and A 2 

are conjugate. Then 

y = £-(te/ 2 «) (2X x cos cox - 2Y X sin cox) . • (52a) 

where 2X x and 2Yi are arbitrary constants. It may, however, 
be convenient to keep the form of equation (52), even though 
m 1 and m 2 are complex, and at the end to put for A 1 and A 2 
any two conjugate numbers. 



CHAPTER II 

FUNDAMENTALS OF ALTERNATING CURRENT THEORY 

Introduction. In alternating current theory we consider a 
quasi-stationary state, in which the currents, charges, poten¬ 
tials, etc., all vary sinusoidally with time. Successive maxima 
are equal and we call the state steady , although, as stated, 
everything is varying. This choice of sinusoidal or harmonic 
variation is perfectly natural, since it is found that many 
phenomena in nature vary harmonically. Thus a tuning fork, 
when struck, vibrates harmonically, so that if a pin be attached 
to a prong and rests on a film or plate moving with a constant 
speed the pin-point traces out a sine wave. Unless the fork 
is supplied with energy (from a valve oscillator, say) the 
vibrations die down slowly, but for a large number of cycles 
the motion is harmonic. The small oscillations of a pendulum 
are similarly harmonic. In fact, all small perturbations about 
a position of stable equilibrium are harmonic. If a sharply - 
tuned circuit is shock-excited, the current in the circuit is* 
harmonic : this is analogous to the cases of the tuning-fork and 
pendulum. 

Another reason why sinusoidal waves are important is the 
frequent occurrence of periodic waves. Machine and valve 
generators produce periodic waves, which can be expressed as 
sums of sinusoidal waves by means of a mathematical method, 
called Fourier or Harmonic analysis. If a system is linear, 
i.e. in which any effect is proportional to the cause, it can be 
shown that the effect due to several causes is the sum of the 
effects due to the separate causes. If the cause is an impressed 
periodic E.M.F., we may split the E.M.F. into sinusoidal com¬ 
ponents, find the effect of each component, and add the effects 
to find the resultant effect. 

Even when the system is not linear, the resolution of the 
periodic wave into sinusoidal components is still a powerful 
and convenient device, as will be shown later. 

Finally, it can be shown that a non-periodic wave, or tran¬ 
sient, can be expressed as a Fourier Integral, and the methods 

25 



ELECTRIC CIRCUITS 


26 


[Chap. II 


of steady state alternating current can be applied to the integral 
to solve many problems of transient states.* 

As the alternating current steady state is really a varying 
state, there must exist simultaneously varying magnetic and 
electric fields, which require the theory of electromagnetism 
for a proper understanding. If we treat the a.c. steady state 
as a really steady, or electrostatic, state, certain paradoxes 
emerge.f As we would expect, the lower the frequency the 
less important are the errors due to this over-simplification of 
theory. At radio frequencies the errors become very large. 
But more important still is the fact that certain well-used 
terms, such as capacitance and inductance , have no meaning in 
the cases where they are most often employed.^ 

For this reason a very brief exposition of the theory of 
electromagnetism will be given, in order that we may be able 
to define exactly capacitance and the inductance of an 
incomplete circuit. 

Electrostatics. The subject of electrostatics, or electricity at 
rest, is fairly simple in its fundamentals. It is found that on 
rubbing together two suitable substances they both acquire 
the property of attracting small pieces of paper. It is found, 
also, that the rubbed substances attract each other, but repel 
like substances which have been similarly rubbed. This 
phenomenon suggests the definition of the unit electrostatic 
charge as that which repels an equal charge, at a distance of 
1 cm. in a vacuum, with a force of 1 dyne. There are positive 
and negative charges. By means of the Coulomb or Cavendish 
experiments it is found that the force obeys the inverse square 
law, so that charges q x and q 2 exert on each other a repelling 
force of q^q^r 2 dynes when they are r cm. apart. 

Faraday deduced that the same charges, when placed in 
a medium, exert a force q^J^r 2 , where k is a constant, called 
the dielectric constant of the medium, k is always greater than 
unity. 

The electric intensity , E, at a point is defined as the force that 
a unit charge would experience if placed at that point. It 


* See Carson, Electric Circuit Theory and the Operational Calculus; “The 
Solution of Circuit Problems,” by T. C. Fry, Physical Review , 2nd series, 14, 
1919, page 115; and “Fourier Integrals for Practical Applications,” by Camp¬ 
bell and Foster, B.S.J.T. , reprint B-584. 
f Editorials, W.E., March and April, 1928. 

J For a clear discussion, see Chapter I, Radio Frequency Measurements , by 
E. B. Moullin. 
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follows at once that the electric intensity at a point distance r 
from a charge q is given by E = qf kt % . 

The potential <p at a point is defined as the work that must be 
done to bring a unit charge from infinity to the point. It is 
assumed that the test charge does not affect conditions. The 
potential due to a charge q at a distance r is thus 

<p = / (q/Kr 2 )dr — q/icr 

J GO 

If there are a number of charges, the potential is the sum 
of the potentials due to each. Potential is a scalar quantity, 
as it has only a magnitude, but no direction, and in future we 
shall call cp the scalar potential . 

If cp x is the scalar potential at the point P x and cp 2 at a near 
point P 2 , it is clear that the work done in taking the charge to 
P 2 , viz. <p 2 , is the work done in taking charge to P x , viz. tp l9 
plus the work done in taking it from P x to P 2 , which is 
-Ex PiP 2 > E being the electric intensity in the neighbourhood 
of P x and P 2 . 

Therefore cp 2 = <p 1 - E X PiP 2 , 

giving E = -(<p 2 - y^/PiPa. 

As P x approaches P 2 and putting PiP 2 = ds, this becomes 
E = — d<pfds . 

The intensities along the x-, y-, and 2 -axes* are given by 
E x ~ - dy/dx , 

E y = - d(pjdy y > . . . (53) 

and E z = - dpjdz. 


Intensity is a vector having components E x , E y , and E z , 
which are the differential coefficients of the scalar potential 9 0 
multiphed by - 1 . In vector language we say that the electric 
intensity is minus the gradient of 9 ?, or 

E = - grad <p (53a) 


The gradient of a scalar, 99 , is the vector whose components 
along the xy -, and 2 -axes are , and 

There are some other conceptions which are of special use, 
when we wish to extend the theory of electrostatics to a space 
in which there are several different dielectrics. 
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A line of force is a curve, such that the tangent at any point 
is the direction of the electric intensity at the point. Such a 
line can start at a charge and end on an opposite charge or go 
off to infinity. 

A tube of force is the tube formed by the lines of force which 
start from a given closed curve. In Fig. 4 is shown a charge 
q at 0, lines of force PP' and QQ', whilst the truncated cone 
PRQQ'R'P' is a tube of force. There is an important theorem, 
due to Gauss, which states that the integral (or sum) of the 
normal intensity times the area over a 
closed surface is equal to 47rg/zc, where q is 
the total charge enclosed within the sur¬ 
face.* When the intensity varies over the 
surface we imagine the surface divided up 
into small parts, dS, and we sum EdS for 
all the small areas. We can prove a simple 
case in Fig. 4. Let a sphere be drawn, 
with centre at 0, passing through PQ. The 
intensity all over this sphere is (g//c . OP 2 ) 
normal to the sphere, and thus the sum 
ZEdS is (q/K . OP 2 ) X (4tt . OP 2 ) = 4tt g//c 
If we apply this theorem to the surface 
formed by the areas PQR, P'Q'R', and the 
curved sides of the tube, we get that 

(E X area PQR) - (E' X area P'Q'R') = 0, 
or Ex area PQR = E' X area P'Q'R', 

since there is no charge inside this surface. Thus throughout 
the length of a tube the product of the intensity and the area 
of cross-section is a constant, which we call the strength of the 
tube. 

If the tube has its origin on a charge q , its strength is 4tirq/K , 
so that it must end on a charge - q or go to infinity. 

It is convenient to have a name for the vector quantity, 
whose integral over (or flow across) a surface is the total charge 
inside. It is clear that kE/^tt is such a vector quantity, since 

ZEdS = 4:7rq/K 

so that Z(i<E/4:7T)dS = q. 

This vector quantity kE/^it, which we write D , is called the 

* See Electricity and Magnestism, by J. C. Maxwell, Vol. 1, Sections 75 and 
76; or Elements of Electricity and Magnetism, by J. J. Thomson, Section 10. 



Fig. 4. Tubes of 
Force and Gauss’s 
Theorem 
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displacement . Its flow or flux across any surface 8 has been 
shown to be equal to the total charge inside S. 

The law of force qxqjxr* is sufficient to solve or explain all 
electrostatic problems in a single dielectric. From this law we 
have proved that the integral of D over a surface 8 is equal to 
the total charge inside S. But, when we have a space with 
several dielectrics of different dielectric constants, we have not 
as yet sufficient data to state or solve the problem. We need 
an additional law which was given by Faraday. We can define 
E, D, and (p as before—although we cannot calculate them— 
as the force exerted on a unit charge, (/c/47t) times that force, 
and the work that must be 
done on a unit charge to bring 
it from infinity. Then the 
general law of dielectrics is that 
the flux of D over any surface is 
the total charge inside the sur¬ 
face. (We assume implicitly 
that the magnitude of a charge 
is absolute, i.e. it is not changed 
by moving it from a medium 
of dielectric constant #c x into 
another of constant /c 2 .) This law, which we can write 

flux D = q . . . . (54) 

renders soluble the general electrostatic problem. 

For example, we can deduce from it the inverse square law 
in a single medium. Thus, in Fig. 4, flux D over the surface 
of the sphere PQT is 47 t . OP 2 . D = q, giving 

D = q/47T . OP 2 

and E = 4 ttB/k = q/K . OP 2 

which is the law of inverse squares. 

If we apply the law of equation (54) to a small cube of sides 
dx, dy , dz (shown in Fig. 5), we see that, if D x is the component 
of D along the x-axis, D x dydz is the flux of D that flows across 

ABCD into the cube, and D x dy dz + dx dy dz flows out 

across A'B'C'D'. Therefore the flux of D along the x-axis is 

dx dy dz outwards. 



Displacement 
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Similarly the flux parallel to y is dx dy dz and parallel to 
dL) 

z it is * dx dy dz. If p is the density of charge, the total charge 

is pdxdydz, which must be equal to the flux of D from the 
cube. Equating gives 

dD x dD y dD z 

Hi + + S “ ^ ■ ■ ' (54 “> 

The left-hand side of (54a) is called the divergence of Z>, 
written “div D” and is the flux of D per unit volume. A 

physical interpretation of divergence 
can be obtained by considering D as 
r ._ i ^ the velocity in a fluid. If the fluid is 
j of incompressible, as much must flow 

—< — <— j—|— > >- out of a given volume as flows in, and 

n 2 '2 ^ j we have div D = 0. If the fluid is 

compressible, div D is the amount 
that is expanded out per unit volume, 
Fig. 6. Interface Between i-^ fact the decrease in the density of 
Two Media the fluid at the point. 


Two Media 


Since D = - = - 


477 ds 


, (54a) becomes 


dx \ dx J dy\ dy J dz\ dz J r 


(546) 


At the interface of two media (Fig. 6), let there be a surface 
charge of density a. If a narrow box-shape surface be taken, 
it is seen that flux conditions across the surface of the box 
yield the equation 

+ D 2 = a, 

where D l9 D 2 are the normal components of the displacements, 
as shown, 

or K ^ +K * d £t == ~ 4 * Ta • • • (54c) 

where <p and n are the corresponding potentials and normals. 
Equations (546) and (54c) are sufficient to determine cp , and 
hence E and D, in any space where p and a are given. The 
general problem in electrostatics is thus rendered definite. 
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A conductor is a substance in which an electric intensity 
causes a flow of charge, i.e. current. If there is no current, then 
the intensity must be zero. It follows then, by Gauss’s theorem, 
that charge cannot rest in the substance of a conductor but must 
reside on the surface. A hollow conductor has on its inside 
surface a charge equal and opposite to the charges inside the 
conductor, whilst to external bodies the conductor behaves 
as though it has a charge equal to the sum of its own charge 
and that inside it. So far as external things are concerned, the 
positions of the internal charges do not matter; they may be 
considered as freely distributed on the outside of the conductor. 

If the surface of a conductor has a charge a per unit area, 
equation (54c) gives the displacement near the conductor as 
D = cr, since the electric intensity, in the conductor itself is 
zero. Hence the intensity near the conductor is 

E = Atto/k ..... (55) 

If we have a parallel-plate condenser, area A , large compared 
with the distance d between the plates, and dielectric constant 
k, then if Q and - Q are the charges on the plates, a = Q/A 
and E = 4:7tQ/kA. Then the lines of force are uniform in the 
dielectric gap, and 

<Pa~ <Pb = Ed. 

The capacitance of the condenser is defined as the charge Q 
divided by the difference in potential of the plates. 

Thus C = QI{<Pa- q>b) 

= KA/^ird. .... (56) 

The energy stored in the condenser can be shown to be 
iQ<Pa - %Q<Pb = lQ{<Pa - (fb) 

= I K AdE 2 

o7T 

so that the energy stored per unit volume is kE 2 = IDE. 

o7T 

It can be shown* that, if we assume that the energy stored 
in space is — kE 2 per unit volume, equations (54), (54a), (546), 

077" 

and (54c) follow. The converse is true. Either of these assump¬ 
tions leads to a complete theory of electrostatics. 

* Electricity and Magnetism , by Clerk Maxwell, Vol. 1, Appendix to 
Chapter II, pages 101-102. 
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Self, Direct, and Mutual Capacitance. If we have n bodies 
with charges q ± , q z , . . . q n and potentials <p 2 , . . . cp n , it is 
clear that, since the multiplication of the charges by some con¬ 
stant causes the multiplication of the potentials by the same 
constant, the system is linear and the charges must be linear 
functions of the potentials. We may write 

<h = Kl<Pl + *12^2 + • • • + k ln (p n 

#2 ~ ^2l9 9 l + ^22^2 + • ■ ■ + k 2n (p n 

and q n = k^ + k n2 <p 2 + . . . + k nn cp n 

where k u , k 12 , . . . k nn are geometrical constants of the system. 

Maxwell* has investigated these coefficients thoroughly. One 
property is that k rs = k sr . Equations (57) can be re-written 
in the more convenient form 

<h = (&11 + &12 + • • • + kin)<Pi ~ ^ 12(^1 _ V 2 ) • • •' 

• ■ • -KXVl-Vn) 

q 2 = - k 21 {cp 2 - + (k 21 + k 22 + . . . + k 2n )(p 2 

+ • • • - k 2n (cp 2 - <p n ) }► (57a) 

andg w = -k nl {<p n - -k n2 (y n - q> 2 ) . . . 

+ (&«i + kn2 +...+* nn) *Pn 

or q x = Cm + C 12 (< Pl - <p 2 ) + . . . + C ln (q> 1 - <p n ) 

<12 = C 21 ((p 2 - <Pi) + Cm + • • • + C 2n (< p2 - (p n ) 

and q n = C nl (cp n - cp^) C n2 (<p n - <p 2 ) + . . . + C n cp n 

Equations (57a) are seen to be the same as (57) on collecting 
the various ps together and are the same as equations (58), 
provided 

Ci = k u + k 12 + . . . + k ln 
C 2 = k 21 + k 22 + . . . + k 2n , etc. 
and C 12 = ki 2 = C 2 i 

C 13 = - k 13 = (7 13 , and so on. 

Since k rs = k sr , it follows that C rs ~ C sr . The constants 
C v C 2 , . . . C n , are the self capacitances of the conductors 1, 2, 

. . . n, and the constants C 12 , C 13 , . . . are the direct capaci¬ 
tances between the bodies. C rs is the direct capacitance between 
the body r and the body s. To obtain a physical conception of 
* Electricity and Magnetism , by Clerk Maxwell, Vol. 1, Chapter III. 
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these capacitance coefficients we consider the tubes of displace¬ 
ment, or electrostatic flux as it is often called. Let all the con¬ 
ductors be raised to unit potential. Then q ± = C v q 2 = C 2 , . . . 
q n = C n . As the tubes of displacement that leave a body are 
equal to the charge, the electrostatic fluxes of the bodies 1 , 2 , 
. . . n are respectively C x , C 2 , . . . C n . All these tubes must 
go to infinity (or earth, i.e. zero potential), since a tube cannot 



Fig. 7. Self and Direct Fig. 8. Symbolic Representation 

Capacitances and Tubes of Force of Fig. 7 


go from one place to another at an equal potential. To find C 12 , 
let 1 be at unit potential but all the others earthed. Then 

?i = C'i + ^12 + • • • + G ln , 
q 2 == U 12 , 

Qz — ~ u iz , . . . 

and q n = — C ln . 

The total flux leaving q ± is C ± + C 12 + . . . + C ln , of which 
C 12 enters 2 , C 13 enters 3, and so on. It appears, then, that the 
self capacitance of each body is the flux leaving that body for 
earth (or infinity) per unit potential, whilst the direct capaci¬ 
tance between any two bodies is the flux that goes from one 
to the other per unit potential difference between them. 

Pig. 7 shows the general case of n bodies, charges q ± , q 2 , 
. . . q n and potentials <p x , (p 2 , . . . 9 o n . Flux to the extent of 
C ^ leaves 1 to go to infinity, C 12 ( 9^ - cp 2 ) goes from 1 to 2, 
and so on. 

A direct capacitance is represented by a pair of plates, so that 
Fig. 7 is represented schematically by Fig. 8. 
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Direct capacitances may be compounded as follows. Fig. 9 
shows two bodies with self capacitances C ± and C 2 and direct 
capacitance C 12 . Let the bodies be joined and put at potential <p. 
Then 

q x = C l9 + C 12 (cp - <p) = G x q> 
and q 2 — C 2 <p, 

so that the bodies together act as a single body of self capaci- 



dp~%' (5> T% 


Fig. 9. Earth and 
Direct Capacitances 
of Two Bodies 


A 


equals 


■ C-t+Cz 


WTmmm, 

Fig. 10. Capacitances in Parallel 


tance (q x + q 2 )/(p = C ± + C 2 . Thus two simple capacitances C x 
and C 2 in parallel are equivalent to one capacitance C 1 + C 2 . 
(See Fig. 10.) 

In a similar way it can be shown that simple (self or direct) 

capacitances C l3 C 2 , . . . 
C n in parallel are equiva¬ 
lent to a capacitance 
C 1 -\- C 2 -C n , and 
when in series they are 
equal to a capacitance 

_ 1 _ 

i/Ci + yc 2 +... + 1 /c n 

A practical case where 
direct capacitances are of 
importance is in tele¬ 
phony. Fig. 11 shows a 
quad of wires, the direct 
capacitance between adjacent wires being w, between opposite 
wires m, and each wire has a direct capacitance to earth a. 
The total or mutual capacitance between the wires 1 and 2, 
which form a side circuit, is, by the laws of addition of 
capacitances, M s = m + w + a/ 2 . . . (59) 

If wire 1 is joined to wire 2 and 3 to 4, the capacitance between 



Fig. 11. Capacitances in a Quad 
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1-2 and 3-4 is the mutual capacitance in the phantom circuit 
and is given by 

M vh = Aw + a . . . . (60) 

It is these capacitances which determine the attenuations in 
the circuits. In telephone cables m = 0*2M S , w = 0*4 M s , and 
a = 0-8M s , so that M vh = 1*6 M s . 

Cross-talk is determined by slight inequalities in the direct 
capacitances between the wires.* By taking measurements of 
mutual capacitances between various combinations of the wires, 
the direct capacitances can be calculated. 

Direct capacitance can be measured directly by various 
methods.f The Wagner earth in a.c. bridges is one of the most 
important devices for the measurement of direct impedances or 
admittances. 

A condenser consists of two bodies , whose direct capacitance is 
much greater than their self capacitances. 

As q x = C x y x + G 12 ( 9 ?! - 9 of) = - <p 2 ) 

and q 2 = C 12 {(p 2 — 9 ^ 1 ) + C 2 (p 2 == — C 12 {(p x — cpf), 

the plates or electrodes have nearly equal and opposite charges. 
The capacitance of the condenser is the charge q ± divided by the 
difference in potential ( 9 ^ - <p 2 ), i.e. C 12 . Equation (56) gives 
the formula for a parallel-plate condenser in which the plate 
dimensions are large compared with the distance between the 
plates. 

Electrostatic Unit of Capacitance. 

Since Force = {charge) 2 — {distance) 2 

and Work = potential X charge , 

. charge (charge ) 2 

Capacitance = —-—7^ = —7—7^1-r- 

r potential potential X charge 

force X (distance ) 2 force x (distance ) 2 
~~ work — force X distance 

= distance. 

Capacitance in the electrostatic system is therefore a length 
and the unit is the centimetre. It can be shown very simply 

* “Interference between Circuits in Continuously Loaded Telephone 
Cables,” by A. Itosen, I.E.E., August, 1926, page 849. 

f “Direct Capacity Measurement,” by G. A. Campbell, B.S.T.J. , Vol. 1, 
No. 1, page 18. An interesting case with an ingenious method is given by 
J. Collard, Electrician , 27th February, 1931. 

4—(T. 5782 ) 
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that the self capacitance of a sphere is equal to its radius in centi¬ 
metres, agreeing with the general conception. The capacitance 
of the parallel plate condenser is given in equation (56) in cm. 

Continuous Currents. If a body at potential qv x is joined by 
a conductor to a body at potential qp 2 , charge will flow from the 
higher to the lower potential. Generally the flow of charge 
will be of very short duration unless the bodies are maintained 
at these potentials, by chemical action, say. The rate of flow 
of charge across any cross-section is called the current. It is 
found that if a given piece of wire or conducting system con¬ 
nects two electrodes kept at potentials cp 1 and <p 2 , the current 
through the wire is proportional to 9 \ - <p 2 . Writing i for cur¬ 
rent, we have 

— - 7 — — constant. 

% 

This constant is called the resistance of the wire and is written 
R. This is Ohm’s law. 


The practical unit of current is 3 X 10 9 times the electrostatic 
unit and is called the ampere. The practical unit of charge is 
that which is carried by 1 ampere in 1 second and is called the 
coulomb. The practical unit of potential is the volt, which is 
31 V 0 °f the electrostatic unit. The unit of resistance is the ohm , 
which is such that one volt causes one ampere to flow through 
one ohm. The practical unit of capacitance is the farad and is 
the capacitance which requires 1 coulomb to raise the potential 
by 1 volt. As 1 volt = X electrostatic unit of potential 
and 1 coulomb = 3 X 10 9 X electrostatic unit of charge, 


1 farad == 


coulomb 

volt 


3 X 10 9 
1/300 


cm. 


= 9X 10 11 cm. 


This is too large for ordinary use and a smaller unit, the one 
millionth part of a farad or microfarad, is used. 

1 microfarad = 1 =9 x 10 5 cm. 

Similarly, the ppF = 0*9 cm. 

If the state is truly steady, the currents must flow round 
complete circuits, otherwise electricity will accumulate at points 
at which the potentials must increase. 

Currents cause heating and chemical effects, but a most 
important effect is the magnetic. Before this can be outlined 
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Fig. 12. Magnetic Induction 


a brief treatment of some fundamentals of magnetism must be 
given. 

Magnetism. The elementary properties of magnetism are 
investigated in the same way as those of electrostatics. There 
are north and south poles corresponding to positive and 
negative charges, with the difference that a north pole cannot 
be dissociated from an equal 
south pole. The law of force 

is that of inverse squares. i ^ i ^ 

The magnetic intensity or 
magnetic force, H , is obtained 
as E in electrostatics. 

Magnetic substances are 
those which can be made to 
possess magnetic poles. In 
Fig. 12, suppose the block of magnetizable substance to be 
under the influence of an external magnetic field of intensity 
H. The block becomes magnetized throughout its bulk. Con¬ 
sider a small cylinder of the block, length l and area of cross- 
section S, axis along H. Let the pole-strength per unit area 
be /, the intensity of magnetization ; the magnetic poles are 
IS and - IS and the magnetic moment of this small cylinder 

is the length multiplied 
by the pole-strength, i.e. 
ISl. Thus the magnetic 
moment per unit volume 
is also equal to /. The 
magnetization is mani¬ 
fest only at the surface. 

There is no difficulty 
about the meaning of the 
force on a unit pole in air or a non-magnetic substance, but it 
is not obvious what is meant by the force on a unit pole inside 
a magnetic substance, because of the local magnetization. The 
force depends on the shape of the cavity in which the pole is 
placed. There are two important shapes of cavity. One is a long 
needle-shaped cavity and the other is flat and coin-shaped. 

Fig. 13 shows a needle-shaped cavity, axis making an angle 
6 with the magnetic force. The walls of the cavity are mag¬ 
netized. Near P at the centre of the cavity the walls have a 
pole-strength per unit area which is proportional to I sin 8 but 
varies round the cross-section. Thus the pole-strength per 



Fig. 13. Magnetic Force in a 
Needle-shaped Cavity 
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unit area at A is - / sin 6 and is the same at JS7; at B, D, F, 
and H it is zero; and at C and G it is + I sin 6. The total force 
on a magnetic pole at P due to the local magnetism is at right 
angles to the axis of the cavity. If the length of the cavity is 
great compared with its radius of cross-section the end effects 
are negligible. The result is that th e force at P has a component 
along the axis of H cos 0 , i.e. the axial force in a needle-shaped 
cavity is the component of H along the axis. For the purpose 
of finding the work done on a unit pole which is taken along 
a path through magnetic and non-magnetic substances we must 
trace out a narrow needle-shaped path, so that the only force 

that we need consider is the 
magnetic force H . The im¬ 
portance of this will soon be 
seen. It must be noted that 
the surface magnetism on the 
magnetized substances will 
affect H , in fact diminish it. 

In Fig. 14 the cavity is flat 
and coin-shaped. Over the 
plane circular surfaces the 
magnetization is I cos 6 per 
unit area on the left face and 
-1 cos 6 on the right. If the 
radius of the end surfaces is large compared with the distance 
between them, the magnetization on the curved strip has a 
negligible force at the point P. Thus the local magnetism is 
composed of two effectively infinite plates of pole-strength per 
unit area equal to + / cos 6 and -1 cos 6. (This is like the case 
of a parallel plate condenser.) The force due to these magnetic 
sheets is 47 tJ cos 6 along the axis of the coin. The external 
field H exerts a force H , which has a component H cos 0 along 
the axis, so that the total magnetic force along the axis is 
(H + 4:ttI) cos 6. We write 

B = H + 4tt/ . . . (61) 

B is called the magnetic induction in the substance and is 
written 

B = pH . . . . (62) 

The importance of the magnetic induction can be explained 
in this way. In Fig. 15, the bodies 1, 2, and 3 are magnetic 
and the rest non-magnetic. Consider a closed surface S, cutting 



Fig. 14. Magnetic Force in a 
Coin-shaped Cavity 
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some of the magnetic substances. Suppose we wish to consider 
the flux of the magnetic force over the surface S, in the same 
way as we considered the flux of the displacement. In this case 
we must make a cavity in the magnetic substances so as to 
allow the surface S to pass through them. Any piece of the 
cavity is clearly coin-shaped, with the piece of the surface S 
at right angles to the axis. The component of the magnetic 
force at right angles to the small piece of S is the axial com¬ 
ponent of the magnetic force in this cavity and is therefore 
B cos 0, which is the axial component of B. Thus, when we 
wish to find the flux of 
the magnetic force over 
a surface we are forced 
to take the flux of the 
magnetic induction. Just 
as the flux of the dis¬ 
placement over a surface 
is called the electrostatic 
flux, so the flux of the 
magnetic induction over 
a surface is the magnetic 
flux and is ff B cos 0 . dS. 

The unit of magnetic 
flux is the line, a singu¬ 
larly unsuitable name. 

The total flux of B across a closed surface is equal to 477 times 
the total poles inside. Since positive and negative poles always 
occur in equal quantities, the total poles inside any surface is 
zero, so that the flux of B across any closed surface is zero. We 
may write this in the form 

divB = 0 . . . . (63) 

corresponding to equation (54a), which is div D — p, since 
the divergence of B is the flux per unit volume of B. Equation 
(63) is very important, since it enables the magnetic induction 
to be expressed in terms of an important function called the 
vector potential. 

The Vector Potential. Consider two surfaces S x and S 2 , 
bounded by the same curve s (see Fig. 16). The two surfaces 
together form one closed surface, across which the flux of 
magnetic induction is zero. The flux across S x is therefore equal 
to the flux across S 2 , the directions being as shown, and is the 


S 



Fig. 15. Surface Integrals of Magnetic 
Force must Involve B 
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flux across any surface bounded by the curve s. It should 
therefore be possible to express the flux across any surface S 
as the integral of some vector round s. Such a vector is the 
vector potential , A. If the vector A makes an angle e with a 
small part ds of the curve s, the integral round s is / A cos sds. 
The integral of B over S is ff B cos ddS, where 0 is the angle 
that B makes with the normal to a small element of area dS, 

so that jj g cog = f A cos eds . . . (64) 




Fig. 16. Magnetic Induction (B) Fig. 17. Magnetic Induction 
and Vector Potential ( A ) and Vector Potential 


In order to derive the simplest relationship between B and 
A we consider the special curve s in Pig. 17. If the components 
of B are B x , B y , B z , the flux of B across the area ABCD is 
B x dydz. B x is along x and we take the integral of A along 
ABCD, the direction being that of the right hand screw. If 
A has components A x , A y , and A z , the integral along AB is 


A v dy , along BC it is A z (y 


dy ] dz , along 


CD it is - A y (z + dz)dy 


v dz ) dy , and along DA 


it is - A z dz. The total integral of A round s, or the circulation 
of A round s, is thus 



(dA, 

V ^ 
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dA z 

dAy 

dy 

dz 

dA x 

_ dAz 

dz 

dx 

dAy 

dA x 

dx 

~ .dy 


Therefore 


Similarly 


In vector notation this is written 

B — curl A ... . (66) 

If we know A, i.e. A X} A vy and A 7 , we can find B from equa¬ 
tions (65). But if we know B , we cannot find A ; because if 
A' is a vector satisfying (65), so also is A' + grad /, where / 
is any scalar function. For if A' satisfies (65), we have 

„ dA' z dA' y 
Bx = ~dy~~dT’ etc - 


The components of A' + grad / are A x ' 
AJ so that 


_i_ S-L A ' 4- 


A d£\_dAl 

v + dy)~ dy 


dz + 


d 2 f _ d*l 

dydz dydz 


dA z ' dA y ' 


= B r , and so on. 


The vector potential is thus not uniquely determined by 
equations (65) or (66), but can be made to satisfy another 
condition, if required. It is shown in vector algebra that a 
vector, A say, is completely specified if its curl and divergence 
are given. We have the curl of A equal to B , and we may 
choose div A to be equal to any convenient quantity, by the 
addition of a suitable grad f. The choice is determined later 
in the theory of electromagnetism. 

Electromagnetism. Until Oersted made his discovery of the 
magnetic effect produced by a current, the subjects of elec¬ 
tricity and magnetism were quite distinct. We might have 
expected that magnetism could be explained in terms of some¬ 
thing simpler, because magnetic poles occurred in equal and 
opposite pairs. Oersted’s discovery was investigated very 
fully by Ampere, who summarized the results in a law called 
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the first law of electromagnetism. This law states that currents 
exert a magnetic field, such that the total work done on a unit pole 
in going round a closed path is 4 tt times the current passing 
through that path. We have already shown that, if we wish to 
calculate the work done on a pole in going round a path, we 
must take the line integral of H. The law is thus written 

J H cos e ds — 477 X current . . . (67) 

where e is the angle between ds and H at ds. The direction is 
that of the right-hand screw. 

The unit of current employed here is the electromagnetic unit, 
which is found experimentally to be c times the electrostatic 
unit of current, where c is the velocity of light in cm./sec., i.e. 
c = 3 x 10 10 . The ampere was chosen to be one-tenth of the 
electromagnetic unit, so that it is 3 X 10 9 times the electrostatic 
unit, as stated previously. 

If we consider the case when the currents are distributed in 
space, the total current passing through a path s (say that in 
Fig. 16) is found by integrating the current density over a 
surface S, which has the curve s as its rim. Then 

j H cos e ds = 4 it Jf i cos OdS, 

or curl H = 4tt i ..... (68) 

where i is the current density, or current per unit area crossing 
any section. 

In order that Ampere's law should have a meaning, it is 
necessary that the current crossing the surface S should be the 
same as that crossing S x or S 2 ; hence the current leaving the 
space enclosed by S x and S through the surface S is equal to 
that entering through the surface S x . The current entering 
any closed space must therefore be zero, i.e. 

div i — 0 . . . . (69) 

This condition holds for steady currents automatically; but 
it is easy to see that, if we have a free charge q, we can introduce 
it into a space for which the equation (69), which is called the 
equation of continuity, will not hold. In order to overcome 
this difficulty, Faraday suggested that in the term “current" 
should be included a term, which Maxwell called the displace¬ 
ment current. We found that the flux of displacement across a 
closed surface is equal to the charge inside the surface. When 
a charge q is introduced, a displacement D = q leaves. If we 
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consider the tubes of displacement as a generalized kind of 
charge, the cutting of these tubes across a surface would be a 
current that crosses the surface, and the name displacement 
current is given to it. It is clear that, if these displace¬ 
ment currents be included, the equation of continuity holds. 
Ampere’s law becomes 

1 dD~ 


curl H 


. r. 1 dD-\ 

= 477 l + ” T7 

c dt _ 


. (68a) 

where i is the current due to free charges only. The factor - 

is due to the units. In the steady state, i.e. for continuous 

dD 

currents, — = 0 and (68a) reduces to (68). 

As currents produce a magnetic field, they possess a vector 
potential, which will be found. 

Vector Potential Due to Steady Currents. Consider the steady 
state. We have 

B = curl A 

and curl B = p curl H — iirpi = curl curl A. 

The evaluation of curl curl A is done as follows. Curl A has 


components 


q ( 

dA ? _ 

dAy 1 

dA x 

dA z 

dAy 1 

s ( 

dy 

dz’ 

dz 

dx ’ 

dx 

s of curl 

curl A 

are 



d 

f dAy 

dA x ~ 

d 

r dA x 

_dA z I 

dy 

L dx 

dy . 

dz 

dz 

dx J 


dA*\ 
dy )’ 


d 2 A x d 2 A x d 2 A 


dy 2 

d 2 A x 
dx 2 


dz 2 

dtA, 

dy 2 

d 2 


4 ._ s 

dxdy 

d 2 A 


d?Az 

dxdz 


If we put rl - 2 + dy2 + 


dz 2 

d 2 


d fdA x dA y 
' dx\_dx dy dz J 

= V 2 , the components are seen 

d_ 
dy 


and so on. 

d l 

dx 2 T dy 2 T dz 2 

d d 

to be - \ 2 A X -f -j- div A, - \/ 2 A y + j~ div A, and - y 2 A 
j dx O'V 

+ * diT ^ 

Hence, curl curl A = - y 2 A + grad div A = 47 rui . (70) 

where i is in E.M. units. 
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We can choose div A = 0, since div A is arbitrary, so that 
_y2 A = ±TT[li .(71) 

Looking back to equation (546) we see that if we put k = 1 , 
we get that the scalar (electrostatic) potential <p is given by 
the equation 

— V 2 <p — 477p.(72) 

where p is the density of charge. We know that the potential 
(f at a point is obtained by adding up all the charges divided 
by their distances from the point, i.e. 


= fffr dxdydz • • • ( 73 ) 

Thus equation (73) is the solution of equation (72). In the 
same way, the solution of equation (71) for A is 


-f/ft 


dxdydz . 


(74) 


where i is the current density. Equation (74) shows that A 
is a potential function of the vector quantity pi, and this is 
why it is called the vector potential. If we consider i as due 
to the movements of charges, let v be the velocity and p the 
density of the charges; then i = pv , and 


A = fff^r > dxdydz • • ( 75 ) 

The vector potential due to variable currents will be con¬ 
sidered later. 

Electromagnetic Induction. Since currents produce a mag¬ 
netic field, it is to be expected that a magnetic field will in some 
way produce currents. After years of searching, Faraday 
unravelled the laws of connection between magnetic and electric 
fields and the result is stated in the second law of electromag¬ 
netism, which is as follows— 

The work done on a unit charge in going round a circuit is 
proportional to the rate of change of the magnetic flux through the 
circuit . 

We have already shown that in calculating magnetic flux 
we must integrate B, not H , over the surface involved. Con¬ 
sidering a curve s and surface S, as in Fig. 16, the law can be 
expressed as 

Je cos e ds oc ^ JJ B cos 6 . dS. 



Chap. II] ALTERNATING CURRENT 


45 


If direction and units are taken into account, this equation 
becomes 


n „ dB 
curl E = - ~rr 
dt 


(76) 



where it must be remembered that the curl is taken in the 
direction of a right-hand screw. Thus in Fig. 18, if B is in- 
dB 

creasmg upwards, is negative and the E.M.F. round s is 

negative in the right-hand screw, so that it is in the direction 
shown. Also E is here in E.M. units of intensity. 

Comparing (76) with equation (68), viz. curl H = 4:tt i, which 
gives the magnetic effect due to a current and in which i is 
still in E.M. units, we see that no experi¬ 
mental constants enter in the pair of 
relationships. This is an indication that 
some simple connection exists between 
these two laws of electromagnetism; 
and, in fact, Maxwell showed that, if we 
assume the electromagnetic system to 
obey the laws of general dynamics, one 
law follows from the other. 

Units. The more important properties 
of units will now be given. There are 
three systems, the electrostatic (E.S.), the electromagnetic 
(E.M.), and the practical or everyday system. 

In the E.S. system unit charge is that which repels an equal 
charge in vacuum at 1 cm. distance with the force of 1 dyne. 
E.S. potential is given by (1 erg/E.S. charge), i.e. 1 erg of work 
is done per unit charge in going between two points at E.S. 
potential. E.S. capacitance = (E.S. charge/E.S. potential) = 
1 cm., as already shown. Current and intensity follow. 

In the E.M. system, unit current is defined by (68) so that 
it is the current which, flowing in a circular wire of radius 1 cm., 
exerts a force of 277 dynes on a unit pole placed there. E.M. 
charge is defined as that carried by E.M. current in 1 second. 
E.M. potential = 1 erg/E.M. charge. It is shown experiment¬ 
ally that 


Fig. 18. Direction of 
Magnetically Induced 
Electromotive Force 


E.M. charge 


E.S. charge C E.M. potential 

In the practical system, the unit of charge is the coulomb 
= yo E.M. charge = 3 . 10 9 E.S. charge; the unit of current 


E.S. potential 


- = 3 x 10 10 (77) 
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= ampere = coulomb/sec.; the unit of potential is the volt 
= 1 joule/coulomb = 10 7 ergs/coulomb = (10 7 /c) E.S. poten¬ 
tial = 3 ~Jo E.S. potential = 10 8 E.M. potential. The practical 
unit of capacitance is the farad = coulomb/volt = 9 x 10 11 cm. 

Self and Mutual Inductance. Suppose there are a number 
of closed circuits 1, 2, . . . n, carrying currents i l9 i 2 , . . . i n 
(E.M. units). These currents create (or rather coexist with) 
magnetic fields, so that there is a flux through each circuit. 
Let the total fluxes through the circuits be N l9 N 2 , . . . N n ; 

then N 1 = L -f- M 12 i 2 -(-••• M ln i n 
N 2 = M 21 ii + L 2 i 2 + . . . + M 2n i n 

and N n = M nl i ± -j- M n2 i 2 + . . . + L n i n . 

Equations (78) assume that the iron circuits are linear, i.e. 
that the flux due to several currents is the sum of the fluxes 
due to each current. In general this is not true, but let us 
assume for our purpose that we have a linear system. If the 
currents vary, the magnetic fields vary, so that if the E.M.F.’s 
in the circuits are e l5 e 2 , . . . e n , and the resistances are r l9 r 2 , 
. . . r n , the equations for the currents are 

e x - (dNJdt) = r x i l9 
e 2 - (dNJdt) = r 2 i 2 , I 



e n - (dNJdt) = r n i n . J 

L l9 L 2 , . . . L n are the self inductances of the circuit and 
M 12 is the mutual inductance between circuits 1 and 2, etc. It 
can be shown that M 12 = M 21 , and so on. 

In calculating N for a circuit, the number of turns of wire 
in the circuit must be considered. Equations (78) and (79) give 

dL di 9 di„ 

e i — r ih M 1 2 + • • • + M ln -^ 9 etc. . (80) 


The power that is supplied to circuit 1 is e x i l9 of which 
d% 

is Joulean waste, but L ^ and the rest store magnetic energy. 

The total energy stored is the time integral of 


T * —1 T i 

Llh di + L * 2 dt 


(. d% o 
• + ^12 ( h ~T t 


which is +•••) + + ■ ■ • • (81) 
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If we have a single circuit, the equations are 

Nl = Llh ’ 61 = rih + Ll dt^ . . . (82) 

and the magnetic energy = J 

To calculate the self inductance of a closed circuit, we can 
calculate either the flux N x or twice the magnetic energy stored 
per unit current. To calculate the linkages, or flux, we can 
proceed in two ways. We can either calculate the H and B 
due to the current and integrate over the circuit, or we can 
calculate the vector potential A from the formula 


A = j dx dy dz 


and integrate A round the circuit. 

Mutual inductance can similarly be found as a surface integral 
of B or a line integral of A. 

The practical unit of inductance is the henry (H), which is 
such that a current which changes at the rate of 1 A. per sec. 
gives an E.M.F. of 1 volt. Inductances are usually calculated 
in E.M. units. 

The expression (ii/potential) must be the same in the E.M. 
and practical systems. Since i(E.M.)/i(practical) is 10 and 
potential(E.M.)/potential(practical) is 10 8 , the E.M. unit of L 
is 10' 9 H. The E.M. unit of inductance is the cm., for 


E.M. current = erg/magnetic pole 
and (magnetic pole) 2 = force X cm. 2 , 
so that E.M. inductance = E.M. potential/E.M. current 

= erg/(E.M. current) 2 
= (magnetic pole) 2 /erg 
= (force X cm. 2 )/(force X cm.) 


= cm. 


It is usual to calculate capacitance and inductance from the 
geometric constants of the circuits involved, so that capacitance 
is calculated in E.S. units, the cm., and reduced to farads by 
the relation lju/ul? = (9/10) cm.; and inductance is calculated 
in E.M. units, also the centimetre, and reduced to henrys by 
the equation 1H = 10 9 cm. 

To calculate inductance in E.M. units we use equations (68) 
and (76) or derived equations. Suppose we have two circuits 
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s and s' (Fig. 19). Let a current i (E.M. units) flow round s. 
The vector potential due to ids at ds' is pids/r , by equation (74), 
since here i is the current over the whole cross-section of the 
circuit, so that ids corresponds to the idxdydz in the formula. 
The vector potential due to i round s is 


A = jT pids/r. 

The total flux through s' is the integral of A round s' and is 
the mutual inductance between the circuits and is given by 

pids 


M = 


cos eds' 



= f£ [(pi/r) ds ds' cos e/r] cm.. . (83) 

where e is the angle between ds and ds'. 

Self inductance is calcu¬ 
lated in exactly the same 
way. At high frequencies 
the current is not distri¬ 
buted uniformly over the 
cross-section of the wire. 
It is then necessary to con¬ 
sider thin tubes of current 
and apply the formula (83) 
to the collection of tubes. Needless to say, the calculation 
becomes difficult. 

Induced E.M.F. and Vector Potential. The induced E.M.F. 
dB 

is given by curl E = ~~rr . Since B = curl A , it follows that 
dA 

curl E — - curl By what was done in the paragraph on 

vector potential, we see that 

dA 

^ = +grad/ 


Fig. 19. Mutual Inductance 
Between Two Circuits 


when / is any scalar quantity. 

It is clear that / is equal to - 9 p, the scalar potential, and 
-grad cp is the intensity due to fixed charges. We thus get 
dA 

^ = ~ ~cU ~ grad <p .... (84) 

In the general case, equation (84) must have an extra term 
to allow for the dynamically induced E.M.F., viz. the E.M.F. 
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induced by the movement of the circuit. The extra term is 
vB sin 0, where v is the velocity of the element, B the magnetic 
induction, and 0 the angle between v and B , so that the most 
general expression for E is 

dA 

E = vB sin 0 - ~rr - grad <p* . . (85) 


We will not be concerned with moving circuits, so that the 
first term may be ignored. When the circuits are complete, 
the grad (p may be ignored, since the integral of grad cp round 
a complete path is zero. We need consider then only 

E = - (dA/dt). 


Incomplete Circuit. If a circuit has a condenser of capacitance C 
in it (Fig. 20), the exact definition of inductance and capacitance 
is not obvious. The previous definition of 
inductance applies only to complete cir¬ 
cuits. This problem has been discussed in 
full,f but for our purposes, an approxi¬ 
mation is sufficient. Let the condenser 
plates be very close together and have 
charges -f- q and - q , which are on the 
insides of the plates. A and B are the 
condenser terminals and are also very 
close together. The condenser charges 
cause no electric intensity at external 
points, but a uniform intensity (q/Cd) 
between the plates only, where d is the distance between them. 
We consider that the curve s is completed by the dotted line. 
For this complete circuit we have 



Fig. 20. Inductance 
and Capacitance of an 
Incomplete Circuit 


impressed E.M.F. — J E . ds + Ri 

where Ri is the volt drop in the metallic part. In j Eds the 
term cp , due to the fixed charges, contributes nothing except 
along the short dotted path, when J Eds = (< q/Cd ) X d = qjC. 

The other terms contribute nothing along this dotted path, 
because it is so short. 


The other terms will 


give 


/ 


dA 

dt 


ds, which is the induced 


* Maxwell, loc. cit ., Vol. 2, page 241. 
f E. B. Moullin, £oc- cit., pages 38-41. 
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E.M.F. in the curve s, 
result is that we have 


considered as continuous. The total 


impressed E.M.F. = L(di/dt) + ( q/C ) + Ri 


( 86 ) 


2 l 2 

Fig. 21. Inductance 
of Part of a Circuit 


where L is the self inductance of the closed path s. A condenser 
with close plates then acts as a simple capacitance inserted in 
series in the circuit, whilst the resistance and inductance are 
very nearly those of the complete circuit. 

The extension to several circuits with self and mutual 
inductance is obvious. When the condenser is expanded, as 
in the case of an aerial, the work of Moullin must be used. In 
all the work in this book, all condensers are considered as made 
of plates very close together, so that they 
exert no electric field outside them. 

Inductance of Parts of a Circuit. We are 
told in books on inductance* that the induc¬ 
tance of a straight wire of length l and 
radius r is 

L = 2Z[logh (2 l/r) - 1 + p/4:] cm. (87) 

Exactly what is meant by the inductance 
of an incomplete circuit of this kind is 
not specified. There is a vague idea that if a circuit (Fig. 21) 
is composed of two parts, 1 and 2, there is a self inductance 
attached to each part L x and L 2 , and a mutual inductance 
between the parts M, so that the self inductance of the com¬ 
plete circuit is L x + L 2 ± . It is necessary, if this method 

is to be of use, that L x be independent of part 2 and L 2 of 
part 1. 

For parallel wires the following has been put forward for 
the calculation of the inductance coefficients.f Let the wire 
AB have length l and radius r. AC and BD are perpendicular 
to AB (Fig. 22). To find the self inductance of AB we calculate 
the flux in the shaded area due to unit current along AB. 
This is found to be equal to the expression in equation (87). 
If AF has a length V , the self inductance of AF is given by a 
similar expression, and is the flux in the area ACGF. The 
current in AB gives a flux in the area ACGF, which is the 
mutual between AB and AF, M say. The current in AF 
gives a flux in ACDB, M ' say. Then the self inductance of BF 

* E.g. Nottage, Calculation and Measurement of Inductance and Capacity. 

■]• “Self-inductance of Straight Wires,” by R. M. Wilraotte, W.E. , June, 
1927, page 355. 
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is clearly L + L' + M -f- M' . It happens that M = M' so 
that the total self inductance is L + L* + 2M. This method 
holds, however, only for parallel and perpendicular wires. 
When AB is at an angle with AF, the method becomes hopeless, 
as the areas proper to the parts overlap. 

The vector potential is, in the general case, the most con¬ 
venient function to use for the finding of the inductance coeffi¬ 
cients of parts of a circuit. The method just described attempts 
to allot a part of the flux in a closed circuit to a part of the 
circuit; this procedure is reasonable only in geometrically 
simple circuits. But if we 
replace the integral of B 
through the circuit by the 
integral of A round the 
circuit, we have at once 
the obvious method. The 
self inductance of part of a 
circuit is then obtained in 
this way. We calculate the 
vector potential A due to 
unit current along this part, 
integrate A along this part, 
and thus obtain the self 
inductance. If we call A 1 
the vector potential due to 
unit current in part 1 , and A 2 due to part 2, we have that thr 
inductance of the complete circuit is 

f Mi ~\~ Ac^ds = f & (Ai + A^)d& Hr Mi f* A 2 )^s 

s x and s 2 

=+ L Ads + L a **• 

The first term is the self inductance of part 1 , L x say, and the 
second term is L 2 . The third term can be called the mutual 
inductance between 1 and 2 and denoted by M 12 , whilst the 
fourth term is the mutual between 2 and 1 , M 21 . It can be 
shown that M 12 ~ M 21 = M, say; also these mutual induct¬ 
ances between parts of a circuit are calculated exactly in the 
same way as the mutual inductance between two complete 
circuits. The formula is given by equation (83), 

M — I I (jui/r)d$ 1 ds 2 cos s 

*/Sj fc /£ ! 2 

but here s x and s 2 are incomplete circuits. 

5 —(T. 5782 ) 



Fig. 22. Inductance of Part of 
a Circuit 
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When the diameter of the wire in the circuit is small com¬ 
pared with circuit dimensions, M is easily calculated as a 
double integral; but the expressions for the self inductances 

are usually quadruple integrals, 
since A is a triple integral and 

J is a quadruple integral. 

The inductance of part of a cir¬ 
cuit as defined here agrees with 
the values tabulated for the geo¬ 
metrically simple cases of parallel 
and perpendicular wires, e.g. for 
the straight wire of length l and 
radius r, whose self inductance 
is given in equation (87). The 
formulae for inductance will be 

Fig. 23. Toroidal Coil g iven later > when the design of 

coils is considered. 

There is one specially important case of the inductance of a 
part of a circuit, viz. the case of a coil. It is assumed that a 
coil, which has two free ends and is only a part of a circuit, has 
a definite self inductance. The reason for this is the peculiar 
geometry of the case. If we consider a toroidal coil (Fig. 23), 
we see that the flux produced by the 

current in the coil is concentrated ° vJ 0 0 O’-”° 

entirely within the toroid, so that B Fig 2 4. Schematic 
and A due to the current in the coil are Representation op a 
zero elsewhere. Reciprocally, the total Self Inductance 
flux, due to external currents, cutting 

the coil is zero. It follows that the Q ^2 p 

coil has a self inductance and no I J 

mutual inductance with any other 

part of a circuit. The effect of open- (1) Lf Z^ (2) 

ing a circuit at a point and inserting <—5 C? 

this coil is to increase the self indue- 0 .. _ J I-o 

tance of the circuit by the self indue- Fig. 25. Schematic 
tance of the coil. Representation op Seep 

„ T1 in • i ! o and Mutual Inductances 

When a part oi a circuit has sell 
and no mutual inductance, it is represented by the open coil 
shown in Fig. 24, for, although a better representation is the 
toroidal coil, the latter is difficult to draw. When two circuits 
have mutual inductance, M , they are drawn as in Fig. 25. 


°—'OTfflP—° 

Fig. 24. Schematic 
Representation op a 
Self Inductance 


Fig. 25. Schematic 
Representation op Self 
and Mutual Inductances 
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A transformer consists of two windings with large self and 
mutual inductances, but with small mutual inductances to all 
else. If L x and L 2 are the self and M the mutual inductances, 
Fig. 25 represents the transformer. In practice the coils have 
self and direct capacitances and also resistances, but these will 
be discussed later. If the currents are i x and i 2 , the voltages 
across these coils are [L^dijdt) - M(di 2 /dt)] and [L^di^dt) 
- M(dijdt)\ , which are of the order of the applied voltages. 
Generally L x (dijdt ), L 2 (dijdt ), M(dijdt ), and M(dijdt) are very 
large compared with the applied voltages, so that L x (dijdt) is 
nearly equal to M(di 2 jdt) and L 2 (dijdt) is nearly equal to 
M(di 1 /dt ), so that L x i x = Mi 2 and L 2 i 2 = Mi v These relations 



Fig. 26. Electrical Fig. 27. Mechanical 

Analogue of Fig. 27 Analogue of Fig. 26 


give M = and i.,/h = x It can be shown that 

LJL t — n x 2 /n 2 2 , where n x and n 2 are the number of turns in 
the coils, so that iji x = njn 2 . Hence the current is transformed 
inversely as the ratio of turns. 

Mechanical Analogies. We have shown that, if an impressed 
E.M.F. is inserted into a circuit containing self inductance, 
resistance, and capacitance, the equation is 

L(di/dt) + Ri + q/C = E.M.F. 

Replacing i by dqjdt we obtain 

L(d 2 q/dt 2 ) + R(dq/dt) + q/C = E.M.F. . (88) 

Fig. 26 shows the electrical circuit. The mechanical analogue 
is shown in Fig. 27. A body of mass m rests on a rough plane, 
so that the frictional force is proportional to the velocity of 
the body, and the body is connected by a spring to a fixed 
point O. Let x be the displacement of the body. Then the 
equation of motion is 

m(d 2 x/dt 2 ) + r(dx/dt) + sx = F . . (89) 
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For the applied force F must first neutralize the frictional 
force, r(dx/dt), and the tension in the spring, sx, and then 
accelerate the mass. This equation is of the same form as (88), 
provided we have the following correspondences.* 


TABLE II 


Mechanical 

Electrical 

F ~ Force 

E = E.M.F. 

m = mass 

L = inductance 

r = frictional resistance 

R — resistance 

s = stiffness 

1/C = 1/capacitanee 

1/s = C = compliance 

C — capacitance 

x = displacement 

q = charge 

dx/dt = velocity 

i — dq/dt = current 


A full treatment of this subject will be given in the next 
chapter, when the theory of the acoustic gramophone and 
electro-acoustic systems will be treated in some detail. 

Algebraic and Vectorial Methods in Alternating Currents. 
We are now in a position to investigate the methods of alter¬ 
nating currents. There are two main methods, the vectorial 
or graphical, and the algebraic which involves the use of com¬ 
plex numbers. Power engineers have a preference for the 
vectorial or graphical method, partly because they are mainly 
concerned with waves of one frequency, and partly because the 
problem of the power transformer is best treated by this 
method. Telephone and wireless engineers use almost ex¬ 
clusively the algebraic method, because they deal with complex 
waves, with components of many different frequencies. 

Both these methods are not adequate for the complete 
consideration of the phenomena investigated, as they do not 
allow non-linear quantities to be calculated, so that problems 
of power and modulation cannot be treated. The two methods 
will be described briefly, their limitations explained, and the 
necessary extensions made. 

The Vectorial Method. This method does not require any 
knowledge of imaginary and complex numbers and could have 

* For detailed descriptions, see Communication NetivorJcs, by Guillemin, 
Chapter I (John Wiley & Sons); “Theory of Variable Dynamical Electrical 
Systems,” by H. W. Nichols, Physical Review , Vol. 10, 1917; and especially 
“Methods of High Quality Recording, etc.,” by Maxfield and Harrison, 
B.S.T.J., July, 1926, pages 493-524; also Vibrating Systems and Sound , 
by I. B. Crandall. 
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been devised, even if y/ - 1 had not been conceived by 
mathematicians. 

An E.M.F., e = E cos (cot + 6), is represented by a vector 
of length E , rotating with angular velocity co in the positive 
(anti-clockwise) direction, starting from the angular position 
0 at time t = 0. The horizontal component (or projection) of 
this vector is clearly equal to E cos (cot + 6). (See Fig. 28.) 

If this E.M.F. is placed across a resistance R, the current 
that flows is given by i = (E/R) cos (cot + 6). Thus the current 
can be represented by a vector of length (E/R), which lies on 
and rotates with the vector representing the E.M.F. 



Fig. 28. Graphical Fig. 29. Graphical Representation 

Representation of Sinusoidal of E.M.F. and Currents in a Coil 
E.M.F. and a Condenser 


If this E.M.F. is applied to the terminals of a pure inductance 
L and i is the current that flows, then 

e — E cos (cot + 6) — L(di/dt), 

giving i = (E/coL) sin (cot + 6) 

= (E/coL) cos (cot + 0 - 77-/2 ; 

The current vector in this case has a magnitude of (E/coL) 
and lags \n in angular position behind the E.M.F. vector. 
(Fig. 29.) 

If the E.M.F. is placed across a condenser of capacitance C , 
let Q and - Q be the charges on the plates. 

The current i = dQ/dt. 

Also Q = Ce = CE cos (cot + 6). 

Therefore i = - coCE sin (cot + 0) 

= coCE cos (cot -j- 0 + 77 -/2) 

The current vector has magnitude coCE and leads the E.M.F. 
vector by 77-/2 (Fig. 29). 
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Since the E.M.F. and current vectors move with the same 
angular velocity co , they preserve the same relative positions. 
Because of this it is usual to ignore the rotation and con¬ 
sider only the initial position, in which e has the angular 
position 6. 

Let us apply this method to a simple series circuit, shown in 
Fig. 30. Let the current be i, shown in Fig. 31. The volt-drops 
across R, L, and C are shown. The total volt-drop is the 
vector sum of these drops and must be e. Fig. 31 thus gives 
the magnitudes and phases of the current and E.M.F., so that 




Figs. 30-31. Graphical Solution of the Problem of a Simple 
Series Circuit 


if the E.M.F. is given this method enables the magnitude and 
relative phase of i to be found by drawing. 

It should be noticed that differentiation with respect to 
time of a vector, representing ariy sinusoidal quantity, produces 
a vector whose magnitude is co times the original magnitude 
and whose phase is 7 r/2 in advance. Integration produces a 
vector whose magnitude is (1/co) times the original magnitude 
and whose phase lags tt/2. For 

A cos (cot -f- 0) = - coA sin (cot -f- 0) 

= coA cos (cot -f- 6 + 77-/2) 
and f A cos (cot + 6)dt = (A/co) sin (cot + 6) 

= (A/co) cos (cot + 6 - 7r/2) 

The vectorial method as here described is adequate to solve 
the problem of the power transformer. 

As yet no vectorial significance has been attached to resis¬ 
tance, inductance, and capacitance. We have used only the 
facts that the volt-drop vectors of a current across these circuit 
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elements are in phase with, lead by 77 / 2 , and lag by 7r/2, respec¬ 
tively, the current vector: and that the magnitudes are Ri , 
coLi , and i/coC. Vectors add according to the parallelogram 
law. So far, we have not decided upon the laws of multiplica¬ 
tion of vectors, which are at our disposal. In mathematical 
physics ( vide Heaviside, Electromagnetic Theory , Vol. I) there 
are vectors which have two kinds of products, scalar and vector. 
The scalar product is a number (not a vector) equal to the 
product of the magnitudes of the vectors times the cosine of 
the angle between them. The scalar product of two vectors 
A and B is written (A . B) and is given by 

(A . B) = |A| x |B| x cos (AB). 

In this notation many of our preceding formulae have simple 
expressions. Thus equation (67) becomes 

/ (H . ds) = 477 X current 

where (is is treated as a vector; and equation (64) becomes 
f ( B.dS) = f (A. ds) 

where dS is considered as a vector along its normal. The 
vector product will not be discussed, as it is not useful here. 

If the current vector in a circuit has magnitude I (R.M.S.), 
applied E.M.F. V, and the phase difference is 99 (Fig. 31), the 
scalar product of current and E.M.F. is VI cos op, which is the 
mean power. For the power is 

\/2 . V cos (cot + 6)\/2.1 cos (cot 6 - (p) 

= F/[cos 99 -f cos (2cot + 26 - 99 )], 

whose mean value is VI cos 99 . 

This graphical method can be extended to waves having 
components of different frequencies, but is useful only in a few 
special cases. 

The Algebraic Method. This method uses the theory of 
complex numbers* outlined in Chapter I. Equation (40) gives 

8 icof = cos cot + j sin cot, 
so that cos cot = real part of E lcot 

= R.P. say. 

* See “Impedance,” by A. E. Kennelly, Trans. American I.E.E., Vol. 10, 
page 175, April, 1893; and “Complex Quantities, etc.,” by C. P. Steinmetz, 
Proc. Intern. Elec. Congress , Chicago, August, 1893. 
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Suppose an E.M.F. E cos cot is placed across an inductance 
L. The current i is given by 

L(di/dt) = E cos cot. 

Both e and i must, of course, be real. We may add an 
imaginary quantity to e and, in so doing, add an imaginary 
quantity to i. After this is done, the answer is, by our theorem 
of equation (36), the real part of our complex i. This would 
seem prima facie an unprofitable procedure, but actually it is 
a great help. So instead of E cos cot we write E& 0Jt , whose 
real part is E cos cot. Let us now assume that i = I& wt . 
We have 

L[d(I& cot )/dt] = E£ iwt 
giving j oLI£ m = E& wt 

or I = E/]coL. 


Thus an inductance L has an impedance ( i.e. ratio e/i) of j coL 
to E.M.F. ? s which vary according to The method then 

proceeds this way. 

i (complex) = e (complex)/j coL 
= E£ m /j coL. 


Therefore i (actual) = R.P. 



= R.P. 
- R.P. 


E(cos cot -j- j sin cot) 
j ooL 

E(- j cos cot + sin cot) 
coL 


E sin cot 
coL 

which is the correct form. 

As a matter of fact, the actual current is not necessary for 
most purposes and the complex form of the current, which is 
so easily expressed, is sufficient. 

Suppose a condenser of capacitance C has the E.M.F. e put 
across its plates. Then 

Q = Ce 

and i — dQ/dt 

— Cdejdt — j coCe, 
e/i — impedance = l/jco(7. 


so that 
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It is easily shown that impedances are compounded like 
resistances. For example, the impedance of the circuit of 
Fig. 30 is given by 

Z — R + j coL 1 /j (dC, 


so that the complex i = 77—7 — 7 —:— 777 — 7 . 

1 R + j coL -f 1 /j coC 

r EE?* 0 * n 

and the actual i = R.P. 77 —— 7 — 7 —:— 777—77 

IR + ]coL + l/jcoGJ 

V E?r l (R -\wL - l/jo) 6 ') ~[ 

- n.r. [_ + (coi _ i/jnC-)! J 

i£[12 cos coZ + (c oL - l/co(7) sin cot] 
^ i ? 2 + (coL - 1 /coC ) 2 

which is the solution of the equation 


and the actual 


L(di/dt) -f- JKi + ( 1 /C) f idt = E cos co£. 

The algebraic method may be summarized, therefore, in the 
following terms: “All currents and E.M.F.’s are replaced by 
complex quantities, which are multiples of 8 3CO *. [For exam- 
pie E cos (cot+ 6) is replaced by EE im + d) = (E £ i0 )£ m ; 
E sin cot is replaced by E£ i(o)t ~ nlz) = (EB~ im ) S i(0t = -jES m , 
and so on.] A resistance R has impedance R , an inductance L 
has impedance jcoL, and a condenser C has impedance 1 /j coC. 
Kirchhoff’s law, which will be explained later, must be obeyed; 
these equations give the complex currents in terms of the 
complex E.M.F.’s and impedances. The real parts of the 
complex currents give the actual currents.” This method is 
used almost exclusively in telephony and wireless. 

The Argand diagram of Chapter I establishes an important 
connection between the graphical and algebraic methods. A 
complex E.M.F. EE j{0)t + d) is represented on the Argand 
diagram by a vector of magnitude E and angle cot + 0, so that 
it is a vector of magnitude E, rotating with angular velocity 
co, starting from 6 at t = 0 . This agrees with the pure vector 
method described in Fig. 28. After this the methods diverge, 
since here impedance is vectorial in character; for R — R\0, 
\coL = coL\tt/2 , and ( 1 /j coC) = (l/coC)\n/2. Thus, impedances 
prefixed vectors, with phase angles 0, 77/2, and -77/2 for resis¬ 
tance, inductance, and capacitance, respectively. 
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The multiplication of an impedance and a current obeys the 
law of complex numbers given in equation (43): similarly 
division of E.M.F. by impedance satisfies equation (44). 

An important advantage of this method is that it enables 
us to deal with impedances without considering the currents 
and voltages. A disadvantage is, however, that we cannot 
deal with non-linear quantities, such as power. 

For suppose an E.M.F. E cos cot is put across a resistance, so 
that the current is / cos cot. In this method we put the E.M.F. 
equal to E£ Uot and the current is also IE ia)t , so that e x i 
= EIE 2jcot . The real part of this is El cos 2cot , of which the 
mean is zero. We know that the mean power is \EI in this 
case, so that the method has failed. The error, of course, is 
due to the fact that the R.P. (£ icoi ) x R.P. (£ ico *) is not equal 
to the R.P. (£ m x £ ]a)t ). 

Extended Algebraic Method. We have seen that, so far as 
E.M.F., current, and impedance are concerned, we may replace 
E cos cot by E£ jwt . But £ ja)t is not the only complex number 
whose real part is cos cot ; it is a convenient number, because 


it has a simple differential coefficient jco£ ia)t . There is an 
equally convenient number, £~^ a)t , whose real part is cos cot 
and differential coefficient -ja>8~ ja> *. It can be shown that 
the impedances of a resistance R , inductance L , and capacitance 
C are R , - j coL, and - 1/jcoC to currents which vary as £~ iayt . 

The extension is made as follows.* Instead of replacing 
cos cot by S jcoi or we replace it by its exact equivalent 


U? + 8 


-Hot 


This represents two vectors rotating with angular velocity 
co in opposite directions, making equal angles with the real 
axis, and whose sum is a real stationary vector of harmonically 
varying magnitude. Suppose an E.M.F. E cos (cot + 0) is put 
across a capacitance C , the current is given by 

i = E. i[8 i( 

= E. itjwC'S' 1 

= \EcoC [j cos (cot + 0) - sin (cot + 0) - j cos (cot + 0) 

- sin (cot + 0)] 


?Hcot + 0) 

?i(wt + 6) 


+ £- Ucot+e) ]/Z 
■]wC£- i{wt+d) ] 


= -EcoC sin (cot + 0). 


* See Electrical Power Transmission and Interconnection , by Dannatt and 
Dalgleish (Pitman), pages 131-141; also Slepian, A.I.E.E. Trans., Vol. 38, 
page 1697. 
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There is no need to explain further how voltage, current, 
and impedance are used in this method. The process is exactly 
the same as in the earlier algebraic and vectorial method, 
except that there is an additional system of vectors, which is 
the image of the former system in the real axis. 

Power and modulation can now be easily dealt with. In 
Fig. 32, i + and i_ are the current vectors, whose magnitudes 



Fig. 32. Extended Graphical Method for Rotating Vectors 

are \I max and angles are (cot a) and - (cot + a), say. Similarly 
the voltage vectors are shown. The power is 

VI = \v+ + v_] [i + + i_] 

= [v+i_ + vJ + ] + [v + i + + v _i_] 

- w 0 +w + + W„, say. 

v + i_ is a stationary vector of magnitude lI ma xV ma x an d angle 
(/?-a), whilst v_i + has the same magnitude and angle a - /?. 
These add vectorially to give the real constant \I ma xV ma x 
cos (a-/9), which is the mean power. W + and W_ are the 
vectors, angular velocities + and - 2co, whose sum is the 
real fluctuating power \I ma xV ma x cos (2cot + « + /?)• 

When there are components of different frequencies, the 
graphical method is dropped, but the algebraic method can 
still be employed.* A delightful exposition of the method as 
applied to a general periodic wave is given by Professor E. A. 

* Important applications are given in “A Theoretical Study of the Three 
Element Vacuum Tube,” by J. R. Carson, I.R.E ., April, 1919, and “ Operation 
of Thermionic Vacuum Tube Circuits,” by F. B. Llewellyn, B.S.T.J. , Vol. 5, 
No. 3, page 433. 
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Guillemin in the last chapter of his book Communication Net¬ 
works, Vol. I. A very brief statement may be enough to indicate 
the development. 

A periodic wave of fundamental frequency co/27t can be 
expressed in the form 

00 00 

E = a Q + E a n cos ncot + E b n sin ncot . . . (90) 

n = 1 n — 1 


This is called a Fourier series. Remembering that cos noit 

= |(8 i " ft>t + and sin not = ~ (E inmt - £~ imot ), equation 

(90) becomes ^ 

E = a 0 + n £ [e inco( (J a, + 6.) + £- iKOt ^ a n - i 6.)]. 

We can write = i(a„ + &„/j) ) . 

and ^-„=4 K - bjj) 5 • • • ' ^ ' 

so that A n and A^ n are conjugate complex numbers. For 
n — 0, we have A 0 — a 0 . Then equation (90) becomes 


n = + Q ° . . 

£7 = I A n £ intot .... (92) 

n = - oo 

For the term £ 3nojt the elements of impedance are R , j nooL, 
and 1/j ncoC, even when n is negative. Suppose the E.M.F. E 
acts on a circuit R , L , (7, then the impedance to £ im> * is 


Z n ~ R ]ncoL + l/jmo(7 ) 
This includes — R - \ncoL - 1/j na>C ) 

which is the conjugate of Z n . 

The current is % = 27 ( -—~- I . 

n = - oo \ / 

and the power in the circuit is actually 

Ei = \ £ J A n & ml \ x 1" £ 

n ~ - <x> L n = -x*\^ J n/ J 


(93) 


(94) 


(95) 


In equation (95) we must multiply every term in E with 
every term in i and add all these partial products. The mean 
power is the constant in this total product and is clearly 

n = oo A A 

w 0 = X --±-=3 .... (9ft) 

n = - oo 
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We can group the terms n and - n, so that 

00 /I 1 \ 
W 0 = Z + 


71 — 0 

By equations (91), 

A„A^„ = \(a n 2 + 6„ 2 ) 
whilst equations (93) give 

1 1 2 R 

z n + - 




so that 


w 0 = i z 


(a n 2 + b n 2 )R 


= oL^ 2 + (ncoL— 1/ncoC) 2 


■] 


(97) 

(98) 

(99) 


( 100 ) 


The beauty and simplicity of the method are obvious; for 
compare equation (92) with equation (90). It should be noted 
that A n , being complex, includes the phase as well as the 
amplitude of the nth harmonic. Modulation problems are 
solved in exactly the same way.* 

The Basis of Electromagnetism. The development of electro¬ 
magnetism adopted in this chapter is regarded with disfavour 
by many teachers of the subject and international committees. 
A few words in defence of the method will therefore be given. 

In the development given we start off with electrostatics, 
in agreement with most people. We imagine that we can 
envisage specks of electricity, which exert mechanical forces 
on one another and can thus store mechanical energy. Then 
a new idea must be included, whereby a speck of electricity 
stores a different amount of energy when in a medium than 
when in a vacuum. Dielectric constant and displacement then 
emerge, and also the mathematical abstraction of scalar potential. 

Then, in marked disagreement with many people, we develop 
the subject of magnetism in the same way. We are told that 
the idea of a magnetic pole is very deluding and that we are 
likely to find ourselves “floundering in a world of make- 
believe. ”f This need not alarm us, as anything abstract is 
“make-believe” and may be indulged in, provided it is self- 
consistent and useful. The “unit charge ” is similarly “make- 
believe,” and presents as much difficulty as the “unit pole.” 
The fact that a north pole is associated with an equal south 

* Vide Llewellyn, loc. cit. 
f Editorial, W.E ., February, 1933. 
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pole is not sufficient to make the idea of a single pole useless 
or misleading, just as the fact that every action is associated 
with an equal and opposite reaction does not prevent the idea 
of force from being useful. It is quite true this last fact indi¬ 
cates that a logical system of mechanics can be built without 
the concept of force, but this logical system is uselessly profound 
for engineering students. Similarly a theory of magnetism 
could be built without the concept of a magnetic pole, with a 
similar and unrewarding profundity. 

We can claim that as a development of magnetism our 
method is logical. H and B are defined as the force on a unit 
pole (or the couple on a magnet of unit moment) in a needle- 
shaped cavity and a coin-shaped cavity, respectively. When 
the axis of the cavity is not along the direction of magnetization, 
the definitions are slightly modified in a simple manner. Thus 
B and H are of similar nature but in different geometrical 
circumstances. If we wish this to be, it is so. This is exactly 
represented by saying that “H is reckoned per unit length, 
B per unit area of cross-section.” The difference is purely 
geometrical. When some people go on to say that “ therefore B 
and H differ in physical nature as much as an ampere does 
from a volt,” they are inconsequential, although they may be 
correct if they define B and H in some other way. 

We define B and H in such a way that surface integrals of 
magnetic force use B and line integrals use H ; but B and H 
are of the same nature by our methods of defining them. 

Having defined H and charge (or current i), Oersted’s dis¬ 
covery, that /(H . ds) = kni, is a law, i.e. a connection between 

two known things. Actually there should be in this equation 
a dimensional constant, which can be made unity by choice 
of units. 

Then also Faraday’s discovery, that J(E . ds) — - is also 

a law and here again there should be a dimensional constant. 
The product of these dimensional constants is the square of a 
velocity, which is that of an electromagnetic wave. 

It may be argued that we have more concepts and definitions 
than are needed. The answer is that the author thinks that 
these concepts and definitions, although more in number than 
the logical minimum, are needed for the simplest development 
of electromagnetism. 
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There is a modern movement towards a different develop¬ 
ment. In this scheme electrical charge is fundamental and then 

a magnetic force is defined by J(H . ds) = 4:7ri , so that a small 
magnet is considered to be a charge moving in a closed path. 


Also the equation J (E . ds) = - ^ is said to define B. In this 


case B and H are different in nature by definition, and the two 
equations given above represent definitions, not laws. The 
equation B = pH is then an experimental law and \i is not a 
true number. Also displacement D = IcE/^tt, where Tc is a pure 
number, is the other law. This method puts all the dimensions 
in fx. This system is logical, but by no means the only logical 
development. The disadvantages are that no satisfactory 
theory of magnetism is easily expressible in terms of moving 
charges and that the introduction of the dielectric constant 
assumes that a charge is unchanged, when it is moved from a 
vacuum into a medium. A thoroughgoing theory would assume 
only the existence of electrons and protons, and would treat a 
dielectric as a vacuum in which some bound electrons and 
protons exist. It would also have to explain how it is that 
molecules can be fixed and electrons bound. It would also 
explain the whole of magnetism as a particular type of electron 
motion. In other words, if B and H are properties of charges, 
we should be able to build a complete theory without the 
mention of B and H and we should link i directly with some 
function of E. We should then have a theory containing only 
charge and movements of charge. 

It is possible to go even further. Charge is manifest only in 
so far as it stores mechanical energy. Then charge itself is not 
a fundamental thing, but is merely a mathematical concept to 
explain certain properties of energy. It should be the aim of 
the purist to replace charge and current by energy and move¬ 
ments thereof, in the way that Steinmetz proposed to do. In 
this way electrostatics, as well as magnetism, is rendered un¬ 
necessary and electromagnetism becomes the study of certain 
types of energy distribution and movement. Such a develop¬ 
ment of electromagnetism would be lengthy and engineering 
students would find it difficult to understand. There is some 
justification, therefore, in using a system, which, although not 
the most economical in concepts, is the easiest to follow and 
to use. 



CHAPTER III 

THEORY OF ELECTRIC CIRCUITS 


Introduction. In Chapter II a discussion of the fundamentals 
of electromagnetism and alternating current theory was given. 
It was shown that there are three important kinds of circuit 
elements : resistance, capacitance, and inductance. If only 
currents and voltages are considered, it is sufficient to replace 
a sinusoidal quantity cos (cot + 6) by S j(co * +0) , and then the 
impedances of the circuit elements are B, 1/jcoC, and j coL, 
respectively. An arrangement of these is called a passive 

network , and some general 
and important theorems of 
passive networks will be 
proved for future use. 

Impedance and Admit¬ 
tance. The self impedance 
of a resistance, inductance, 
and capacitance are R , jc oL, 
and 1/jcoC. Admittance is 
the reciprocal of impedance, so that the admittances are l/R, 
1/j coL, and jcoC, respectively. Impedances are usually denoted 
by Z and admittances by A or F, more often F, since A is 
used in power work for R.M.S. current. 

In Fig. 25 a very brief account was given of the case in which 
two circuits are physically separate but coupled magnetically 
by mutual inductance. Fig. 33 shows a more general case. 
The self inductances are included in the self impedances Z x 
and Z 2 . The equations for the two circuits are 

e i = %iH + ]ooMi 2 
and e 2 — ^ 2^2 + j coMi v 

A current i x in circuit 1 produces a volt-drop in circuit 2 equal 
to j coMi ± and the current i 2 in circuit 2 produces a volt-drop 
]coMi 2 in circuit 1. Then it is said that these circuits have a 
mutual impedance of jcoM . It may be mentioned that in general 
M itself is a complex number, due to core losses and stray 
couplings, so that j coM may have a real positive or negative 
part. This will be considered more fully later. 
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Fig. 33 . Circuits Coupled by 
Mutual Inductance 
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The circuits 1 and 2 may be connected by a wire of resistance 
R, or a common electrostatic field in a condenser <7, or a series 
combination of both, as shown in Fig. 34. We may consider 
that circuit 1 has a current travelling round abed , and circuit 
2 has a current i 2 travelling round cfed. The current in cd is 
i x - i 2 downwards or i 2 - upwards. The conditions of con¬ 
tinuity of current flow at c and d are clearly satisfied. The 
equations are now 

e 1 = (Z 1 + R+ 1/jc oC)i x ~(R+ If]a)C)i 2 

and e 2 = (Z 2 + R + 1/j coC)i 2 - (R + 1/j coC)^. 

In this case the self impedances of the circuits are Z ± -f- R 
+ l/jco(7 and Z 2 + R + 1/jco<7, whilst the mutual impedance 
is - (R + 1/jcoO). In general, 
if the common impedance be¬ 
tween circuits 1 and 2 is Z , 
the self impedances are Z 1 -\- Z 
and Z 2 + Z, whilst the mutual 
impedance is - Z. The fact 
that the mutual impedance 
has a negative resistance term 
does not cause the system to 
give up energy, as each of the 
self impedances has an equal 
positive term to allow for this, 
what arbitrary, for we may make the mutual impedance 
positive by deciding to consider the current i 2 in circuit 2 as 
flowing in the opposite direction. A mutual impedance may 
have a positive or negative value depending on the directions 
in which the currents are taken. 

Kirchhoffs Laws and Maxwell’s Circulating Currents. We 
have sufficient information in Chapter II to solve any problem 
in passive networks, but less simple problems are awkward 
to deal with unless a systematic procedure is adopted. Such a 
procedure is given in the two statements known as Kirchhoffs 
Laws , which are really rules of procedure. 

Kirchhoff’s First Law. The sum of the currents entering a 
junction is zero. Thus in Fig. 35, currents I l9 / 2 , / 3 , / 4 pass 
along the branches meeting at the junction P. The rule states 
that, with the directions as shown, 

/ x + / 2 - + / 4 = 0 



Fig. 34. Two Circuits with a 
Mixed Coupling 

Moreover, the matter is some- 


6—(T. 5782) 


( 101 ) 
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If this condition did not hold, charge would accumulate at 
P and its potential would become infinite, since the capacitance 
of a point is zero. If the junction P is a sphere, as used in 
high voltage work, P would have a finite self capacitance and the 
condition (101) would not hold. This case can be easily reduced 
to agreement with the rule by inserting the self capacitance, as 
shown in Fig. 36, with the capacitance current / 5 . Then 
I 1 + 1% — 1$ + 14 - I*) = 0 . 

There is a device due to Maxwell,* which enables us to satisfy 
this first law automatically with a remarkable simplification 



Fig. 35. Illustrating 
Kirchhoff’s First Law 



Fig. 36. Illustrating 
Kirchhoff’s First Law 


in working. An example will explain. Fig. 37 shows the general 
form of the Wheatstone bridge, in which there are currents 
I 1} / 2 , . . . / 6 . Kirchhoff’s first law gives 


I x — / 2 + / 3 , for junction A 
/ 2 = / 4 -f / 5 , for junction B 


( 102 ) 


and I 3 = - 7 4 + / 6 , for junction C J 

The condition for junction D, viz. I 1 ~I b J r / 6 , is included in 
these three conditions. So we have six unknowns and three 
equations. A further three equations are given by Kirchhoff’s 
second law (to be described later), so that we have six equations 
for the six currents. This is a lengthy method. 

Maxwell suggested that instead of using branch currents, 
which is what I l9 I 2 , . . . / 6 are, it is more convenient to use 
circulating currents which traverse complete circuits. The 
possibility of these currents follows from the assumption of 


* Electricity and Magnetism , Vol. 1, Sections 2826 and 347. 
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displacement current, which causes total current to flow in 
closed paths. 

In Fig. 37 we can replace I l9 


in suitable paths. 


. . I G by three circulating 
There are several ways in 



Fig. 37. Use of Maxwell’s 
Circulating Currents 


h = 


^ 2 ? 

are 


and I 6 = i 3 . 
automatically 


currents % 

which these currents can be chosen, depending on the current 
required. Thus the circuits can 
be ACBA, BCDB, and EACDE, 
or ACBA, BCDB, and EABDE. 

If, however, we wish to find the 
current through Z h (BC), since 
this is the detector, it is best to 
choose the circuits so that only 
one circulating current goes 
through BC. We thus choose 
the circuits ACBA, EABDE, 
and EACDE, as shown. The 
current in any branch is the sum 
of the circulating currents in 
that branch. Thus = i 3 , 

12 == ^2 / 3 = -f" I\ — 

Kirchhoff’s conditions of equation (102) 
satisfied. 

It is easy to see that circulating currents satisfy Kirchhoff’s 
first law at any junction, for any one circulating current brings 

as much current towards the 
junction as it takes away. 

Kirchhoff’s Second Law. 
The total E.M.F. in a circuit is 
equal to the volt-drop round it. 

This follows from Ohm’s law 
and the ideas concerning induc¬ 
tance and capacitance given in 
Chapter II. The rule is not the 
truism it seems to be, for it is 
meant to apply to a circuit in 
the branches of which the cur¬ 
rents are not the same. Thus, 
consider the circuit in Fig. 38, in which currents enter or leave 
at various junctions. With the currents, impedances, and 
E.M.F.’s as shown, Kirchhoff’s second law gives 
e 1 -e 2 = Z X I X + Z 2 I 2 - Z 3 I 3 - ZJt 
on taking E.M.F.’s and volt-drops in the clockwise direction. 



Fig. 38. Use of Kirchhoff’s 
Second Law 
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As an example, the Wheatstone bridge problem of Fig. 37 
will now be solved. Circuits and currents are as shown and 
the equations are 

(Zi + ^3 + %b)il ~ ^ 1^2 + ^ 3^3 — ^5 

- Z x i x -f- (Z x + Z 2 + ^e)^2 + ^6^3 = 
and - Zg x - Z 2 i 2 -f- ZJ, 3 = 0. 

The equations are for the circuits ACBA, EABDE, and 
BCOB, respectively. The last circuit was chosen instead of 
the more obvious circuit EACDA, because it has no E.M.F., 
and this device simplifies the solution of the three equations. 
We get 

[ZiZ± - Z 2 Z 3 ] 
h ~ e D 

where D = (Z 1 + Z 2 ) (Z a Z i + Z 5 Z e ) 

+ {^3 + Z14) (Zl%2 + •^ 5 -^e) 

+ (^5 + Z«) (%l%4 + ^2^:i) 

+ ^ 3(^1% 3 + Z 2 Z 4 ) 

+ ^e(^1^2 + Z H Z t ) 

Coupled Circuits. A further example of Kirchhoff’s laws 
will be given. Fig. 39 shows a series of coupled circuits, each 



Fig. 39. Coupled Circuits 


having self impedance Z ± to itself and a common impedance Z 
with the preceding and succeeding circuits. The equations for 
the circulating currents i l9 i 2 , . . . are 

(Z 1 -\- Z)i i — Zi 2 — 6, 

— Zi i -f- (Z 1 -f~ 2Z)i 2 — Zi 3 = 0, 

~Zi 2 + (Z ± + 2Z)i 3 -Zi,= 0, 

“ Zin -2 + (^i — Zi n = 0, 

— Zi n _ 1 + ( Z x + Z)i n = 0. 




and 
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The solution for i n can be given immediately in determinantal 
form or by the theory of difference equations, but the general 
case for n circuits will be deferred for later solutions. (See 
pages 72-75.) 

When there are two circuits, equations (104) reduce to 
(7d x -|- Z)h — Yii 2 = e 

and - Zi x + (Z x -[- Z)i 2 = 0 

giving = . . . ( io6) 

The ratio e/i 2 , which is the latio of the E.M.F. in circuit 1 to 
the current in circuit 2, is called the transfer impedance between 
circuits 1 and 2 and is written Z 12 . 


(105) 


Thus 

Z 12 = 2Z, + Zf/Z 

■ (107) 

When there are three circuits the equations are 



{Z x + Z)i x - Zi 2 — e 



— Zi x (%i 4~ ^Y/)i 2 — Zi 3 = 0 > 

. (108) 

and 

- Zi 2 + (Z x + Z)i 3 = 0 J 


giving 

= e/Z 13 , 


where 

Z X (Z + Z x ) (3 Z + Z x ) 

*** - Z 2 • ' 

. (109) 


Specific cases of coupled circuits will be considered fully in 
the chapter on band pass filters. 

The network in Fig. 39 is said to be the ladder type network , 
and there is a simple and systematic manner of dealing with 
this kind, even when all the elements are dif¬ 
ferent. Before this can be done we must show 
how impedances and admittances in series and 
in parallel can be replaced by a single impedance 
or admittance. 

Series and Parallel Impedances and Admit¬ 
tances. Fig. 40 shows two impedances Z x and 
Z 2 in series. An E.M.F. e is applied and sends 
a current i through both impedances. The 
volt-drop across Z x is Z x i and across Z 2 is Z 2 i. Then e = Z x i 
-f Z 2 i = (Z x + Z 2 )i, so that the impedance of the series com¬ 
bination is eji — Z x -J- Z 2 . If the admittances are Y x — l/Z 1 
and Y 2 ~ I/Z 2 , the resultant admittance is Y = 1 /(Z 1 + Z 2 ) 

1 y,y 2 

~ l/^i + 1 IY 2 ~ Y x + Yf 



Fig. 40. 
Impedances in 
Series 
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Thus impedances in series add, whilst admittances in series 
are given by 

i/r = l/r, + i/r a . . . (no) 

Fig. 41 shows two impedances in parallel. Then = efZ x 
and i 2 — e/Z 2 , so that the total current i 
6 = i ± -f i 2 = e[l/Z 1 + l/2 2 ]. The impedance of 

the combination is thus given by 

z = eli = TfzTFwX . (ill) 

and Y = ife = Y x + Y 2 J 

Thus admittances in parallel are added and 
impedances in parallel are compounded by 
the first formula in equations (111). 

The General Ladder Network. This problem has been solved 
completely by Mr. A. C. Bartlett,* but the method given here 
is a little different in approach, although the results are exactly 
the same. Fig. 42 shows the general ladder network. Although 
the lower limbs have been given as short-circuiting arms, the 
problem is perfectly general, for any impedances in the branches 
QoQi> QiQ 2 > etc., can be included in the impedances in PqP l9 
P ± P 2 , . . . respectively. The series branches have impedances 


Fig. 41 

Impedances in 
Paballel 



z 1? z 2 , . . . z n , whilst the shunt branches have admittances 
Vi> V 2 > • . • Vn • An E.M.F. e is put at P 0 $o> an( l series 
branches have currents i l9 i 2 , . . . i n , and the shunt branches 
have currents / l3 I 2 , . . . I n . The voltages across P x Q l9 P 2 Q 21 
. . . P n Q n are v ± , v 2 , . . . v n . This problem can be solved by 
the direct application of Kirchhoff’s laws, but this would 
entail the solution of n simultaneous equations. This problem 

* The Theory of Electrical Artificial Lines and Filters (Chapman & Hall), 
Chapter III. 
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is one of the few in which the method of circulating currents 
aided by Kirchhoffs laws is not the easiest way of solution. 
We proceed instead in the following manner. 

The admittance of P n Q n is y n . We write this as 

Y n = a n = y n . . . . . (112) 

The impedance between P n _ 1 Q n _ 1 looking to the right, 
excluding y n _ l5 is 

Y*n = z n ~\~ 1 / Y n — Z n 1 fan 

(1 z nQ"n)fan ^nfam 
where b n = 1 + 

The admittance between P n . 1 Q n _ 1 looking to the right, 
including y n _ l9 is 

Yfi-l = Vn -1 + ^n-lfam 

where + y n -iK 

The impedance between P n _ 2 Q n _ 2 looking to the right, 
excluding y n _ 2 , is 

^n-l = ^w-1 “f" 1; r*-i 

where 6„-i = b n + ) 

In this way we derive 

Y n = a n , where a n = y n , 

Z n = b n /a n , where b n = 1 + z n a n , 

•^n-l ^n-lfany where “l - 2/ra-l^w> 

^-1 b n -i/d n -iy where b n -^ -j- £»— 

T r = a r /b r + 1? where a r = a r _(_ ^ -j - Vr^r + 1 ? 

= b r fa r , where = 6 r + 1 + 2 r a r + 1 , 

Fi = where % = a 2 + i/A, 

and Z x = where = b 2 + z i a i- 

Y r is the admittance between P r Q r , including y r , looking to 
the right, and is the impedance between P r _ 1 Q r _ 1 , excluding 
y r -\, looking to the right. The formation of the a’s and b ’s 
follow the simple rules given in equations (116). 
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so that 


The volt-drop across P r _ 1 Q r _ 1 is 

®r-1 = V-l/^r-1 = 
i r — i r -iJY r -iZ r 

= i r ~i(b r fa r -i) (a r /b r ) 

— i r - 1 a r ja r ^ l 

= ir-aK- 1K-2) (a r /a r _i) 

— i r ~2{ a rl a r-2) 
ir = hfarK) 

i x = ejZy = eajb 1 
i r = ea r /b v 


and so on until 
But 
so that 


(117) 


We can write all the series currents in the following set of 
equations. 


ir 

a*. 


e 

5 


Also *V-. = VZ, = e(f)(£) 
-‘0 • ' 


™ V 2 
or r — T 

b<* On 


Vn-1 

b n 


1 


e 

5 


(118) 

(119) 

( 120 ) 


^3 u r + 1 

The currents in the shunt arms are given by 

I r = y r v r . • . . . (121) 

The input admittance of the system P 0 Q 0 is Z u which is 
b 1 /a 1 , and can be expressed by the continued fraction 

Zl ~ % + 2 /l + + • • • + Vn ' ' 

or by the equivalent form, which is given by equations (116), 
viz. 

_ 1 1 1 1 1 

— Vn + ^ y n i + 2 „_ 1 + . . . y 1 + 2 , 

The evaluation of this latter fraction is, in fact, performed by 
the sequence of operations given in equations (116). 
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The transfer impedance between the input and output ter¬ 
minals is given by 



It is possible to mix and y n . If y n is merged with the 
z n , we then have y n = oo , which is undesirable. If is merged 
with the y n , the wth admittance becomes y n /( 1 + y n z n) = ynlK, 
and z n becomes 0, so that b n = 1. It is seen that the rest of 
the quantities are unaltered, as should be the case. 

Application to Coupled Circuits. This theory of ladder net¬ 
works is just the thing required for the general discussion of 
coupled circuits. Consider the circuits in Fig. 39, which are 
the same as shown in Fig. 42, provided we put 


Vn = l/^i> = 0, 

Vn-l = Vn -2 = * • = Vl= l l Z > 

and z„_, = z w _ 2 = . . . = z, = Z,. 


(123) 


We get a n = y n = 1 /Z„ 


b n = 1, 

o«-i = l/«i + 1/2, 
bfi—i = 1 + 2,(1/Z, + 1 fZ) 

“ 2 + ZJZ, 

a n - 2 = 1/2, + 1/Z + (1/Z)(2 + ZJZ) 

= 3/2 + l/Z, + ZJZ*, 
b n - 2 = 2 + ZJZ + Z,(3/Z + l/Z, + ZJZ 2 ) 
= 3 + 42,/Z + Z*/Z 2 , 


(124) 


and so on. 

If there are three links, n = 3. Then by equation (122) 


2 ia — ^1/2/3 


= 2,(3 + 4Z,/Z + Z,*/2*) 


= 2,(3 + ZJZ) (1 + ZJZ) 

which is the result obtained in equation (109), using Kirchhoff’s 
laws. The method here presented is easier than the previous 
one and is less likely to lead to error. Some actual cases will 
be computed later. 
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Reciprocal Theorem. The following important theorem will 
be proved. 

If an E.M.F. in a circuit 1 produces a current in a circuit 2, 
the same E.M.F in circuit 2 produces the same current in circuit 1 . 

In other words, the transfer impedance from circuit 1 to 
circuit 2 is equal to the transfer impedance from circuit 2 to 
circuit 1 . This theorem is true for passive networks only. 
The proof is as follows. Consider the network as consisting 
of n circuits with circulating currents i l9 i 2 , . . . i n , when the 
E.M.F. e is placed in circuit 1 . Let the self impedances of the 
circuits be Z l9 Z 2 , , . . Z n and the mutual impedances Z 12 , 
Z 13 , . . . etc. The equations for the currents are 

Z x ii + ^i2^*2 + • • • + Z ln i n = e ," 

^ 21 H ^ 2^*2 • • • 4~ % 2n i n = 0 , ^ ( 125 ) 

%nlh + ^w2^*2 + • • • + = 0. - 

With passive networks, i.e. in which resistances, inductances, 
and capacitances only are present, Z 12 = ^ 21 ? and so on, since 
the mutual impedances are due to shared or common impe¬ 
dances and mutual inductances. This is not true for systems 
containing thermionic tubes and rectifiers. The current in 
circuit 2 is given by 

i 2 = eM 12 / A .... (126) 


where 


Zl, Z 12 , 

• Z'm 

Z*L, ^ 2 ? 

♦ ^2 n 

^nl> ^n2 > • 

• • Z n 


and M 12 is the minor of Z 12 , i.e. the determinant obtained by 
striking out the row and column through Z 12 . 

If the E.M.F. e is put in circuit 2 , the first equation of (125) 
must be equated to zero and the second is e. Then by exactly 
the same process 

i 1= eM 2 J A .... (127) 

where A is as above and M 21 is the minor of Z 21 . Since all the 
impedances in the determinant are symmetrical about the 
diagonal Z l9 Z 2 , . . . Z n9 M 12 must be equal to M 21 . The 
theorem is thus proved. The transfer impedance is 

^1,2 — A/lfi2 = Z 2 i 


. (128) 
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If an E.M.F. in circuit 1 produces no current in circuit 2 , 
we say that these circuits are conjugate and Z 1>2 = Z 2}1 = °o . 
The condition for this is M 12 = 0. For example, in the Wheat¬ 
stone bridge of Fig. 37, Z 6 and Z 5 are conjugate branches if 
Z X Z 4 - Z 2 Z 3 = 0 . 

The proof given applies to any E.M.F., whether sinusoidal 
or not, for the impedances can be considered in the general 
form of operators. Thus the impedance of an inductance is 
L (djdt ), or Lp in Heaviside’s notation. If a more rigorous proof 
is desired, we proceed in this way. The theorem can be proved 
for a sinusoidal wave of any frequency. The applied E.M.F. e 
can be expressed as a Fourier series or integral, the proof applied 
to each frequency or infinitely small band of frequencies, and 
the resulting currents added. 

This theorem is of great help in the theory of the four- 
terminal network. 

Compensation Theorem.* If a network is altered by making 
a change AZ in the impedance Z of a branch , the change in the 
currents in all other branches is that which would be produced by 
an E.M.F. - iAZ acting in series with the modified branch , where 
i is the current in Z. 

For consider the network in its original state, when a current 
i passes along Z. The volt-drop across Z is iZ. If we increase 
Z to Z + AZ and include an E.M.F. - i AZ, the volt-drop across 
the modified arrangement is i(Z -f- AZ) - i AZ = iZ, the same 
as before. In this case the currents in the rest of the system 
will be unchanged. If Z is increased to Z -f- AZ, the change in 
the currents is thus as though an E.M.F. -iAZ had been 
put in Z. 

If the mutual impedance Z between two branches with 
currents i ± and i 2 is increased by AZ, the change in currents 
in the network is that due to E.M.F.’s -i ± AZ and -i 2 AZ in 
the branches. 

If AZ is infinite, i.e. the branch has been opened, iAZ is 
infinite. The method used is then the following. Let Z ± be 
the impedance of the network presented to the branch. Then 
the current i in the branch may be considered as produced by 
an E.M.F. E x = i(Z + Z ± ). If we introduce an E.M.F. -E x 
in the branch, the current i will be neutralized and the circuit 
may be opened without further change. The result of opening 

* Transmission Networks and Wave Filters , by T. E. Shea (Chapman 
and Hall), page 56. 
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Fig. 


the branch is thus equivalent, so far as the rest of the network 
is concerned, to the insertion of an E.M.F. - E v 

This theorem enables us to calculate the changes due to 
variations in a branch, without going through the work all over 
again. 

Th6v6nin 5 s Theorem.* Any system with two accessible ter¬ 
minals may be replaced by an E.M.F. acting in series with an 
impedance—the E.M.F. is that between 
the terminals when they are unconnected 
externally , and the impedance is that pre¬ 
sented by the system to the terminals , when 
all sources of E.M.F. in the system are 
replaced by their internal impedances. 

In Fig. 43 the system is in the rect¬ 
angle and the accessible terminals, A and B, are open. Then an 
E.M.F. V exists between the terminals. Suppose an E.M.F. - V 
is placed in series with Z t and put between A and B. No cur¬ 
rent will flow in Z t . Let the E.M.F. - V be removed and the 
current in Z t is V/(Z t -f- Z ), where Z is the impedance of the 
system between AB. Thus when Z t is put across AB, the cur¬ 
rent through it is V/(Z t -f- Z), which shows that the system 
may be replaced by the E.M.F. V acting in series with the 
impedance Z , thus proving the theorem. 

The usefulness of this theorem is obvious. The theorem 
enables us to calculate the current in a branch of a system, 


43. Thevenin’s 
Theorem 



Fig. 44. Application to 
an Aerial Circuit 


Fig. 45. Network Equivalent 
of Fig. 44 


when we know only the open-circuit E.M.F. and the impedance 
across the branch. For instance, if we wish to know how the 
input impedance of a radio receiver affects the magnitude of 
the received signal, we can replace the signal and aerial sys¬ 
tems (Fig. 44) by an E.M.F. V and impedance Z, which are 
independent of the receiver impedance Z K . V and Z can be 

* Comptes Rendus, 1883, Vol. 97, page 159. See also Shea, op. cit 
page 55. 
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measured at any frequency in a straightforward manner. The 
received signal is then VZ R /(Z + %r) —(see Fig. 45), and the 
variation with Z R is easily calculated. 

The following example illustrates the ease of application. 
Fig. 46 shows an E.M.F. acting in series 
with a condenser C x and a resistance R 
in parallel (representing an aerial, say), 
and a tuned circuit ( L , r, C), The vol¬ 
tage across C , which is v, is put on the 
grid circuit of the receiving circuit. It 
is required to see how v varies with 
C, C l9 and R. The arrangements to 
the left of AB may be replaced by e' 
in series with the parallel combination of C, C l9 and R, where 



Fig. 46. Example of 
Thevenin’s Theorem 


,( 


e = 


jwc) 


+ 


jcoC jcoC + l/R 


e 


= 1 + 


C 

C x ~\- 1/j (oR 


1 + C/C x 


since 


R > * 

]coC x 


The equivalent arrangement is shown in Fig. 47. If we are 
considering a reasonably narrow band of frequencies, the CC X R 



Fig. 47. Equivalent to Fig. 46 Fig. 48. Equivalent to Fig. 47 


combination can be replaced by a capacitance C + C x in series 
with a resistance = l/co 2 (C + O x ) 2 R, resulting in the arrange¬ 
ment of Fig. 48. The voltage v is a maximum when the 
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reactance of L neutralizes the reactance of C + C v When this 
happens, the current is e'!(r Ti) and 

v = ]a>Le'l(r -|- rf) 


e]coL 

= (1 + C/C\) [r + 1 W(G + C.fR] 


(129) 


The influence of the aerial resistance and capacitance, R and 
C l9 on the amplitude of the received signal can thus be easily 
found. The effect on the selectivity is also easily observed from 
the equivalent circuit of Fig. 48. 

Star-mesh Transformation.* A network which is composed 
of impedances z lf z 2 , . . . z n joining the points P 1? P 2 , . . . P„ 
to a star point O may be replaced by a network of impedances 



p,te 

-vw- <?P 2 


\ 2 ' /2 T * 

Zfn > 

Z/iV ? 23 

Pj 



Fig. 50. Mesh Equivalent 
of Fig. 49 


z 12 , z 13 , • • • ^ 23 > • • • joining all pairs of points P, the suffixes 
showing the points connected , 


where z 12 — z^El/z, 

z i3 = z&Zl/z, etc. 

and El/z = l/z 1 + l/z 2 + . . . -f- l/ 2 „. ^ 


(130) 


Fig. 49 shows the star and Fig. 50 the mesh form. 

If a l9 . . . a n and a 12 , a 13 , . . . are the corresponding admit¬ 
tances, the relations become 


$12 — a^aJZa, 
a 13 = a^aJEa, etc. 

where Ea = a-± ci 2 -f- . . . -|- a n . 


(131) 


* “Equivalence of Triangles and Three Pointed Stars,” by A. E. Kennedy, 
Elec. World, 1899, Vol. 34, page 413; “Cisoidal Oscillations,” by G. A. Camp¬ 
bell, American I.E.E., 1911; “A New Network Theorem,” by A. Rosen, 
I.E.E., Vol. 62, page 916; and “tJber ein Umwandlungssatz zur Theorie der 
linearen Netze,” by K. Kiipfmuller, Wissentschafiliche Veroffentlichungen aus 
dem Siemenskonzern , Vol. 3, Part 1, pp. 130-138. 
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The following simple proof is due to Dr. A. Bussell.* Let 
the voltages of P x , P 2 ,. . . P n be e x , e 2 , . . . e n , and the currents 
in P x 0, P 2 0, . . . P n O be i x , i 2 , . . . i n . Then, if e 0 is the 
voltage of the star-point 0, we have 

h = (Cl - Co)/*!, H = (c 2 - e 0 )/z 2 , • • .<»=(«»- c 0 )/z*. 

The sum of the currents must be zero, so that 
“ e o)/zi = 0 = Zejz x - Co^ 1 / 2 

. . Zc i Jz x 

giving e 0 = -yrrr- 


Substituting for e 0 we get 

. = K ~ e o) = e l_ Ze il z i 
1 z x z x z x Zl/z 



fl , Ca , f* 

*1 *2 * *». 


z x Zl/z 


1 

z x Zl/z 

1 

z x SlJz 



■)] 


Ci c 2 Ci 63 Cj e n 

z x z 2 Zl/z z x z 3 Zl/z ' * ' ' z x z n Zl/z 


This is the current that would flow into P l9 if impedances 
ZjZ^l/z, z x z 3 Zlfz, . . . z x z n Zl/z were connected between PiP 2 , 
P 13 , . . . P X P„, respectively. In order that the currents i 2 , i 3 , 
. . . i n shall have the same values in the star and mesh forms, 
the impedances of this kind must be connected between all pairs 
of terminals. This proves the theorem. 

When there are three points, the theorem is sometimes called 
the Y - A transformation. In this case the delta elements are 
best given in terms of the star admittances by equations (131) 
as 


a 23 = a 2 a J( a i ~\~ a 2 ®s) 
a 3 i = a z a x f(a 1 + a 2 + a 3 ) > 

and a 12 = a x a 2 J{a x + a 2 + a 3 ) 


( 132 ) 


Faraday House Journal , Yol. 12, No. 4, 1927, page 86. 
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These equations enable us to derive the star elements in 
terms of the delta elements and the following relations are 
obtained, 

Z 1 — Z 12 Z 13l( Z 23 4 “ Z 31 + Z 12 ) 

Z 2 = Z 21 Z 23li Z 23 4 “ Z 31 4 " Z 12) ^ * * ( 1 ^^) 

and z 3 = 2 31 z 32 /(z 2 3 + z 31 + * 12 ) 


In these equations z 12 = z 


21 > z 2 3 = z 3 2 > and Z 3 i = z i 3 ‘ We have 
chosen the extra symbols z 21 , z 32 , 
and z 13 in order to make the 
equations (133) symmetrical. 

An illuminating example of 
the use of the star-mesh trans¬ 
formation occurs in the Wheat¬ 
stone bridge (Fig. 51). Suppose 
there are earth capacitances C A , 
C B , C c , C m from the four corners. 
These may be replaced by capaci¬ 
tances joining AB, AC, AD, BC, 
BD, CD. The capacitances across 
AD and BC may be ignored as 
they do not affect the balance. 
As capacitances are proportional to admittances, the form of 
equations (132) applies and we get 



Fig. 51. Stray Capacitances in 
Wheatstone Bridge 


c AB = 


c A0 = 


(C\ + C B + C c + C B 
C A C ( , 

C A + C B + C c -(- C D ’ 


etc. 


The Y - A transformation is of even greater use. A simple 
example will be given, but many more will be found when the 


C, 

Hf- 


C 3 


C 2 


rtr 

ii 


Co. 


Cl 

rtrr 


Fig. 52a. Example of 
Y - A Transformation 


x 




Fig. 52b. Equivalent 
to Fig. 52a 


subject of equivalent networks is treated. Fig. 52a shows four 
capacitances C v C 2 , C 3 , C 4 . It will be shown that there is a 
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redundant capacitance. For C v C 2 , <7 3 , can be replaced by C a , 
C&, C c of Fig. 52b, where 


and 


c\c 2 

° C x + C 2 + C z 

r W* 

& “ c x + c 2 + <7 3 

c (Ci + C 2 + C 3 ) 



Fig. 53. Equivalent 
to Fig. 52b 


C c and (7 4 may be added to form a A of capacitances C a , C h , 
C c + C 4 . If desired, this can be transformed back into a 
Y of capacitances Cf, Ca', C^', shown in Fig. 53. Thus the 
capacitance C 4 can be merged into the capacitances C v C 2 , C 3 . 

Theorem on the General Three-terminal Network. Thevenin’s 
theorem shows that any system (containing E.M.F.’s) with two 
accessible terminals may be replaced by an E.M.F. in series 
with an impedance. This theorem may be generalized for any 
system with three accessible terminals. The proof will not be 
given,* but the theorem will be stated and some applications 
shown. The theorem is this. 

Any network with three accessible terminals can be replaced by 
a star or delta of E.M.F.’s and impedances . 



Fig. 54. General Fig. 55. Star Equivalent 

Three-terminal Network of Fig. 54 

In the star form the constants are as follows. Let Fig. 54 
represent the system and e 1} e 2 , and e 3 be the potentials of P 4 , P 2 , 
and P 3 when externally unconnected. Fig. 55 shows the star 
equivalent. The E.M.F.’s are e x + k, e 2 + k , and e 3 + k , where 
k is an arbitrary constant. The star impedances are ^(- Z x + Z 2 

* “A New Theorem for Active Networks, 1 ’ by A. T. Starr, I.E.E., Sep¬ 
tember, 1933. 

7—(T.5782) 
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+ Z 3 ), \(Z i -Z 2 + Z 3 ), and \{Z 1 + Z 2 - Z 3 ), where Z l9 Z 2 , and 
Z 3 are the impedances between P 2 P 3 , P 3 P 1? and PjPg. 

In the delta form the constants are the following , shown in Fig. 
56. The impedances Z 23 , Z 31 , Z 12 are obtained from the impedances 

in the star form by equations (132), as 
in the ordinary Y - A transformation . 
The E.M.F.’s are e 2 - e 3 , e 3 - e l5 and 
e x - e 2 as shown , in fact the open-circuit 
voltages between P 2 P 3 , P 3 Pi, and P X P 2 . 

In the delta form it is seen that the 
E.M.F.’s add up to zero, so that the 
circulating current round P X P 2 P 3 is 
zero if there are no external connec¬ 
tions. Thus the potential between P 2 
and P 3 is e 2 - e 3 , as it should be. 

Later we shall discuss the measurement of attenuation of 
filters. Fig. 57 shows the filter as a blank rectangle, whilst 
the input E.M.F. produces an E.M.F. at ab. The attenuator 
is shown as abAB and a detector is across AB, the output of 
the attenuator. As far as possible the system is balanced with 
respect to earth, so that the potentials of a and 6 , A and B are 
equal and opposite. The filter will have an earth in it, repre¬ 
sented by a connection at terminal g. Let the detector terminals 



Fig. 56. Delta 
Equivalent of Fig. 54 



have earth-capacitances C a and C b . It is required to find how 
these capacitances affect the current in the detector. 

By the theorem here stated we can replace the filter system 
abg by a star system, so that we get the equivalent system of 
Fig. 58. Here e a and e b are the potentials of a and b on open 
circuit. As g is earth, the potential of g is zero, so that e g = 0 
and we have only two E.M.F.’s. The impedances z a , z hi z gi are 
given by §(- Z bg + Z ga + Z ab ), \{Z bg - Z ga -f- Z a6 ), and \{Z bg 
+ Z ga - Z ab ), where Z bg , Z ga) and Z ab are the impedances 
between bg , ga , and ab. 
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If the E.M.F.’s are balanced e a = - e b = \e. It will be found 
on applying the method of circulating currents that the current 
through the detector consists of two terms, one a multiple of 
z 2 and one which is not, so that the current is of the form 


i d = Mz 2 + 


<Oa-Gb) (gq-gft) 
D 


The greatest percentage error occurs when z 2 is very small, 
viz. when the attenuator has a very high attenuation. In this 
case the important error is proportional to (z a -z b ) (C A -C B ). 
In order that the error vanish either the filter and attenuator 
must be perfectly balanced or the stray capacitances of the 



detector must be equal. Neither of these conditions holds, so 
that measurements of high attenuation in balanced systems 
are seldom accurate. 

Mechanical and Acoustic Analogies. It was shown in Chapter 
II that the equations of motion in a mechanical system are the 
same as the equations of an analogous electrical system. 
Mechanical force corresponds to E.M.F., mass to inductance, 
compliance to capacitance, etc.* There are two things that 
need discussion before a general mechanical system can be 
replaced by an electrical analogue: these are transformer action 
and the combination of elements. 

In Chapter II it was shown that, in a transformer in which the 
flux due to each winding is great compared with the resultant 
flux, the current ratio is inversely proportional to the turns 
ratio. If the same flux links both coils, it is clear that the 
E.M.F.’s are proportional to the turns. A transformer in which 
the currents are exactly inversely proportional to the turns 
and the E.M.F.’s exactly proportional to the turns is called an 
ideal transformer. It will be shown in the next chapter that the 

* Maxfield and Harrison, loc. cit., page 506. 
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turns must be infinite and that the transformer stores no energy , 
but gives out the energy it takes in. 

Since an electrical transformer transforms a current i x into 
a current i 2 , where i 2 = X (njn 2 ), n x and n 2 being the turns, 
the mechanical analogue is that which transforms a velocity 
or a displacement, e.g. a lever. Thus, in Fig. 59, P^Pg is a lever 


dz p 2 

P, d, ~ Jx* 

Fig. 59. Levee, is a Mechanical 
Teansfoemee 



Fig. 60. Electeical 
Analogue of Fig. 59 


pivoted at 0. A displacement at P x is transformed by the 
lever into a displacement x 2 at P 2 , where x 2 = x t x (djd^, 
and d x = OP x and d 2 = OP 2 . Fig. 60 shows the electrical 
transformer, which is the analogue. The current i x corresponds 
to dxjdt , i 2 to dxjdt , and njn 2 to d 2 /d v The analogy can be 
carried to its extreme without contradiction. If P 2 is clamped 
so that x 2 = 0, a force F 1 at P x calls into existence a force F 2 
at P 2 , where F 2 = F x (djd 2 ) by the theorem of moments. In 
the same way, if the secondary of Fig. 60 is open so that i 2 — 0, 



Fig, 61. Hydeostatic Type of Mechanical Teansfoemee 

an E.M.F. e 1 in the primary causes an E.M.F. e 2 in the secondary 
where e 2 = e^njuj). 

There is another type of mechanical transformer, viz. the 
hydrostatic kind, known as the Bramah press, when water is 
the fluid used. Fig. 61 shows a vessel, whose area of cross- 
section varies from A x at P x to A 2 at P 2 . If this vessel has rigid 
diaphragms at P x and P 2 and is filled with an incompressible 
fluid, a displacement x ± of the diaphragm at P x causes a dis¬ 
placement x 2 of the diaphragm at P 2 , where A^x x = A 2 x 2 or 
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x 2 fx l — AJA 2 . Further a thrust F 1 at P x causes a thrust F 2 
at P 2 , where F x — A±p and F 2 = ^4 2 p, i 9 being the pressure in 
the fluid, so that F 2 = F^g/^). The tapered vessel with the 
incompressible fluid behaves exactly like a transformer in 
which njn 2 — AJA 2 . It should be noted that the ratio is the 
other way round in the case of the lever. 

If the fluid is compressible, it possesses compliance. This 
will be dealt with in detail after we have discussed the com¬ 
bination of elements. 

It is sometimes not easy to see whether the electrical ana¬ 
logues of mechanical elements should be placed in series or in 
parallel. The correct combination is found at once by consider¬ 
ing whether the elements suffer the same displacement or the 
same force. If they suffer the same displacement, the electrical 


■5 _ F 2 


Fig. 62. Uniform Pipe with 
Compressible Fluid 


8 - 



P 2 

—Q) 


Fig. 63. 


-1-o 

Electrical Analogue 
of Fig. 62 


analogues must be placed in series ; whereas if they experience 
the same force, the analogues must be put in parallel. 

Let us consider the case of a uniform pipe (Fig. 62), area of 
cross-section A, containing a compressible fluid, say air. The 
displacement at P x is not equal to the displacement x 2 at P 2 , 
for when the pressure in the chamber varies from P 0 to + P, 
the volume varies from V 0 to V 0 + v , where the gas equation 
PVY = constant is satisfied. PV y = constant gives 8P . VY 
+ yP . SV . F >' -1 = 0 , so that dV = - 8P . V/yP. In this case 
SP = p, d V = v = A(x x - x 2 ), P — P 0 , V = V 0 , and y = 1*41. 
Therefore A(x t - x 2 ) = pV 0 lyP 0 . 

The diaphragms at P 2 and P x have different displacements, 
so that we may say that the air has shunted away some dis¬ 
placement from the diaphragm P 2 . We therefore consider the 
air chamber as a compliant shunt C, so that the electric analogue 
of the pipe is as shown in Fig. 63. The value of C is 

(#! - o; 2 )/force, 

giving C = (x 1 -x 2 )/pA = V 0 fyPoA 2 cm./dyne . (134) 

In the tapered pipe or horn of Fig. 61 we have a combination 
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of a compliant shunt and a transformer. We can put the com¬ 
pliant shunt across the primary of the transformer (Fig. 64), 
in which case G x = F 0 /yP 0 ^i 2 ; or we can put it across the 
secondary (Fig. 65), in which case C 2 = VJyP 0 A 2 2 . 

Fig. 66 shows a case where the electrical analogues must be 
put in series: for the moving ends of the spring must move 



Fig. 64. Electrical Analogue Fig. 65. Equivalent to Fig. 64 
or Fig. 61 when the Fluid is 
Compressible 


with the mass and have the same velocity. Fig. 67 thus shows 
the analogous electrical system. 

Acoustic Gramophone. Until Maxfield and Harrison applied 
the theory of electrical networks and filters to the electrical 
analogues of their acoustic systems, gramophones were designed 
entirely by trial and error. The results were poor, for as soon 
as one resonance was eliminated another appeared, and the 
sensitivity of the instrument was in general greatly reduced. 
Frequencies below 240 cycles were almost entirely suppressed, 



Fig. 66 . Mechanical Fig. 67. Electrical 

Analogue of Fig. 67 Analogue of Fig. 66 


so that the reproduction was very “tinny.” Individual fre¬ 
quencies were unduly prominent, whilst others were lacking. 

The electrical analogue of an acoustic gramophone will be 
derived, and it will be shown how the electrical theory of net¬ 
works and filters makes a good design of the acoustic system 
possible. Fig. 68 shows the mechanical gramophone.* 

The needle point is acted upon by a force exerted by the 
groove in the record. The needle point has compliance C l9 
clearly a shunt; the needle arm acts as a lever transformer, the 
needle arm has mass m 1 and the pivot has compliance C 2 (a 


* Maxfield and Harrison, loc. cit., page 516, Fig. 15. 
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series combination, as in Fig. 67); the needle arm has shunt 

compliance C z \ the attachment of needle arm to the spider 

has compliance (7 4 in series with the mass, m 2 , of the spider; 

the spider arm has a shunt compliance C 5 ; 

the diaphragm has a mass m 3 and a series ~ fuP'Q 

compliance C e at its edge; the air chamber (Ip 

has a shunt compliance C 7 , and trans- ^ 

former effect T 2 (as shown in the previous 

section); finally there is the horn imped- C% 

ance Z h . Fig. 69 shows the electrical m —j 

analogue. / 

If the elements in the network of Fig. 69 TiC Wm 7 
are chosen at random, or even by calcula- gb 
tion but without the aid of a comprehen- q C 2 
sive theory, it is almost certain that the 1 V 
response of the system, i.e. ratio of input Fig. 68. Sound Box 
to output, will vary very irregularly with Gramophone 
frequency. There will be sharp resonances 
and sharp troughs. If one element is altered to eliminate one 
resonant frequency, another resonant frequency is certain to 
appear. The theory of wave filters provides a straightforward 
method, by which the elements of Fig. 69 can be calculated, so 


Fig. 68. Sound Box 
of Acoustic 
Gramophone 



Fig. 69. Electrical Analogue of the Acoustic Gramophone 
of Fig. 68 


that the response will be almost uniform throughout a desired 
range of frequency and very small outside this range. Then the 
values in the acoustic case can be calculated and a good quality 
gramophone produced. It is unnecessary to stress the tremen¬ 
dous improvement in acoustic gramophones in the last six years 




90 


ELECTRIC CIRCUITS 


[Chap. Ill 

as a result of this method of design. The calculation of the ele¬ 
ments will be held over until the requisite filter theory has been 
developed; and the measurement of acoustic impedances will 
be described briefly along with the measurement of electrical 
impedances. 

Another System of Acoustic Analogy. Hitherto E.M.F. has 

been considered as analogous to a force on a body or thrust 
exerted on a diaphragm by a fluid, displacement analogous to 
charge, and linear velocity to current. In this system a mass 
corresponds to an inductance and a compliance to a capacitance, 
so that a mass m has impedance j com and a compliance c has 
impedance 1/jcoc. This method is useful in mixed acoustic 
systems, such as the acoustic gramophone, but another method 
is used in considering sound waves in pipes.* 

In the second system E.M.F. corresponds to pressure (i.e. 
thrust per square centimetre), current to volume velocity , and 
impedance to the ratio of pressure to volume velocity. 

It is easy to see the relations between the quantities in the 
two systems in the following way. Suppose a diaphragm of 
mass m and area A is put in a fluid, whose pressure is p (sinu¬ 
soidal). If the displacement of the diaphragm is x , we have 

md 2 xjdt 2 = pA . 

As everything is sinusoidal with respect to time, this reduces 
to 

m] 2 co 2 x = pA , 

or j wmv = pA , 

where co is 277 X frequency and v — ]a>x = velocity. In the 
first system of analogy the impedance of this diaphragm is 
(force/velocity) = pA/v — j com. In the second system the 
impedance is 

(pressure/volume velocity) = pjvA 

= ] com I A 2 

since volume velocity = vA. 

If we denote the impedance per unit area of the diaphragm 
or cross-section by Z L , it is clear that Z L = ]a>m/A. In the first 
system of analogy, impedance is Z L X A, whilst in the second 
system it is Z L -f- A.f As an example, it is seen that the 

* A. C. Webster, “Acoustic Impedance, etc.,” Nat. Acad, of Science, Vol. 5, 
page 275, 1919. 

f See W. P. Mason, B.S.T.J. , Vol. 6, No. 2, page 261 (footnote 4), April, 
1927. 
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impedances at P 2 and P 2 in Fig. 61 are the same when reckoned 
in the second system, as the pressures and volume velocities 
are the same at both diaphragms if the fluid is incompressible. 
But the impedances as reckoned in the first system are in the 
ratio (A 1 : A 2 ) 2 . 

In the same way a diaphragm of area A and compliance c 
has impedance l/jcocA 2 in the second system. Series and 
parallel combinations are as before. A uniform tube gives a 
combination of mass and compliance, if we ignore friction and 
the wave-length effect, such that the mass corresponds to series 
inductance and the compliance to shunt capacitance, as in a 
ladder network. 

Acoustic Ladder Networks. G. W. Stewart* has shown how 
an arrangement of pipes provides the acoustic analogue of the 
ladder network of Fig. 39 . Mason | gives a table of the electrical 
analogues of pipes containing fluid. The main pipe, as already 
stated, has series mass or inertance 

pL/S, where p is the density of the fluid, ^ L —^ 

L the length of the pipe and S the area 
of cross-section, and shunt compliance 
LS/pc 2 , c being the velocity of sound in 
the pipe. 

If the wave-length effect is taken 
into account, the pipe behaves like a 

continuous electrical transmission line with distributed induc¬ 
tance, resistance, capacitance, and leakage, L , R, C , and G per 
unit length, where 

L = p/S 

R = (PolS 2 ) VfaW*) 

C = S/pc 2 

and G = 0 

where P 0 = perimeter of tube, 

y 1 = constant due to viscosity 

= 4-25 x 10~ 4 C.G.S. units for air 

and co = 2n X frequency. 

To a first approximation the pipe of Fig. 70 may be repre¬ 
sented by the simple II network of Fig. 71 or T network of 


Fig. 70. Uniform Pipe 
with Viscous Fltjid 


(135) 


* Phys . Review, 20, 528, 1922; 23, 520, 1924; 25, 90, 1925. 
f B.S.T.J ., Vol. 9, No. 2, April, 1930, page 339. 
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Fig. 72. In Fig. 73 there are two main pipes with a branch pipe, 
which acts as a shunt of impedance Z h , say, so that the electrical 
analogue is that shown in Fig. 74. If there are a number of 
branch tubes, we obtain as analogue a ladder network, which by 


RL pL/jS 



Fig. 71. Electrical Analogue Fig. 72. Another Analogue 

of Fig. 70 of Fig. 70 


suitable design can be made a filter of required qualities. Mason 
(loc. cit. April, 1930) gives a list of impedances of branch pipes 
A short open branch pipe of area s, length l , and radius r. 
acts as an inductance 


L = P (l + l-355r)/s . • . (136) 

Formula (136) holds only if the product of frequency and 
length of pipe is not too high. For longer lengths, the analogue 



Fig. 73. Pipe with a Branch Fig. 74. Electrical Analogue 

of Fig. 73 


is the parallel combination of the inductance given by formula 
(136) and a capacitance C', where 

™ 8(1 + l-356r) 1 

° “ P C* j- ... (137) 
and C = 8/pc 2 . ) 

A similar closed tube is represented by a series combination 
of an inductance 

r p(l + 0-785r) 

±J = - 

s 

and a capacitance C' = ^ 

For further cases see Mason (Bell System Technical Journal, 
Vol. IX, No. 2, pp. 332-340). 
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Electro-acoustics. It is well-known that the electrical im¬ 
pedance measured between the terminals of the coil of a vibra¬ 
tion galvanometer or of a moving coil loud-speaker is different 
when the coil is clamped from that when the coil is free to move. 
The difference in these impedances is called the motional im¬ 
pedance. This phenomenon has been investigated theoretically 
and experimentally by Butter worth* for two important cases, 
when the mechanical force on the coil is proportional to the 
current in the coil, which is the electromagnetic case, and when 
the mechanical force is exerted between two plates of a con¬ 
denser and is proportional to the potential difference, which is 
the electrostatic case. 

Electromagnetic Case. Let the current through the coil be i 
and the force be Y = Ai, where A is a constant. If x is the 
displacement of the coil, whether angular or linear, the equation 
of motion is 

a(d 2 x/dt 2 ) + p(dx/dt) + yx = Y = Ai . . (139) 

If i varies as 8 jcoi , so also will x , and (139) becomes 

[a(jco) 2 + flj o + y]x = Ai . . . (140) 

The power absorbed by the mechanical system is Y{dx/dt) 
— Ai(dx/dt). This must be equal to the extra E.M.F. required 
times the current i, so that the extra E.M.F. required is A(dx/dt). 
Hence, if r and l are the resistance and inductance of the coil, 
when clamped, the total E.M.F. is 


e = (r + j col)i + Adx/dt 

— (r + j col)i + Ajcox 

— ( r + jad + p)i, 


where 


= A*]™ 

** ~ a(j w) 2 + 4 -y 

- - 4 2 

~ aja> + P + y/jco 


(141) 


p is the motional impedance and is the parallel combination of 
l/(j eoa/A 2 ), A 2 /p, and ]a)A 2 /y, i.e. of an inductance A 2 fy, a 


* Proc. Physical Society, Vol. 26, page 264, 1914, and Vol. 27, page 
410, 1915. 
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resistance A 2 /^, and a capacitance a/A 2 . Fig. 75 shows the 
electrical equivalent. When the coil is clamped, ^4 = 0, and 

impedance reduces to r + jcoL 
Electrostatic Case, Here the 
force Y = Be, the power is 
Bedxjdt, so that an extra current 
i must be supplied, where 

ie — Bedxjdt, 

i.e. i = Bdxjdt = Bjajx. 


o-vw —vw^ 



Fig 


75. Electrical Impedance 
of a Moving Coil 


This is the extra current that must be supplied, in addition 
to the charging current required by the condenser which is 
Cdejdt = j coCe. The total current is therefore 

i = j wCe + Bjcox 


where 


= efjwC + -a ,f^ > , 1 

L afm 2 + fro) + yj 

— e[j (oG + v], 

_ B 2 

~ aj co + ft + y/jco 


The total impedance is now 


= l/(jco<7 + v), 


which is the parallel combination of the condenser C and an 
impedance 


1 ajco + P + y/jco 
v “ B 2 


(142) 


We can call v the motional admittance. The resulting equivalent 
is shown in Fig. 76, which shows the clamped capacitance C in 
parallel with the series combina¬ 
tion of an inductance a/2? 2 , a resis- <> 
tance fijB 2 , and a capacitance B 2 jy. 

The general case of any number 
of degrees of freedom has been 
solved by Butterworth in the Fig * 76 ’ Electrical Impedance 

second oi his papers. 

Piezo-electricity. It is found that, when certain crystals are 
subjected to mechanical stress, they develop charges on their 
faces; and, conversely, when they are charged, they suffer 


I -TO5S/W- II -* 

cc/B z p/B z B z /y 
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strain or stress. The charges and stresses and strains are found 
to be linear and reversible, so that the phenomena can be 
considered to be a particular example of the electrostatic case 
just treated. Cady* was the first to realize the important 
potentialities of a piezo-electric quartz crystal for high fre¬ 
quencies. Van Dykef and VigoureuxJ have calculated the 
values (a/5 2 , ft/B 2 , and B 2 /y) of the inductance, resistance, and 
capacitance, in terms of the physical constants of the quartz. 
This work will be given later in the chapter on the design of 
coils and condensers, as the quartz crystal can be a filter 
element. The important property is that the decrement, i.e. 
ratio of resistance to react¬ 
ance, is so very small away 
from resonance. In a very 
good coil a>L/R may be as 
high as 200 or may be 250, 
but in the quartz crystal 
circuit a value of 15,000 
can be obtained. 

Negative Resistance. It 
is possible to achieve an 
impedance element which 
behaves like a negative 
resistance. One way is by 
use of the dynatron, in 
which secondary emission 
causes a decrease in cur¬ 
rent with increased vol¬ 
tage^ Another way is by 
the use of the amplifying properties of a triode, in which 
power is fed back from the anode to the grid. A third way is 
to use that portion of the anode current-anode voltage charac¬ 
teristic of a screen-grid valve in which an increase of anode 
voltage causes a decrease of anode current.|| If a screen-grid 
valve, such as the S.G.215, has the screen-grid at 120 volts 
and the anode at 60 volts, the anode current-anode voltage 
curve is almost straight and has a negative slope (see Fig. 77). 
The slope of the curve, dv a /di a , is the resistance to a.c. When 

* I.R.E., 1922, page 83. f T.R.E ., page 742, 1928. 

X I.E.E ., February, 1930, and Phil. Mag., Vol. 6, page 1140, 1928; and 
Quartz Resonators and Oscillators (H.M. Stationery Office). 

§ Hull, Hennelly, and Elder, I.R.E ., 1922, page 320. 

|[ Colebrook, W.E., February, 1933, page 69. 



Fig. 77. Negative Slope of the 
Anode Current—Anode Voltage 
Characteristic of a Screen-grid 
Valve 

(Reproduced by kind permission of the “ Wireless 
Engineer ”) 
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the control grid has a voltage - 4 the anode resistance is 

- 25,000 ohms, and when the control grid has zero voltage the 
anode resistance is - 10,000 ohms. It is unfortunate that p, 
the amplification factor of the valve, is not constant, so that 

R a is not a constant over an appreciable 
range of voltages; but we can take 
some average over the range, and in 
this range the resistance has this nega¬ 
tive value. It will be shown later how 
this negative resistance can cause tuned 
circuits to become very much more 
selective. 

By a suitable use of negative resistance we can achieve a 
negative inductance and a negative capacitance.* Fig. 78 shows 
a combination of impedances, using a negative resistance. The 
impedance between P and Q is 

(r + Z) (- r) r 2 
r+ r + Z-r Z ’ 

If Z is j a)L, due to an inductance L , the impedance between 
P and Q is - r 2 /jcoL = - 1/j co(L/r 2 ), representing the capacitance 

- (. Ljr 2 ). If Z is 1/jcoC, due to a capacitance C, the impedance 
between P and Q is - r 2 ]coC, representing the inductance - Cr 2 . 

The Continuous Line. The continuous fine or ladder network 
is an important electrical circuit, and occurs often in practice. 
For example, a single wire 
above ground or a pair of 
wires forms such a circuit. 

If the wires remain the same 
distance apart, or the one 
wire remains a constant dis¬ 
tance above the ground, we 
can reckon that the circuit 
is a ladder network in which 
there is resistance R , induc¬ 
tance L , capacitance C , and 
leakance (i.e. shunt conductance) G per unit length.t Let P 
(Fig. 79) be at a distance x from some origin and Q at distance 
x + dx. The series impedance between P and Q is (R + j coL)dx, 

* See “Boucherot’s Constant Current Networks,” by A. C. Bartlett, I.E.E ., 
1927, page 373. 

j Vide Heaviside, Electromagnetic Theory , Vol. 1. 



Fig. 79. Current and Voetage 
in a Continuous Line 



Fig. 78. Negative 
Inductance and 
Capacitance 
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whilst the shunt admittance is (G + ]a>C)dx. If v is the voltage 
between P and P' and i the current entering P, we have 


- dv = i(R + j (oL)dx 


and -di = v(G + j coC)dx 


the former being the voltage drop between P and Q and the 
latter the admittance current from PQ to P'Q'. The equations 
become 


dvjdx = - i(R + j coL) 
and dijdx = - v(G + j coC) 


(143) 


Eliminating v we get 

d 2 i/dx 2 = PH 
and ehminating i 

d 2 v/dx 2 = P 2 v , 

where P 2 = (R + j a>L) (G + j coC) 


(144) 


P is the propagation constant of the system. Equations (51) 
and (52) show that the solution for v is 

v = A£ p * + B£~ Px .... (145) 


The first equation in (143) then gives 


i = - (A£ Px - B£- Px ) 


P 

R j coL 


- (A£ Px - B£~ Px ) 

Z 


(146) 


where 


Z = 



R H - ^toL 

G + j coC 


)• 


(147) 


and is called the characteristic impedance of the system. 

The constants A and B are given by the conditions at the 
beginning and end of the system. Suppose, for example, that 
the system is shorted at x = l. Then v = 0 at x = Z, giving 

0 = A£ pl + B£~ p \ 

v = A\£ Px - 8^ 2 *-*)] 

i = - (A/Z) [£ Px + £**(2*-*)]. 


so that 
and 
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At x = 0 v = A[l- £ P: *J 
and i = - (A/Z) [1 + £ P2r ], 


so that the impedance looking in at x — 0 is 



= £ S = -Z 


i - e™ 
l + 8 P2 ' 


= z 


8 « - £~ PI 
£Pi + £-« 


= 2 tanh PZ .... (148) 

by equation (28). Equation (27a) gives 

Z. = Z(Pl-iPH% 

provided the line is short (electrically) and ]PZ| << 1. 

But ZPl = J * + ^ V[(R + j vL) (G + jcoL)]l 

= (-B + jcoZz)Z 

and ZPH S = (R + jcoL)Z(i? + jco£) + jw(7)Z 2 , 

so that Z s = (iZ jcaL)Z[l - + j^i) (6r -f- jct>C7)Z 2 ] 

(i2 -f- j coL)l 

-• [l+^R + jaiL) (Q + ja>C)P] 

[(R + j coL)l] X [l/UG + jcoC)l] 

[(R + j coL)l] + [1 ■/*(<? + j coC)f\ 


which is the impedance represented by (R + j coL)l shunted 
by the admittance |(G + jcoC)l. Thus a short line may be 
represented by the series impedance shunted by one-third of 
the shunt admittance. This result is useful in considering the 
effect of self capacitance in coils. 

If the line is open at x = l, the condition is i — 0 at x = l 
It is then found that the impedance at x = 0 is 

Z 0 = Z coth PI .... (149) 

It is seen from equations (148) and (149) that 

Z = V(Z s Zo) . . . . (150) 

and PI = tanh” 1 \/(Z s /Z 0 ) . . . (151) 

The characteristic impedance and propagation constant are 
thus given by measurements of the short-circuit and open- 
circuit impedances Z s and Z 0 . 



CHAPTER IV 


DESIGN OF RESISTANCES, COILS, AND CONDENSERS 

Introduction. In order to construct electric circuits of desired 
properties, it is necessary to be able to design and measure the 
circuit elements of resistance, inductance, and capacitance. The 
design and measurement is a very wide subject, some branches 
of which are not amenable to exact calculation and are best 
approached by trial methods and the help of experience. A 
brief account of some important materials and methods will be 
given, so that circuit elements can be designed for use in 
circuits and filters. 

The method of design depends very much upon the frequency 
at which the circuit element is to be used. For example, a coil 
may be an inductance at audio frequencies, but may behave as 
a capacitance at radio frequencies. It is also, unfortunately, a 
fact that the resistance, inductance, and perhaps the capaci¬ 
tance also, of a circuit element may vary with frequency. The 
resistance of a straight piece or a coil of wire will increase with 
frequency because of the skin and proximity effects. The in¬ 
ductance of the same piece will decrease because of the same 
effects, but the effective inductance , as measured in an a.c. bridge, 
will rise because of self capacitance, reach a maximum, dimin¬ 
ish to zero, and then the reactance becomes capacitive. If the 
range of frequency over which the element is to maintain a 
certain constant property is widened, the difficulty of design is 
increased. Or, rather more precisely, the difficulty of design 
depends upon the ratio of band width to the mid-frequency of 
the band. 

Design of Resistance. In most resistances metals are used 
for the conducting paths, but some high resistances use com¬ 
positions of various kinds. If the resistance of a centimetre 
cube of material to direct current, entering normally at one 
face and leaving normally at the opposite face, is p, the resis¬ 
tance of a wire or rod of length l cm. and cross-section S cm. 2 is 

B = pl/S .... ( 152 ) 

For values of p see any wire maker’s tables.* p is called the 
specific resistance of the substance, and varies with temperature. 

* Or International Critical Tables. 
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The specific resistance of pure annealed copper is 1-692 ju,£l at 
20° C. and has a temperature coefficient a = -00433.* Hard 
drawn copper has values of 1-77 and -00382. A variation of 
20° C. gives a variation of almost 1 per cent in resistance. 

In order to obtain larger resistances with the same amount 
of wire and in order that the temperature variations may be 
small, Eureka, Constantan, and Manganin are used. Eureka 
has specific resistance 47/xQ and a = + *00005. Constantan 
is an alloy of 60 per cent copper and 40 per cent nickel and 
has p — 44-2/jQ and a = -000008 about. Manganin is an alloy 
containing 84 per cent copper, 4 per cent nickel, and 12 per 
cent manganese, for which p — 44/AI about and a = almost 
zero. For these three substances we can neglect all but very 
large temperature changes.f 

Table III gives the diameters (for various coverings) and 
resistance per yard for various gauges of copper wire. The 
London Electric Wire Company and Smiths, Limited, publish 
useful tables in a booklet. 


TABLE III 

Resistance and Dimensions of Copper Wire 


S.W.G. 

Bare 

S.S.C. 

D.S.C. 

S.C.C. 

D.C.C. 

Resistance 
per Yard 

20 

•036" 

•038 

•0395 

•042 

•046 

00236 

21 

•032 

•034 

•0355 

•038 

■042 

0-0298 

22 

•028 

•030 

•0315 

•034 

•038 

0-0390 

24 

•022 

•0238 

•025 

•028 

•032 

0-0632 

26 

•018 

•0198 

•021 

•024 

•028 

0-0943 

28 

•0148 

•0166 

•0178 

•0208 

•0248 

01395 

30 

•0124 

•0139 

•0149 

•0184 

•0224 

0-1988 

32 

•0108 

•0123 

•0133 

•0158 

•0198 

0-262 

34 

•0092 

•0107 

•0117 

•0142 

•0182 

0-361 

36 

•0076 

•0091 

•0099 

•0116 

•0156 

0-529 

38 

•0060 

•0075 

•0083 

•0100 

•0140 

0-849 

40 

•0048 

•0063 

•0071 

•0088 

•0128 

1-326 

42 

•0040 

•0053 

•0060 



1-910 

43 

•0036 

•0049 

•0056 



2-359 

46 

•0024 

•0037 

•0044 



5-307 

47 

•0020 

•0033 

•0040 



7-642 

48 

•0016 

•0029 

•0036 



11-94 


Diameter is in inches. Resistance per yard is in ohms. The diameters are 
given for bare wire, single silk covered, double silk covered, single cotton 
covered, and double cotton covered. 


* So that the resistance at t° C. is R 20 (1 + a • t — 20). 

j For resistivity data, see Handbook of Chemistry and Physics , published 
by Chemical Rubber Publishing Co., Cleveland, Ohio, U.S.A., pages 761-771. 
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If a resistance is to be used for direct current, it does not 
matter how the wire is coiled or bunched so long as no part of 
it is shorted out by contacts between turns. But, if the resis¬ 
tance is to be used for alternating currents, the method of 
construction is all-important, as the self inductance and self 
capacitance may be undesirably large. In general we may con- 
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Fig. 80. General Fig. 81. Wire Doubled 

Representation of a Resistance Back on Itself 


sider a resistance as having a self inductance in series and a self 
capacitance across both, as shown in Fig. 80. Actually the self 
inductance and capacitance are distributed continuously 
throughout the winding, but the simple arrangement is suffi¬ 
ciently close for most purposes. Thus if the resistance consists 
of a wire doubled back on itself (Fig. 81), the impedance is that 
of a short-circuited short transmission line. The impedance has 
been shown in Chapter III to be equal to the resistance 
in series with the inductance, shunted 
by one third of the total capacitance 
between the wires. 

In order to produce a pure resistance, 

L and C must either be made very small 
or be balanced against one another in 
the range of frequencies employed. It is 
difficult, although very useful, to reduce 
both L and C to negligible values. The 
residual inductance L can be reduced 
easily by making the go and return run 
alongside one another, as shown in Fig. 82, 
which represents diagrammatically the well-known method of 
bifilar winding. This method results in a high self capacitance 
as points of very large potential difference are contiguous and 
large displacement currents flow. One way to decrease the 
self capacitance is to wind the resistance in a number of bifilar 
windings, which are put in series. Thus, if three windings are 
made, the resistance, inductance and capacitance of each is R/ 3, 
L/3, and C/3, whilst for the three in series the constants are 
R, L, and (7/9. In this way R is of the desired value, L is low, 
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and the capacitance may be made reasonably small by using a 
sufficient number of small windings. Chaperon* has designed 
a method of winding which overcomes the disadvantage 
of high self capacitance of the bifxlar winding. Pig. 83 shows 

the method adopted for a spiral 
winding. 

Another way of obtaining a 
small self inductance and a small 
self capacitance is to wind a few 
turns one way and then an equal 
number the opposite way, as 
shown in Fig. 84. Curtis and 
Groverf reverse the winding every turn. They wind the wire 
on a cylinder of unglazed porcelain, slit for the main part of 
its length. One turn is wound, the wire is passed through the 
slit, a turn is then wound the other way, and so on. (See Pig. 85.) 



Fig. 84. Resistance with Low 
Self Inductance and Capacitance 



Fig. 85. Pube Resistance 

OF CUBTIS & GBOVEB 


The time constant of a resistance is given by the ratio of 
effective inductance to effective resistance. If Fig. 80 repre¬ 
sents the coil, the impedance at frequency co/2tt is 
(R + j coL) (1/j a>C) 

(R -f- j coL -f- 1/j oC) 

R -f- j coL 
1 - (joPLC -f- j (oCR 
(R + j coL) (1 - co 2 LC - j coCR) 

~ (1 -w 2 LC) 2 + (a>CR) 2 

R + jco[L(l - co 2 LC) - CR 2 ] 

~ (1 -a> 2 LC) 2 + (coCR) 2 

* See A.C. Bridge Methods , by Hague (Pitman), page 64. Pages 56-85 give a 
detailed description of resistances for voice frequencies. 

| Bulletin of the Bureau of Standards, Vol. 8, pages 495-517, 1913. 
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The effective resistance is nearly equal to R, whilst the 
effective inductance is 

L( 1 - co 2 LC) - CR 2 
(1 - (o 2 LC) 2 + (coCR) 2 
'— m L- CR 2 . 

The time constant is 

T = (L- CR 2 )/R - HR - CR 

A 10,000Q resistance wound by the method of Curtis and 
Grover had a time constant of about 10~ 8 second. A bifilar 
wound resistance will have a comparatively large negative 
time constant, of the order 10~ 4 to 10~ 6 . Many methods of 
construction of fairly pure resistances are given by Hague 
(loc. cit.). 

Another way of producing a pure resistance is to balance L 
against C. Since the time constant is T = (L - CR 2 )/R, the 
resistance will be pure if L = CR 2 . More exactly C = 
L/(R 2 + co 2 L 2 ), but generally co 2 L 2 is neglig ble compared with 
R 2 . By a suitable spacing of the wire it is possible to balance 
the residual inductance and capacitance and thus obtain a pure 
resistance. 

Thus if the wires of Fig. 81 have length l, diameter d and 
distance between centres D, the inductance is 

L = 0*004Z(logh 2D/d-D/l + /ud) pH* . . (153) 

and the total capacitance between wires is 

° = 2cosh- 1 (Z>/d) . (154) 

The effective inductance has been shown to be L - \CR 2 for 
this case. L increases as D increases and C decreases, so that 
for some value of D we can make L - J CR 2 = 0 and the 
resistance is pure. This method has been extended by Orlich,J 
who winds one half of the resistance in one direction and the 
other half at a suitable distance from the first half in the 
opposite direction. The capacitance between the two layers, 
which can be varied by varying the distance between them, 
balances the inductance of the winding. For other methods 
Hague should be consulted. 

* Electrical Engineers' Data Books , Vol. 3, by J. H. Reyner (Benn), page 3. 

f Electrical Power Transmission and Interconnection , by Dannatt and 
DaJgleish (Pitman), page 17. 

I Hague, loc. cit., page 67. 
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Skin and Proximity Effects. If a long cylindrical wire carries 
current, it can be shown that for d.c. the current is uniformly 
distributed over the cross-section, but for a.c. the current 
crowds towards the outside, and at very high frequencies the 
current concentrates in a thin layer on the outside.* If two 
cylindrical wires run parallel to one another, then at high 
frequencies the currents concentrate on the parts of the 
cylinders which are nearest. The former effect is called the 
skin effect and the latter the proximity effect .f 

It has been shown by Butter worthy that the resistance of a 
cylindrical wire at frequency f is given by 

R f = R 0 [ 1 + F(z)] .... (155) 

where R 0 = resistance to direct current, 

z = VI^W/p). 

a = radius of wire, 
p = permeability, 
and p = specific resistance. 

Copper, constantan (eureka), and manganin have p = 1. 
Also for the purpose of skin effect and eddy currents resistance 
is calculated in E.M. units, and 1 ohm is 10 9 E.M. units. Thus 
p for copper is about 1700, for manganin 44,000. With these 
provisos, the following table gives values of F(z) against z — 


z 

0 

0*5 

J-0 

1*5 

20 

2-5 

3-0 

3-5 

F(z) 

0 

•0002 

•0053 

•0258 

•0782 

l 

•1756 

•318 

•492 


For 2 <2 F(z) = z 4 / 192 

and for z > 3 F(z) = z\/(2 - 3)/4 

to within 2 per cent. 

Table IV gives values of z for various gauges of copper wire 
at 10 6 cycles, i.e. 300 metres wavelength.* The value of z for 
manganin is 1 /y / ( 44/1-7) = 1/5-1 times the value for copper. 
At a frequency / the value is (y/)/1000 times the tabulated 
value. 

* See Alternating Current Theory , by A. Russell (Cambridge University 
Press), Chapter VII, and Radio Frequency Measurements , by E. B. Moullin 
(Griffin), Chapter VI. 

f Moullin and Russell, loc. cit ., and “Wave Propagation over Parallel Wires,” 
by J. R. Carson, Philosophical Magazine , Vol. 41, page 607, 1921. 

I Phil. Trans. Royl. Soc ., 1921, A, Vol. 222, page 70. 
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TABLE IV 

Values of z fob Various Gauges of Copper Wire at 1 Me. (300 m.) 


S.W.G. 

1 10 

12 

14 

16 

18 

20 

22 

24 

26 

30 

36 , 

40 

5 

350 

28-5 

220 

17’5 

131 

9-7 

7-7 

60 

4-9 

3-4 

2*07 

1-31 


The skin effect is not important until z becomes equal to 
unity, i.e. f = p/8ir 2 a 2 . At this value of z the skin effect 
increases the resistance by less than 1 per cent. The following 
table gives the values of the frequency at which this skin effect 
is present for various gauges of copper and eureka. 


TABLE V 


S.W.G. 

20 

24 

28 

30 

32 

34 

36 

38 

40 

Copper, kc . 

10-3 

27-6 

61 

86 

114 

157 

230 ; 

370 

580 

Eureka, kc . 

267 

715 

1580 

2220 

— 

— 


— 

— 


For further data and the effect of residuals see Moullin, loc. 
cit. 

Measurement Of Resistance. The d.c. and specific resistances 
are found by means of the ordinary Wheatstone bridge. The 
effective resistance can be found in the voice-frequency range 
by several a.c. bridge methods.* Probably the simplest are 


Conditions of balance— 

R = PQ / S , 
l = CPQ 


Fig. 86. Maxwell Bridge 

the Maxwell bridge (Fig. 86), the Heaviside-Campbell equal- 
ratio bridge (Fig. 87), and Owen’s bridge (Fig. 88). 

Measurements at radio frequencies are more difficult, as 
residuals affect the measurement. Several methods are given 



Hague, loc. cit . 
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in Moullin’s Radio Frequency Measurements, Chapter VI. The 
following* is simple and fairly accurate. An E.M.F. is fed 



Fig. 88. Owen’s Bridge 


to the resistance R, which has an effective inductance l, in 
series with a variable air condenser C v The latter is varied 
until the voltages across the coil and condenser are equal. 
This is found by switching a valve voltmeter across one and 


R l 



Fig. 89. Measurement of 
Impedance 


ju£> 

4, 

A 


41 

l/Z 


Fig. 90. Proof of Method 
of Fig. 89 


the other in turn. The arrangement is shown in Fig. 89. 
When this equality is achieved, l/a>C' 1 is the magnitude of 
the impedance. The condenser C x is then put across the 
resistance and the combination is balanced against another 
condenser C 2 . 

* A New Impedance Measuring Set, by A. T. Starr, W.E ., September, 
1932 and November, 1933. 
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Suppose R, l has magnitude Z and angle 99 (Fig. 90). The 
admittance is (l/Z)\ - op and l/Z = coC^. The admittance of 
the condenser C x is jo)C 1 . The admittance of the combination 
is A, shown in Fig. 90, and has magnitude 2coC 1 cos \(tt/ 2 + 9?), 
which must be equal to coC 2 . Thus 


cos (tt/4 + (p/2) = C 2 /2C 1 
so that sin cp = - cos (tt/2 -f 99 ) 

= 1 — 2 cos 2 (tt/4 + <p/2) 


= 1 - C 2 /2C 2 


and cos 99 = (CJC X ) ^/(l - C 2 2 /C 1 2 ) 

giving R = Z cos 99 = (CJayC^) \/(l - C£/C^) 


l = Z sin 99 = 


1 - C 2 /2C 2 


Design Of Inductances.* The design of inductance is even 
more dependent on frequency than the design of resistance. 
For the very low frequencies used in power transmission it is 
necessary to use an iron core in order to 
achieve a coil of reasonable dimensions. 

It is found that a solid iron core produces 
heavy losses because of eddy currents, 
even at frequencies as low as 50 cycles, so 
that the core is always made of thin 
laminations. The data for magnetic 
materials for use at these frequencies are well known,f and the 
design of choke coils with such cores is fairly standard. J 

A simple and important case of an inductance coil is given 
by winding a wire uniformly round a ring core, which may be 
composed of disc laminations, as shown in Fig. 91, or of com- 
pressed iron powder. Let the number of turns be n, the mean 
length of the core l, and the area of cross-section A. When a 
current of i E.M. units flows through the winding a magnetizing 
force H is set up in the core. If a unit magnetic pole is taken 
in a thin groove round the core the work done is 

IH = 4vni. 



Fig. 91 


* These are measured by the bridges of pages 105-106. 
f Electrical Engineers ’ Data Books (Benn), Vol. 2, pages 195-215. 
j A brief account is given in one of Pitman’s technical primers, Small Single 
Phase Transformers , by E. T. Pain ton. 
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The flux density or magnetic induction is B = pH and the 
total flux is ® = AB = 47 mipA/l. The total linkages are thus 
4:7rn 2 ipA/l, so that the self inductance of the coil is 

L = 4:7rn 2 pA/l cm. 

= (±im 2 pAll) 10- 9 ^ . . . (156) 


It can be shown that in this ideal toroidal case there is no 
leakage of flux, so that there is no magnetic coupling between 
this coil and any external coil. Formula (156) will hold very 
closely for a core of any shape and when the windings are not 
uniformly wound on the core, provided p is high so that the 
ratio of leakage flux to the total flux is small. The difficulty 



B and H in Chapter II and 
as 


is to ascertain the value of p at 
various frequencies and to deter¬ 
mine the effect of the core losses. 
It is unfortunate that B/H is not 
a constant for any frequency or 
for different values of H, so that 
p varies with H and frequency. 
In addition, superposed direct 
current affects the value of p for 
any given applied alternating 
current. 

Permeability. We have defined 
we have defined the permeability 


p = B/H .... (157) 


It is necessary to elaborate this definition considerably, for 
p as here defined is not a constant, and depends on a large 
number of conditions. 

Let us suppose that an iron core, toroidal in shape for 
s'mplicity, has a winding put on and that current is applied. 
If the current is I amperes and the winding has n turns, the 
magnetizing force is given by 

H = AttuI/IOI . . . . (158) 


Suppose also that the core begins in an unmagnetized state, 
so that B = 0 . A small increase in I, with a consequent 
increase in H , will cause a value of B, which can be determined 
by a ballistic method. As I and H are increased by small 
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amounts, R will increase fairly smoothly.* If a curve is drawn 
showing B against H, as in Fig. 93, the shape is as shown by 
ONP. The permeability p, defined by B/H for a value H = i? N , 
is given by the slope of the line ON; this permeability is of 
importance in the design of chokes with an air-gap in the core. 
There is also the differential permeability given by dBjdH, i.e. 
the slope of the tangent at any point of the curve; this is of 
small importance. 

If H increases from O to H P the curve goes along OP. If 
H is reduced from H P to zero, the curve traces out PQ; as H 
goes from O to - H P the curve traces out QRS; and as H goes 
from -F P to + H P the curve traces out a similar part STUP. 
The fact that the curve for H 
decreasing from H P to - H P does 
not coincide with the curve for 
H increasing from - H P to + 

H P is called the hysteresis phe¬ 
nomenon, and it can be shown 
that it involves a loss in each 
cm. 3 of the core equal in ergs to 
the area of the loop PQRSTUP. 

If the current in the winding 
is sinusoidal, H will oscillate 
between - H P and + H P f times 
a second, where / is the frequency of the current. According 
to Steinmetz the area of this loop varies as the T6th power 
of the maximum B, so that the loss per second per cm. 3 of the 
core is yfB^ax’ w ^ ere V a constant of the material. For a 
good quality iron r\ is about *0015, for stalloy rj = *0012 and 
for lohys iron rj = -0013. The ax. permeability is given by the 
slope of SP or OP, since SOP lie on a straight line, and it is 
this permeability which is of importance. 

Even assuming that the core starts in an unmagnetized 
condition, which is seldom the case, p ac depends upon the 
value of B max . Spoonerf states that 

H'ac = a -f- b B max .... (159) 

where a and b are constants. This is true for very small values 
of B max , but for larger values p ac decreases. For very small 



Fig. 93. B versus H 


max, y a c = a and is called the initial ax. permeability. 


values of B 

* For very small increases in H it is found that B increases in jerks, 
phenomenon is called the “Barkhausen effect.” 

f Trans. A.I.E.E., Vol. 42, page 340, February, 1923. 


This 
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For low frequencies a is of the same order as the slope of the 
curve OQP at 0. 

It is well-known that a.c. permeability varies with frequency, 
but it is supposed that this is so because of the lesser penetra¬ 
tion of the flux into the iron at higher frequencies, so that if 
the iron were sufficiently finely powdered and insulated by a 
very thin coating, the permeability could be the same at all 
frequencies up to 200 kc. at least. 

In most cases the core starts off by being in a magnetized 
condition, either through having d.c. in the windings so that 
the point on the B-H curve is P, or else because of its previous 
history so that it is at Q on the B~H curve. If a small alter- 
2 nating current is passed through the 

winding, small loops are traced out 
q as shown. (See Fig. 94.) 

It may be noticed that there are 

Q''/? s' two kinds of loop at Q, one to the 

H right ofH^O and the other to the 
P left, but after twenty or thirty cycles 
the diagonals of these two loops have 

the same gradient, which is the 
Fig. 94. A.C. Permeability ^ permeability> The left loop is 

not established immediately, as the first cycle produces the 
dotted loop, but after a number of cycles the diagonal of 
the loop flattens out in the manner shown. Spooner calls this 
the incremental permeability , and shows that formula (159) 
holds with fair approximation, where B max is here the maximum 
B due to the alternating current. He shows also that p ac is 
greater the nearer the small loop is to P, so that y ac at P, P', 
Q, and Q' are in descending order of magnitude. This is not 
true if B v is near the saturation value, but holds for small 
values of B v . Spooner and Hanna have investigated magnetic 
properties on these lines.* It is sufficient for our purpose to 
say that the initial a.c. permeability is often plotted against 
superposed d.c. field for various frequencies, and these curves 
are of great importance and help in the design of coils which 
must carry d.c. as well as a.c. Figs. 95 and 96 show curves for 
Permalloy B, Permalloy C, and Silicon Steel at 200 ~ and 
1800 These curves are valuable as a guide, but the values 

* Spooner, Physical Review , Vol. 25, Series 2, 1925; Hanna, Journ. A .I.E.E., 
February, 1927. 

j Bulletin No. 606, Standard Telephones and Cables , pages 14 and 15. 
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for the permalloys must be checked for individual samples, as 
the permeability of these freak alloys varies very much with 
treatment and strain. 

Chokes with Air Gap. Figures 95 and 96 show that, apart 
from a slight initial increase, the a.c. permeability decreases 



with superposed d.c. field, so that the inductance of a choke 
will decrease rapidly with superposed d.c. Thus an output 
choke* used in wireless sets has inductance 31, 31-8, 31, 30-5, 
29*8 henrys for d.c. of 0, 10, 20, 30, 40 mA. Another choke* 
has values 36*2, 28-5, 22*5, 18-5, 16*0 henrys for d.c. of 0, 5, 
10 , 15, 20 mA respectively. The first choke was clearly specially 

* “Clarke’s Atlas Tapped Pentode Output Choke,” Wireless World , 4th 
May, 1932, page 464, and Pepper, “L.F. Choke,” ibid., 8th July, 1932, page 18. 
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designed to withstand large d.c. flux without much loss of 
inductance. 

When the inductance of a coil with a closed iron core is 
greatly reduced by a superposed d.c., it is possible to increase 
the a.c. inductance of the coil by making an air gap in the core.* 
Suppose the iron core has a mean length l and cross-section A , 
and there are n turns. Let an air-gap of length al be cut in 



O 0-5 10 i-5 

SUPERPOSED D.C. FIELD. H 

Fig. 96. At 1,800 ~ 


the core. If the air-gap width is small compared with the linear 

dimensions of the cross-section, a direct current I through 

the winding will produce ,a steady magnetic force H dc in the 

iron core and fjtH dc in the air-gap. (This is really how we 

defined B inside a magnetic substance.) H dc is thus given 

by 47m//10 = work done on a unit pole in going round the 

magnetic circuit 1 

& = H dc l + [*H dc al, 

A:7inl 

so that H dc = 10Z(lT ^j • • • (160) 

where ju = B dc /H dc 

and is the slope ON in Fig. 93. 

* Editorial, W.E., February, 1928. 
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In equation (160) we have n, 7, and Z already given. is 
also given as a function of H dc by the curve ONP in Fig. 93. It 
is therefore a straightforward matter to plot H dc against a, for 
(160) gives 

„ - - ■ . . . (161) 
p 

so that a is known for any value of H dc . 

The a.c. inductance without an air-gap is given by (156) as 
L = (4:7m 2 p A fl) cm. = [47 m 2 A/ (1 /ju)] cm.,* so that the induc¬ 
tance with an air-gap is given by 


L 


ac 


47 m 2 A 
al + V^ac 


X 10- 9 H 


47m 2 ^4 

l(d + 1 /flac) 


X 10- 9 H . 


(162) 


A curve, such as Fig. 95, will give /u ac for any value of H dc , 
so that we can find L ac for any value of a, and a curve can be 
drawn between them. It will be found that L ac will usually have 
a maximum value for some value of a not equal to zero. 

Summarized the procedure is this. Curves of p( ~ B dc /H dc ) 
vs H dc and ju ac vs H dc are found experimentally. Equation (161) 
enables us to derive a curve of H dc vs a, and equation (162) 
then gives the curve of L ac vs a. The best value of a is then 
found. 

If the problem is to make a choke with a given value of 
inductance L ac to carry a stated d.c. current I and have a given 
iron core, mean length Z and cross-section A, it is possible to 
use an air-gap of length al so as to make the number of turns 
a minimum. Substituting for n from (160) in (161) we get 


100 . Al. H d 2 ( 1 + pa) 2 
4tt/ 2 (a + l/p ac ) 


X 10“ 9 H 


(163) 


Since all the quantities are known except H dc , p, fi ac , and a, 
and p and ju ac are known functions of H dc , equation (163) enables 
us to plot a curve between H dc and a. Equation (160) gives 

n = l0lH dc (l + pajlArrl, 

so that we can then plot n against a and the minimum value of 
n is then found. 

* Note that here is the permeability to A.C. and is therefore replaced by 
ju ac in what follows. 
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Permalloy, Mumetal, and Rhometal. * It has been found that 
iron-nickel alloys, containing about 78*5 per cent nickel, 
exhibit remarkable magnetic properties. Some curves for 
permalloy are given in Figs. 95 and 96. Fig. 97 shows a d.c. 



Fig. 97. B-H Curve for Mumetau 

magnetic test on mumetal, which is very much the same as 
permalloy. It is seen that the substance approaches saturation 
in a magnetic field equal in strength to that of the earth’s field. 
Of course, when a piece of mumetal is placed in the earth’s field, 
the lines do not penetrate the substance, which would otherwise 
be useless. Because of the low saturation point permalloy cores 

* B.S.T.J .. Arnold and Elmen, Vol. 2, No. 3, page 101, and pamphlet, 
“Mumetal,” by the Telegraph Construction and Maintenance Co., Ltd. 
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cannot be used with coils that have d.c., unless an air-gap is 
introduced in the way described in the last section. Further¬ 
more, the a.c. permeability decreases with frequency very 
rapidly, probably on account of imperfect magnetic soaking 
at higher frequencies. This property could be used to improve 
transformer response at the lower frequencies. 

As already stated, the properties of permalloy and mumetal 
depend on heat treatment and past history, so that they must 
not be handled too roughly or their remarkable properties will 
be destroyed. 

Rhometal has a permeability of about 480 and a fairly high 
resistivity. Laminations, 2-3 mils thick, make cores suitable 
for inductances that remain constant up to 100 kilocycles and 
higher. 

Dust Cores. If it is desired that the inductance of an iron- 
cored choke be constant up to high frequencies, it is necessary 
that the iron be in a fine form, so that the magnetic soaking 
be equally deep over the frequency range desired. The first 
demand for coils of constant inductance over a wide frequency 
range arose in telephony, for loading telephone circuits. The 
cores were made of bundles of iron wire. In 1915 the Western 
Electric Company made cores of powdered iron, in which the 
particles were insulated from one another by an insulating 
film, held together by a binding substance and compressed into 
a hard ring disc by a pressure of 100 tons per sq. in.* The 
permeability of such a core varied by less than 2 per cent for 
large superposed d.c. fields, and the a.c. permeability varied 
hardly at all with frequency in the audio-frequency range. 

Shackleton and Barberf used permalloy powder for dust 
cores, and they showed how the a.c. permeability varies with 
the quantity of insulation and forming pressure. Thus for 
pressures of 25, 50, 75, 100, 125, and 150 tons per sq. in., the 
permeability of a given dust mixture was 25, 40, 57, 70, 74, 
and 75, respectively. If the pressure is too great, the iron 
particles burst through the film of insulator: this causes an 
increase in core losses and a drop in permeability at higher 
frequencies. The powdered permalloy is therefore annealed 
before the pressure is applied. 

There are many ways of making good dust cores. One device 
is to use rounded particles of iron of two sizes, the smaller 

* Speed and Elmen, Trans. A.I.E.E., Vol. 40, page 596, 1921. 
f Trans. A.I.E.E .. Vol. 17, 1928. 


9—(T.5782) 
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particles filling up most of the space left by the larger. Thus a 
mixture of 100 mesh and 240 mesh can be used. The insulator 
can be shellac, mica, kaolin, or other suitable substance. It 
must be remembered that the iron particles must not be too 
hard or they will burst through the insulator under the large 
pressure required to make a firm core. 

A very important effect is associated with the shape of the 
particles. If the particles are long and narrow, then, if they are 
set along the lines of magnetic force, the counter magneto¬ 
motive or demagnetizing force due to the magnetization of 
the particle will be small. If, however, the particles are set 
with their short axes along the lines of magnetic force, the 
demagnetizing force will be very great. To achieve a uniform 
result, the particles are often specially rounded. 

The dependence of the resultant permeability upon the 
permeability of the iron and its relative volume is rather 
surprising.* Assuming that the iron is present in the form of 
small cubes, spaced uniformly, and occupying a 3 of the total 
volume, it is found that the effective permeability is given by 

a 2 ju + 1 - a 2 
** eff = ft - a/t + « 

where p is the permeability for the solid iron. If the insulator 
occupies 10 per cent of the volume, a 3 = 0*9; then even if 
p = oo , (ji eff is only 28. If p = 100, ju eff = 21*7, showing that 
with 10 per cent insulator present, the quality of the iron is not 
important. If the insulator occupies 5 per cent, ju eff is 58 and 
36*5 for these two cases. 

A value of p eff = 35 is readily obtainable with 3 or 4 per 
cent insulator and fairly good iron, and a value of 80 can be 
obtained with permalloy and 1 or 2 per cent insulator. 

Dust Core Losses. There are two kinds of loss in a dust core, 
hysteresis and eddy-current losses. The hysteresis loss per 
cm . 3 of core per second is W h = rjfB^ ax , where rj and x are 
hysteresis constants and / the frequency, whilst the eddy- 
current loss is W e = where y is an eddy-current 

constant.-)* The total loss in the core is Al(W h -f W e ) per 
second, and is equal to \pP X 10 7 , where p is the extra resis¬ 
tance due to the core losses. We have 

P = 2Al(rjfB%, ax + yj 2 B% ax ) // 2 x 10 7 . 

* Editorial, W.E., January, 1933. 
f Speed and Elraen, loc. cit. 
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Remembering that L = (4am 2 A u/l) X 10” 9 H 
and H = Annl/lOl, 

we find that (p/L) = 8-n+ y/ 2 )- 

p is the difference between the a.c. and d.c. resistance, and 
it thus appears that (p/L) is a property of the core material 
alone. It is more usual to write 

p/L = af + bf 2 . . . . (164) 

Here b is independent of the current, but a depends on it. 
Reasonable values of a and b are 10 X 10“ 3 and 3 X 10 -6 . 
Another theory of losses has been developed,* in which the 
losses proportional to the frequency are split up into two 
losses, a pure hysteresis loss proportional to the applied current 
and magnetic force, and a Nachwirkung loss independent of 
the applied current. The equation (164) becomes 

P/L = (a, + aj/-001)f + bf* . . . (165) 

where a x is the Nachwirkung , a 2 the pure hysteresis, and b the 
eddy-current coefficients, and they are all constants of the core 
and independent of the current and frequency. I is the current 
and :’s divided by *001, as a milliampere is a usual current for 
a dust-core coil. To find %, a 2 , and 6, we measure p and L for 
7=1 mA at several frequencies. 

Plotting p/Lf we obtain a straight line whose slope is b and 
which intersects the axis of / = 0 at a 1 + a 2 . Then at one 
frequency, say / = 1000, p is found for various currents. 
Plotting p/L against current, a straight line is obtained, whose 
slope gives a 2 : subtraction then gives a ± . This theory holds 
fairly well in the audio-frequency range, but it is doubtful 
whether it applies up to radio-frequencies. In a typical core, 
% was four times a 2 . 

Ferrocart. Ordinary dust cores are unsuitable at radio 
frequencies as the eddy current losses are too high. For even 
if b is as low as 2 X 10~ 6 , the loss resistance at 300 metres, 
which is 10 6 cycles, is given by p = 2L X 10 6 ; the magnification 
factor of the coil, which is defined by 

Q (or m) = 27rfL/r, . . . (166) 

is equal to 7r, whereas a reasonable value of Q is 50 to 150. 

It was suggested! that the best core would be formed by 
winding very thin iron wire in the direction of the lines of 

* Jordan, Electrische Ncichrichten Technik, June, 1924. 
f Editorial, W.E ., January, 1933. 
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magnetic flux. Mr. Schneider* states that the wire must have a 
diameter of less than *005 mm., if the core losses are to be 
small at 10 6 cycles. The method of producing Ferrocart due 
to Mr. Vogt is the following. Very small-sized iron particles, 
long and narrow in shape, are placed on an insulating paper, 
combed to form long narrow channels, and passed through a 
solenoid carrying a large current, so that the particles of iron 
set themselves with their long axes in the direction of the 
channels. The paper, which is waxed and warmed, is allowed 
to cool and harden, so that the iron particles are fixed. A 



Fig. 98. Ferrocart Coil, 150pH, D.C. Resistance 1-3Q 


number of strips of this paper are laid together and compressed 
to form a core. Curves of resistance against frequency are 
shown in Fig. 98 for the Ferrocart long and medium-wave coils 
in wireless tuning-circuits. From these curves it is seen that 
the eddy-current coefficient b is 0*053 X 10 -6 , for p = 8*0D 
at 10 6 cycles and L = 150^H. These curves are calculated for 
the resistance of the coils only, the voltmeter losses having 
been found and subtracted. 

The dotted line in Fig. 98 gives the resistance of a coil of 
175 jut Husing a micrion dust core, made by Standard Telephones 
and Cables, b is 0*027 x 10 6 . Micrion is stable. 

Air-cored Coils. Very much work has been done on the 
design of air-cored coils*j* and the subject is so vast that only a 
few of the more important results will be quoted. 

The inductance of a straight wire of length l cm. and diameter 
d cm. is given by 

L = 2Z[logh (4 l/d) - 1 + jud] cm. . . (167) 

* W.E., April, 1933, page 183. 

t Bulletin of Bureau of Standards, No. 74; Moullin, loc. cit. Chapter VIII; 
Electrical Engineers' Data Books , Vol. 3; Butterworth, W.E., April, Hay, 
July, August, 1926, and Phil. Trans. Roy. Soc ., 1921, A, Vol. 222, pages 
57-100; Fortescue, Journ. I.E.E. , 1923, page 933. 




119 


Chap . IV] RESISTANCES, COILS, ETC. 

where p is the permeability of the wire and <5 is a term that 
varies with the frequency from a value J for d.c. to a value 0 
at very high frequency.* This formula holds only for wires in 
which l > d. 

The inductance of a parallel go and return of two such wires 
distance D cm. between the axes is 

L = 4Z[logh (2 D/d) - D/l + pd] . . (168) 

The inductance of a single layer solenoid is given by 

L s = (4:7T 2 a 2 n 2 /b) k cm. .... (169) 

where a = radius of coil, 

b = winding length, 
n = total turns, 

and Arj* = a constant (calculated by Nagaoka). 

Values of 1c are given in Table VI. 

TABLE VI 


2afb 

k 

2a/b 

k 

2a/6 

k 

2ajb 

k 

2a/b 

k 

•00 

1-000 

•60 

•789 

1-4 

•612 

2-6 

•463 

50 

•320 

•10 

•959 

•70 

•761 

1-6 

•579 

2-8 

•445 

60 

•285 

•20 

•920 

•80 

•735 

1-8 

•551 

30 

•429 

7-0 

•258 

•30 

•884 

•90 

•711 

2-0 

•526 

3-5 

•394 

8-0 

•237 

•40 

•850 

1-0 

•688 

2-2 

•503 

40 

•365 

9-0 

•219 

•50 

•818 

1-2 

•648 

2-4 

•482 

4-5 

•341 

100 

•203 


There is a correction due to winding spacing, which must be 
subtracted from the value L s of equation (169) and is given by 

A L = 4:7ran{A + B) . . . (169a) 

where A depends on d/D, d being the diameter of the wire and 
D the winding pitch — bfn, and B depends only upon n. 
Figs. 99 and 100 give curves for A and B. A polygonal coil can 
be treated as a coil of radius equal to the mean of the inscribed 
and escribed circles. Thus if the number of ribs on the former 
are 4, 5, 6, 7, 8, 9, 10, the equivalent diameter is k X overall 
diameter, where k is -806, *867, *910, *936, -950, *962, *970 
respectively. J 

* For values of r5, see Electrical Engineers'' Data Books , Vol. 3, page 2. 

f Electrical Engineers' Data Books , Vol. 3, page 7. 

j “Tuning Coils,” by A. L. M. Sowerby, Wireless World , 3rd September, 
1930. Useful design curves are given in this paper for the design of a coil of 
230juH. 
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There are several formulae for the inductance of a multilayer 
coil , valid for different types of construction. 

+0*5 

0 

A 

- 0-5 

-7-0 


-1'5 

0-7 2 -3 -4 -5 6 *7 8 9 7-0 

d - Piam. of wire 
D = Pitch of winding 

Fig. 99. Correction Curve for Inductance of Single Layer 
Solenoid 

0-4 

0-3 
B 
0-2 

0-1 

0 

1 Z345 10 2030 50 100 200300 1000 

Number of Turns 

Fig. 100. Correction Curve for Inductance of Single Layer 

Solenoid 

For a long coil of a few layers the formula due to Rosa is 

L — L s - 4:7rn 2 acS/b .... (170a) 
where a, 6, and c are shown in Fig. 101, L, is the value given 
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by equation (169), and S is a correction factor dependent on 
the ratio bjc and is plotted in Fig. 102. This formula holds 
when c/a < *25 and bja < 5. 



Fig. 101 c 

Multilayer Fig. 102. Correction Term for Long Coil 

Coil of Few Layers 


For short coils, when b and c are small compared with a, the 
inductance is given by 

L = 4 *- an *[( 1 + 3^2 + 9^2) lo S h 16 §] • ( 1706 ) 

when b < c and d = \/(^ 2 + ° 2 ) 

and 

L = «[( M- ~ + ~ ) logh “ - », + £g,] • (HOC) 

when b < c. 

y l9 y 2 , and y s are given in Table VII. 

The correction for spacing of windings, which must be 
added, is 477<m[logh (D/d) + 0-155] . . . (170d) 

where D and d are as before. 

Reyner* gives a very useful empirical formula for the 
multilayer winding in the form 




Pi “ 2 v25c"1 

Ul _r H • 


Electrical Engineers’ Data Books , Vol. 3 , page 15 . 
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b/c or c/6 

y 1 (for b/c or c/6) 

y 2 (for c/6) 

y z (for 6/c) 

•0 

•500 

1 -125 

•597 

•05 

•549 

•127 

•599 

•10 

•592 

•132 

•602 

■15 

•631 

•142 

•608 

•20 

•665 

•155 

•615 

•30 

•722 

•192 

•633 

•40 

•765 

•242 

•654 

•50 

•796 

•307 

•677 

•60 

•818 

•384 

•702 

•70 

•833 

•474 

•729 

•80 

•842 

•576 

.756 

•90 

•847 

•690 

•786 

1-00 

•848 

•816 

•816 


where D x = outside diameter, 
b = length of coil, 
and c = radial depth of coil, 

all the dimensions being given in inches. 

The best shape for a coil depends on the frequency. At low 
frequencies the best coil is a multilayer coil, with b — c and 
bjD 1 = 0*43 about. 

At higher frequencies a single layer coil may be best, and 
then there is an optimum ratio of Djd = (pitch of winding 
divided by diameter of wire) for each value of z = \/{2iT 2 d 2 f/p). 
(p is in C.G.S. units.) The following table gives the relation 
between Djd and z* 

TABLE VIII 


z 

<1-5 

1-7 

2-0 

2-5 

30 

40 

5-0 1 

10-0 

D/d 

1-0 

112 

1*37 

1-70 

1-87 

2-0 

2-1 

2-25 


If this spacing is followed b/D 1 — 0*32 about, D 1 being the 
outside diameter of the coil. If D x is too large a multilayer coil 
may be used. Then b/D 1 = 0*32 still, and 6/c = 0*3 to 0*5: 
the resistance will be greater than that of the single layer coil 
of the same inductance. 

Self Capacitance of Coils. There is capacitance between each 
turn of a winding and every other turn. At frequencies remote 
from the natural frequency of the coil these capacitances can be 

* Butterworth, Phil. Trans. Roy. Soc., Vol. 222, page 57. 
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replaced by a single capacitance placed across the coil. This 
capacitance, (7 S is called the se£/ capacitance of the coil. If a 
capacitance (7 > C s is placed across the coil, the resonant 
frequency / is given by / = co/2 tz where 

co 2 L(C + C s ) = 1 . . . . (172) 

This enables us to measure (7 S (and L) : for, if (7 is plotted 
against 1/co 2 (oc A 2 , where 2 is the wavelength in metres, say), 
the points lie on a straight line of slope 1 jL and whose intercept 
on the axis of C is - C s . 

For single layer coils that are closely wound Professor Howe 
has found that C s in ppF is equal to one half the radius of the 
coil in cm. In multilayer coils the self capacitance is almost 
entirely due to the capacitance between layers and depends 
much upon the tightness of winding. It is found that the self 
capacitance for a two-layer winding is about J of the inter-layer 
capacitance agreeing with the analysis of Chapter II. 

The self capacitance has an important effect upon the 
effective resistance of the coil. For the impedance of the coil is 

(r + j coL) (1/j coCs) 
r -f j coL + lf]coC s 

_ r + 

1 - oj 2 LC s -f- ]coC s r 

r ]co\L(\ — co 2 LC s ) - C S R 2 ] 

~ (1 - + (wC/) 2 + (1 - (o 2 LC s )z + (w(7 s r) 2 , 

so that the effective resistance is 


(1 - co 2 LC s ) 2 -f (coC s r) 2 
and the effective inductance is 

L{ 1 - w 2 LC & ) - C s r 2 


(1 - oj 2 LC s ) 2 + (coC s r) 2 

At frequencies not near the resonant frequency of the coil 
1 - co 2 LC s > (a)C s r), so that the 

r 

effective resistance = 


and the effective inductance - 


(l~co 2 LC s ) 2 
= r( 1 + 2a> 2 LC s ) 
L 


(173) 


1 - co 2 LC s 
== ^(1 + u> 2 LC s ) 


. ( 174 ) 
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If the resistance is measured by inserting an E.M.F. at 
A (Fig. 103) and measuring the current at resonance with 
and without a known inserted resistance, the resistance 
that is found is r(l + 2co 2 LC s ). At resonance, co 2 L(C + C s ) 
== 1, so that the resistance measured is r[ 1 + 2C s f(C + G s )] 

_ = r( 1 + 2C S /C). If C s = t hC, 

a reasonable value, the resistance 
is overestimated by 20 per cent. 

§ £ . The same error is found if the 

ZE.M.F. is inserted in L by in¬ 
duction and the thermocouple 
and known resistance are at A, 
A _ as before. The error is avoided 

^ 1AO ,, by the method of measurement 

Fig. 103. Measurement or the f T , 11/rT7( 

Effective Resistance of a Coil shown in Fig. 104. The E.M.F. 

e acts in series with the known 
resistance R and the parallel tuned circuit ( LrC ). C is adjusted 
until the voltage across the combination is a maximum. This 
occurs when co 2 L(C + C s ) = 1 and the impedance of the (LrC) 
combination is Lj(C + G s ) r = o) 2 L 2 jr. Measuring the voltage 
drop across i?, which is known, the value of co 2 L 2 lr is found. 
As L can be found in the 
way already indicated, ps 

we can now calculate r. j II 1 

In most cases L can be H T 1 

measured at low fre- T . T~ - 

quencies with sufficient *- yfjh - 

accuracy. ^ 

High Frequency Resis- - i 

tance of Coils. There are - - MV ——o— \ J 

several factors which - 9 

influence the high- R 

frequency resistance of t - WW-- 

coils apart from the con- Fig. 104. A.C. Resistance of a Coil 
ductor resistance. There 

are the skin and proximity effects, the dielectric losses, and 
capacitance effects. Dielectric losses in the wire insulation and 
former can be very high.* Cotton is hygroscopic and should 
never be used for insulating wires to be used in radio frequency 
coils, unless the coil is baked and dipped in wax. Near 300 
metres, teak, micarta, and leatheroid increase the resistance by 
* Moullin, loc. cit., pages 366-371. 


Fig. 104. A.C. Resistance of a Coil 
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about 10 per cent: cardboard, since it is hygroscopic, may double 
the loss : paxolin and ebonite cause a loss of only 3 percent about. 

The effect of self capacitance on effective resistance has al¬ 
ready been discussed. It should be noted that the self capaci¬ 
tance does not influence the resistance at resonance, co 2 L 2 /r, 
which is called the dynamic resistance , as the dielectric losses do. 

The skin effect is overcome to some extent by using stranded 
wire, such as Litz wire. The proximity effect can be minimized 
only by suitable design.* Professor Fortescue finds that, if 
strands of a certain size are used in the wires, there is a number 
of strands for a minimum value of r/L , so that, if more strands 
are used, the resistance actually increases because of the 
proximity effect. In other words, the empty space may be 
preferable to another strand, which would have losses induced 
into it that would more than neutralize its conducting effect. 
It would take too much space to give all the results in Professor 
Fortescue’s paper, which should be read when a design of a 
radio-frequency coil of low loss is required. 

If the coil is to have stranded wire and the number of strands 
is chosen to have the optimum value given by Professor 
Fortescue, the value of rjL is given by 

rjL = 2*4 x 10 9 (ci 1 /D 1 A) ohms/henry . . (175) 

where d 1 = diameter of strands, 

A = overall diameter of coil, 
and X = wavelength in metres, 

giving Q = ZirfLlr 

= 0 t lSDJd 1 .(176) 


Q can be made as large as we please by increasing A or 
decreasing d 1} using the appropriate number of strands. 

If the coil has solid wire of an optimum diameter d 2 , as 
found by Professor Fortescue, the minimum value of rjL is 


given by 



2 X 10 W(plV 

A 


ohms/henry 


(177) 


giving Q 


2-65 X 10 6 
“Ay T~ 


for copper 


llOBJ^X) 

•on Av7) 


(178) 


* Prof. G. W. O. Howe, Proc. Roy. Soc. 9 1917, Vol. 93 (A), page 648; 
Butterworth, Phil . Trans. Roy. Soc ., Vol. 222 (A), page 57; Fortescue, 
Journ. I.E.E., 1923, page 933; Butterworth, W.E., April, May, July, and 
August, 1926. 
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From equation (178) it is seen that at high frequencies a 
solid conductor is best, for by a suitable design Q is proportional 
to <s/f and can be made very high. At lower frequencies, i.e. 
longer wavelengths, stranded conductor is better, and the 
thinner the strands the higher is Q for the best design. Given 
a value for the thinnest strand, the value of frequency, above 
which solid wire is better and below which stranded wire is 
better, is given by equating (176) and (178), i.e. f = 362/d^ 
or A = 0-827 X lO 6 ^ 2 , where i is in metres and d x in 
centimetres. 

At any frequency Q can be made as large as desired by 
making D x large enough. 

Using Litz wire of strands of 38 S.W.G. in a coil of 5 cm. 
diameter the value of Q can be made to be 0-78 x 5/-015 = 260, 
which is three times the value obtained in a commercial 
wireless coil. 

A more rigorous calculation of the high frequency resistance 
of solenoidal coils is given by Butterworth in his papers in 
Experimental Wireless ( loc. cit.). 

An interesting comparison of the high frequency resistances 
of solenoidal and toroidal coils of equal bulk has been made by 
Butterworth.* It is found that the high frequency resistance of 
the toroidal coil is twice that of the solenoidal coil of equal bulk. 

Screened Coils. In order to avoid undesired magnetic 
coupling, air-cored coils are usually placed in cylindrical metal 
cases, which act as screens. The effect of the screen is to reduce 
the inductance and increase the resistance; in fact, the screen 
acts as a secondary winding of low resistance loosely coupled 
with the coil. An experimental investigation of screened coils 
has been carried out by Sowerby.f As expected, the closer 
fitting the screen the greater is the reduction in inductance. 
A surprising result is that the reduction is greater if the 
screening box approaches the sides of the coil than if it ap¬ 
proaches the ends: so a short and wide coil suffers more 
reduction than a long and narrow coil in the same box. 

Fig. 105J shows a number of coils, whose magnification 
factors were measured without a screen and inside a screening 

* W.E. , January, 1929, page 13. 

t Wireless World, 23rd and 30th September, and 7th and 14th October, 
1931. 

I Reproduced by kind permission of the Wireless World. See also W. G. 
Hayman, W. E April, 1934, who shows that L screened — L unscreened X 
(1 — d 3 /D 3 ) where d = diameter of coil and D = diameter of screen. 
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box of shown dimensions. It appears that the best size coil 
for a screening box of diameter 2f in. and length 4 in. has a 



Fig. 105. Effect of Screening on Coies 


diameter of 1 \ in. and an axial length of 1J in., and the 
magnification is abont 90 at 300 metres. 

Transformers. Two coils, which have self and mutual 
inductances, constitute a trans- i £ 

former. Let the primary have i- > ■ i i— i—r —i 

n x turns, inductance L x , and re- JL L J | J 

sistance r l9 whilst the secondary (eA ^2 >Z 2 

has n 2 , L 2 , and r 2 respectively | | I ] 

and the mutual inductance is M . -* *- 1 -* 

If an E.M.F. is put across the FlG - 106 * Transformer 
primary and the secondary is terminated by an impedance Z 2 , 
the equations for i x and i 2 are 

e i = (ja>^i + r i) h + ja)Mi 2 
and 0 = j wMi x + (j coL 2 + r 9 Z 2 ) i 2 , I 


Fig. 106. Transformer 


giving 


e x . a) 2 M 2 

— = Z x = l coIj + r x + -f - ; 

]mL 2 + r 2 + %2 ) 

_ - j coMZ 2 __ 

(jcoLi + r i) (j c °L 2 + r 2 + Z 2 ) + co 2 M 2 


. ( 180 ) 


If all the flux goes through the primary and secondary 


windings, L x 


and M — Cn x n 2 , so that 
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M = 's/{L X L 2 ) : the coupling is said to be complete and the 
coupling factor is unity. If in addition, r x and r 2 are negligible, 
equations (179) and (180) give 

y _ jcoL 1 Z 2 

1 i c °L 2 + z 2 
Z 9 


LJL X + Z 2 /]a)L 2 

and e 2 je x = - M/L 1 = - n 2 /n L . 

If, further, coL 2 is very large compared with Z 2 , we get 
^2/^1 = — ^2/^1 > 


and 


Z ± = Z 2 (n*ln*) 
2 fii = “ n d n 2> 

M = V{L x L 2 ). 


(181) 


A transformer for which equations (181) hold is called an 
ideal transformer* The turns n x and n 2 must be very large and 
the coupling complete: then current is trans¬ 
formed in the ratio n 2 fn x , voltage in the ratio 
njn 2 (so that the energy that enters the 
primary leaves by the secondary), and an 
n 2 impedance Z 2 in the secondary becomes an 



h gj 


*2 



e 3 



Tl, 


71$ 


Fig. 107 
Three - winding 
Transformer 


impedance Z 2 (n x 2 /n 2 2 ) in the primary. 

The same treatment can be applied to an 
ideal multi-winding transformer. Fig. 107 
shows a three-winding transformer , an example 
being the hybrid coil , which is of extensive use 
in telephone circuits. If the voltages, currents, 
and turns are as shown, the equations for the transformer are 

n x i x + n 2 i 2 + n 3 i 3 
and ejn x = e 2 jn 2 = e 3 /n 3 

if suitable directions are chosen for the voltages, and for the 
currents. 

Fig. 108 shows the usual circuit in which a hybrid coil is 
used. The 
currents i, L 


°J 


(182) 


E.M.F. E acts in series with Z 4 and produces 
and i 2 , in the windings of turns n , n x , and n 2 , 


* A very complete discussion is given by Guillemin in Communication 
Networks , Vol. 1, pages 284-322; also Transmission Circuits for Telephonic 
Communication , by K. S. Johnson, Chapter VI. See also Campbell and Foster, 
Trans A.I.E.E. , Vol. 39, 1920. pages 231-280, 
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across which the voltages are e, e l9 and e 2 . 
the system are 

e = E - Z x i, 

Ci = Z z i 2 — (Z x -|- Z z ) i l9 
e 2 = — (%2 ^ 2 ) 

with the transformer equations 

ni + n x i x + n 2 i 2 = 0, 
e/n = ejn x = ejn 2 


The equations for 


(183) 


These six equations give e, e l9 e 2 , i, i l9 and i 2 . The current 
through Z z is i x - i 2 , and, when n = rn x = rn 2 . 


E{Zx~Z,) 


r(Z 2 Z 3 + ^ 1 ^ 2 ) + 


^4(^1 + %2 + 4Z 3 ) 


so that no current passes through Z z when Z x = Z 2 . Generally 
Z x is nearly equal to Z 2 , so that 


E(Z ± -Z 2 ) 

(Zi + 2Z 3 ) (rZ x + 2ZJr) 


(184) 


When Z ± = Z 2 exactly, no current passes through Z z , which 
may be open-circuited. The transformer becomes a simple one 
with turns n and 2n x ~ 2njr, so 
that the impedance across the 
n turns is 2 Z 1 n 2 J\n^ = r 2 ZJ2. 

Z x is made to equal this impe¬ 
dance and then 

. , E(Z x -Z 2 ) 

1 2 ~ (Z, + 2Z,) 2rZ{ 

Furthermore, if an E.M.F. 
acts in series with Z z , no current 
passes through Z 4 when Z x = Z 2 , for then i x = - i 2 and equal 
and opposite E.M.F.’s are induced in the n turns. The impe¬ 
dance facing Z z is thus the parallel combination of Z x and 
Z 2 (= Z x ), which is \Z X . Z z is put equal to this and 

i\ — i 2 = E(Z X - Z 2 )j4rZ x 2 .... (185) 

Practical Transformers. A practical transformer has resis¬ 
tance in its windings and various capacitances across and 
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between them.* Also, some of the flux that passes through the 
primary leaks away and does not pass through the secondary; 
and the converse is true. The primary flux that does not link 
with the secondary is called the primary leakage flux, and it is 
clear that this represents a self inductance l x in the primary 
branch, whilst the secondary leakage flux represents a self 
inductance l 2 in the secondary branch. The flux that links both 
windings constitutes the transformer flux proper and represents 
a primary inductance L v a secondary inductance L 2 , and a 



Fig. 109. Most General Representation of a Transformer 

mutual inductance M = -\/( L x L 2 ). The total primary and 
secondary inductances being L 1 + l x and L 2 -j- Z 2 , the coupling 
coefficient is 

M 

A/[(A + h) (L a + h)} 

1 

- VC(i + V4) (i + h/L 2 \] 

A complete representation of the transformer is shown in 
Fig. 109.* Ordinarily only the capacitances C x and C 2 need be 
considered. 

If an iron core is used, there is a core loss, which can be 
represented by a shunting resistance across L x or L 2 , or a 
resistance in series with either. It is not worth while to derive 
a very general network applicable to all transformers, but it is 
easier and more profitable to use slightly different networks 
for transformers acting in different circumstances. The more 
important cases will be treated separately and briefly, but first 
some general work on the equivalent networks of a transformer 
will be given. 

* Butterworth, Proc. Phys. Soc ., Vol. 33, page 313, 1921; Hartshorn, 
Proc. Phys. Soc., Vol. 38, page 303, 1926; and Hartshorn, W.E ., April, 1928, 
page 184. It is probably more accurate to put the upper terminals of the 
capacitances so as to include the l lt r 19 f 2 , r 2 with L x and L 2 
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Equivalent Network of a Transformer. It was shown long 
ago that a transformer of self inductances L 1 and L 2 and mutual 
inductance M (Fig. 110) can be replaced by the T-network of 
Fig. 111, if the primary and secondary have a common terminal. 
If the primary and secondary have no electrical connection we 
can still use this T-network, but we must remember that c is 
not at the same potential as 6, and, in fact, we can use the 



Fig. 110. Simple Transformer Fig. 111. T-equivalent of Fig. 110 


network only for the purposes of obtaining relationships 
between (V a - V h ) and (V c - V d ).' An exactly equivalent net¬ 
work for the transformer of Fig. 110 has been obtained by 
F. M. Starr* and is shown in Fig. 112. For example, if a, b , c, 
and d are unconnected, the impedance between a and b is 
]coL l9 which is given by the network of Fig. 112; the impedance 
between a and c should be infinite, and it is so in Fig. 112, for 
the impedance between a and c is 


]a>L 1 + jcoL 2 + 


(j <oM) (- j coM) 
j o)M - j coM 5 


which is infinity. The network of Fig. 112 is essential, if all the 
capacitances between and across 
windings are important, but, 
fortunately, one seldom requires 
the rigorous equivalent. 

To prove the equivalence of 
the networks in Figs. 110 and 
111 we can proceed as follows. 

Let an E.M.F. E be placed 
across ab and a load Z 2 across 
primary and secondary currents i 



Fig. 112. Exact Equivalent of 
Fig. 110 

cd. The equations for the 
i and i 9 are 


E = j ooLfa + ]cx)Mi 2 
and 0 = jcoM^ + (j coL 2 + Z 2 ) i 2 . 


* “Equivalent Networks I,” Winter Convention, A.I.E.E ., 25th to 29th 
January, 1932. See also “Cisoidal Oscillations,” by G. A. Campbell, Trans . 
A.I.E.E., 1911, page 890. 
ic—(T.5782) 
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The equations for the network of Fig. Ill are 
E = jco(L x + M) i ± - jcoM^ + jcoilfi 2 
= j coLtf! + j wMi 2 

and 0 = j coMi x + j co{L 2 + M) i 2 + Z 2 i 2 - j coMi 2 
= jojMi ± + (j a>L 2 + Z 2 ) i 2) 


xo— 

L r M r L 7 -M 

-o c 




~t) o— 

[ 

—*o d 


so that the networks are equivalent. M may be positive or 
negative, according to choice, since a positive M becomes an 
equal but negative M by choosing the opposite direction for i 2 
in Fig. 110. The equivalent circuit is then shown in Fig. 113 
and is more convenient than that shown in Fig. 111. For 
imagine a unity ratio transformer in which L ± = L 2 '== M. The 

quantities L ± - M and L 2 - M repre¬ 
sent the leakage inductances and 
are very small, so that the effect of 
the transformer to a first approxi¬ 
mation is that of a shunt of induc¬ 
tance M . 

When the ratio of the transformer 
is not unity, L 1 - M and L 2 - M are large and comparable with 
M , so that the network of Fig. 113 is not very useful. There 
is a method of reducing this case to the case of unity ratio, and 
we shall discuss this in rather more detail than is generally 
given. 

Let Z Vi Z m , and Z s be the primary, mutual and secondary 
impedances (Fig. 114); an E.M.F. E is applied across the 
primary and the secondary has a load Z 2 . The equations for 
the currents are 


Fig. 113. Another 
T-equiyalent or Fig. 110 


and 


E — — Z m i 2 

0 = - Z m h + (%s + Z 2 ) i 2 


(186) 


We have taken Z m negative, as we can, by a suitable choice 
of direction of i 2 . Consider the network of Fig. 115, for which 
the equations are 


E — {Z v — aZ m -f- aZ m ) i ± — aZ m i 2 
— Z p i x — Z m ai 2 

and 0 = - Z m ai ± + a 2 {Z s + Z 2 ) i 2 
or 0 = — Z m i 1 -f- ( Z s -(- Z 2 ) ai 2 . 


( 187 ) 
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It is clear that the equations (186) and (187) are the same 
provided i 2 — ai 2 . It follows that an equivalent of the net¬ 
work of Fig. 114 is that shown 

in Fig. 116. The ideal trans- ao-_. ■ j 2 nc 

former of ratio a : 1 transforms JL A _ A J 

the current i 2 into ai 2 = i 2 v£) >%2 

and the impedance a 2 Z 2 of Fig. g J_f | j ^ 

115 into the actual terminating Flo 1 u Genbbal Tbansfobmeb 
impedance Z 2 . So far, a may 

be any number and is, in fact, chosen to make Z v - aZ m and 
a 2 Z s - aZ m small, as in the case of the unity ratio transformer. 

2 The network of Fig. 116 

Zp-°cZ M oc Zs-ccZx said be reduced to the 

case of the unity ratio 
transformer when a is put 
equal to <\/(ZJZ s )* Then 
the shunt impedance is 
Zm'ViZJZs) — 

Fm. 115 . Symbolic Equivalent of and the gerieg i mpe dances 

are both equal to Z v - 
Z m \^(ZJZ s ), which is small. If h is the coupling coefficient, 
the series impedances, which are due to leakage flux, are both 
equal to 

z S e = z v - z m v ZJZ S ) 

= Zy-k V (Z P Z S ) 'sj ( ZJZ S ) 

= Z p (l-k) .(188) 


i 2 

Z 2 


OL'.I 

Fig. 116. Actual Equivalent of Fig. 114: a is Arbitrary 

and the shunt impedance, which is due to magnetization 
current, is 

Z s n = Z m V(ZJZ) S = k ViZ^Zs) V(ZJZ S ) 

= kZ v .(189) 

* Casper, Journ. A.I.E.E., 1924, Vol. 43, page 196; and K. S. Johnson, 
loc. cit., page 281, Figs. 25a and 25b. 
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The resulting equivalent network is shown in Fig. 117, in 
which the ideal transformer has the same turns ratio as the 
actual transformer. The copper resistance of the windings has 
been neglected; the primary copper resistance r v should be 
put at A and a resistance r s n^jn^ at B, where r s is the secondary 



Fig. 117. Unity-ratio Equivalent of Fig. 114: a = n x jn % 

copper resistance. The best thing to do is to include r P in the 
input impedance and r s in the load Z 2 . 

In t he method just given the leakage inductances are disposed 
equally on either side of the shunt inductance. It may be 
more convenient to arrange the leakage inductance in one 



Fig. 118. A Convenient Equivalent of Fig. 114: a = Z m IZ s = knjn 2 

lump, and this is done by putting a 2 Z s - aZ m — 0 or Z v - aZ m 
— 0. Suppose we choose the former, giving a = Z m jZ s . The 
equivalent network of Fig. 118 results. 

Z v - aZ m = Z v - ZJ/Z S = Z p ( 1 - k 2 ), 
aZ m = ZJIZ. = k 2 Z v , 
and the ratio of the ideal transformer is 
« = ZiJZ s = k^/ (Z p /Z s 
= kn! : n 2 . 
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If the leakage factor x — 2(1 - &) is small, 1 - k 2 = a;, 
showing that the leakage impedance Z^(l - P) in Fig. 118 
has lumped together the two leakage impedances Z P ( 1 - k) in 
Fig. 117. 

Transformers can be divided into two important groups, 
input transformers (which include intervalve transformers and 
in which the capacitances of the windings are of extreme impor¬ 
tance), and transformers that operate between low impedances 
(when the capacitances of the windings are not often important). 

Input and Intervalve Transformers.* The input impedance 
is fairly low, being the impedance of a valve or a source, but 
the output impedance is very high, usually the grid circuit of 
a valve which is biased to take little or no grid current. 

For this case the equivalent circuit is a simple modification 
of the network of Fig. 118. The copper resistance of the 



Fig. 119. Equivalent Circuit of Intervalve Transformer 

primary, r v , can be included in the input impedance. The 
impedance due to the leakage flux is that due to an inductance 
L p ( 1 - k 2 ), where k is the coupling factor. The shunt inductance 
is k 2 L v , which must have a parallel resistance S to allow for 
hysteresis and eddy current losses in the core. The terminating 
impedance is r s , the secondary resistance, and the capacitance of 
the secondary winding, and grid circuit, a total of C 2 , say. The 
resistance r s and capacitance C 2 can be transferred to the left- 
hand side of the ideal transformer to give values of r s ( knjn 2 ) 2 
and C = C 2 (n 2 /kn x ) 2 , resulting in the network of Fig. 119. The 
capacitance of the primary winding can be included in this 
transferred capacitance to increase its value to C , say. The 

* Dye, W.E., September, October, and November, 1924; Willans, Journ. 
I.E.E ., October, 1926, page 1065; True Road to Radio, by Ferranti, pages 
125-148. 
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ideal transformer has no shunting effect, but merely increases 
the E.M.F. E' at ef to E 2 at cd , where 

E 2 = E' X ( njkn t ). 

We need consider only i7', then, since the output E.M.F. is 
a constant times this. Fig. 120 reproduces the essential parts 
of Fig. 119, with a simplification of notation, viz.— 

l = L v {l-k% 

L = k 2 L v , 

r 2 = r s (knjn 2 ) 2 , 

and iJj = Zj + 

since the input impedance is usually a pure resistance. To 
show the magnitudes of the quantities involved the values of 



l , L, $, and (7 for the AF5 (Ferranti) transformer will be given.* 
L = 100 H, l = 0*8 H, (7 = -00062^, /S' = 500,0000 about, 
and w 2 /% =3-5. The leakage factor a; = 2(1 - k) = (1 - 4 2 ) 
= 0-8/100 = 0-008 : the self capacitance of the secondary is of 
the order -OOOG^F + (3*5) 2 = SOju/uF or less. The very low 
leakage and self capacitance are obtained by the special method 
of construction. The primary is wound on two skeleton 
bobbins between which is another skeleton bobbin on which 
the secondary is wound. The secondary consists of very fine 
enamel wire of diameter -002 in., viz. 47 gauge, and the windings 
are subdivided, resulting in low self capacitance. 

At 50 cycles the impedance of l is negligible, if we assume an 
input resistance of 10,000 ohms. The main effect is that due 


* By kind permission of Messrs. Ferranti, Ltd. See True Road to Radio , 
pages 129-134. 
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to the shunting of L whose impedence is j 31,40012. Then 
E' is given by 

ei/_ ei j 31,400 

10,000 + j 31,400 

31,400190° 

= 3 WolH “°' 95 &° £ 

so that E 2 = 3*33 |17*5° E . 


As the frequency rises there is a frequency at which LC 
resonate, in this case 640 cycles. The impedance of the 
(L,C,r 2 ) circuit is very high and the transformer impedance is 
then S, giving 


E' = E 


S 


B ± + S 


500000 
~ A 513000 
= 0*973 E 


and E 2 = 3-41 [0^ j£. 

At higher frequencies the shunting effect of S and £ becomes 
negligible and the loss is due to the series drop in l, so that 

F , = muoC) 

r 2 + l/j 60 ^ 4~ 4" -®1 

_ E 

~ 1 - co 2 Z(7 -f- jo)(7(i? 1 + 7 * 2 ) 

The frequency of resonance of l and C is important and in this 
case it is 7200 cycles. At this frequency 

E' = E/jcoC(R 1 + r 2 ) 

= E |90°(35900)/ (R 1 + r 2 ). 

The value of E' is very much dependent on the value of the 
input and secondary resistances. If R x = 10,00012 and r 2 is 
small, E' = 3*59|90°I£ and E 2 == 12-5|90° which is much 
too high. This resonance is damped by using a higher input 
resistance and putting a resistance across the secondary. If 
an extra 10,00012 is put in the primary, the value of E 2 becomes 
6*2|90° E. If JM12 is placed across the secondary, it is equiva¬ 
lent to a resistance 250,000/3*5 2 = 20,40012 across C, or about 
16,00012 in series with C, and then E ' == 1*35 E. If the extra 
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10,0000 is placed in series and the £MQ across the secondary, 
E' = E , very nearly. 

Transformers Between Low Impedances. The equivalent net¬ 
work of Fig. 117 or 118 is best. Using the network of Fig. 118 
and transferring the load Z 2 to the left hand side of the ideal 
transformer, the network of Fig. 121 appears. Usually k is so 



near unity that we may put it so except in the leakage induc¬ 
tance L P ( 1 - & 2 ), which we put equal to L v x, where x = 1 - k 2 . 
We can put Z 2 kn x 2 /n 2 2 = Z x and the network is as shown in 
Fig. 122. In most circuits Z x is chosen to be equal to Z Xi i.e. 
Z x = which is the condition that the optimum power 

be sent to the load. 



Fig. 122. Equivalent of Fig. 121 


In order to determine the losses due to the transformer we 
may take as the case of no loss the state when the transformer 
is ideal and of the given turns ratio. (Later we shall modify 
this definition.) In other words, we consider the no loss case as 
that when r v = r v ' = 0 = x, and L v = qo = S. 


Then E' = E , 


3/ 


Zi + Z x 

and = (*)*.' = J 


( 190 ) 
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At low frequencies we can ignore the leakage inductance and 
then the value of E f is such that 

Eo' + r v + T V + (%1 + r v) (%1 + r v ) /l I 1 \ 

w ~ z x + z/ 

Generally Z x and Z/ are resistances so that we may put 

(r v + ^v)K^i + %i) ~ a 
and (Z x + r„) (Z/ + ^/(Z, + Z/) - /?, 
both real constants. 

Then Eq/E' = 1 + a + p(l/]coL v + l/$) 
so that the loss is (in decibels) 



= 20 log (1 + a) + 20 log (1 + p/S) 

+ 10 log (1 +P 2 /co 2 L/) . . . (191) 

The first term represents the copper loss, the second the 
core loss, and the third the loss due to magnetizing current. 

At medium frequencies the shunt loss is small, as a>L v and S 
both increase rapidly with frequency. (S is the form kjf 
+ & 2 P)> so that the loss is only 

20 log (1 + a) db . . . (192) 

At high frequencies the leakage inductance is important and 
then 

Eo _ (Z x + Zj + + r v ' + j coL p ) 

E' ~ Z 1 + Z 1 ' 

, , , j oxcL v 

- 1 ^ “ + z x + z/ 

and the loss is 

f co 2 x 2 L 2 1 

20 log (1 + a) + 10 log 1^1 + db * • (192a) 

Self capacitances are neglible except at very high frequencies. 
The minimum loss is copper loss and is the total loss at medium 
frequencies. At low frequencies extra losses occur because of 
core losses and magnetizing current, whilst at high frequencies 
the extra loss is due to leakage inductance. If we are given 
the maximum extra loss at the lowest frequencies, we can 
calculate minimum values of S and L p , and with these figures 
and the known constants of the core material we can calculate 
the core dimensions and the primary turns. Given the maxi¬ 
mum extra loss at the highest frequencies, we can calculate the 
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maximum permissible value of x — 1 -Jc from equation (192a), 
and by the aid of experience a suitable type of construction is 
chosen. 

Assuming that core losses are negligible, we see that the 
extra loss at low frequencies is 10 log (1 + P 2 /a> 2 L v 2 ) db; 
at high frequencies the extra loss is 10 log [1 + co 2 x 2 L v 2 / 
{Z x + Z x ) 2 ] db. If co x /277 is the lowest and co 2 /2 tt the highest 
frequency for which the extra losses equal ldb, the following 
table* gives the values of cojco l9 and x for various core materials 
and methods of winding. 


TABLE IX 


Core Material 

Type of Winding 

Leakage Factor 

X 

co 2 /cai for Loss 
Variation of 1 db 

Silicon-steel . 

Plain 

•02 

50 

Silicon-steel . 

Interleaved 

•008 

125 

36% nickel steel 

Plain 

•01 

100 

36% nickel steel 

Interleaved 

•005 

200 

Permalloy C . 

Plain 

■00? 

330 

Permalloy C . 

Interleaved 

•0015 

660 


The interleaved type of winding is that described for the 
AF5 transformer, for which x = *008. 

The effects of superimposed d.c. and an air-gap have already 
been described for chokes, and apply equally well to trans¬ 
formers. Radio frequency transformers will be considered later 
as coupled circuits. 

Condensers. Condensers for use at radio frequencies are 
usually of the parallel-plate type. A number of plates are inter¬ 
leaved at some fixed spacing and alternate plates are con¬ 
nected to one of two electrodes. If there are n plates at 
distance d and the overlapping is of area A, the capacitance of 
the condenser is 

(n - 1) kA/lird cm. .... (193) 

where 1c is the constant of the dielectric. Owing to an edge 

* Given by W. X. Roseway (of the Standard Telephones and Cables) in an 
unpublished memorandum of November, 1929. The General Radio Company 
(U.S.A.) has designed an output transformer, working between two 10,000 Q 
plate impedances in push-pull and a 500 Q line, that has ldb. variation 
between 75 and 175,000 cycles, so that co 2 /co = 2500. The core is permalloy, 
45% nickel and 55% steel, the laminations are interleaved, there being 
12 primary and 12 secondary coils. See General Radio Experimenter , July, 
1935, on “Wide Range Transformers.” 
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effect the capacitance is slightly greater than this value, the 
difference being important when the overlap is small compared 
with the areas of the plates. 

In an air condenser k = 1. Even when the overlap is zero 
there is some capacitance, called the zero capacitance. Thus in a 
500/LijuF air condenser the zero capacitance is 20 to 40////F, 
depending upon the spacing and design. 

If a high grade condenser of large value is required, it is 
found convenient to use a dielectric such as mica. Mica is a 
mixture of silicates of aluminium, magnesium, potassium, etc.; 
it has a very small power factor, varying between *0001 and 
•0015, and has a dielectric constant between 4 and 8 according 
to composition. Mica splits readily into thin sheets and has a 
very high breakdown strength. The construction of a mica 
condenser is straightforward, but for best results elaborate 
precautions must be taken ( to remove the air and moisture 
between the foils, which form the plates, and the mica sheets. 
Usually the mica sheets and foils are arranged under melted 
paraffin wax and the whole is compressed under a very large 
pressure and then clamped, so that the capacitance remains 
constant. Mica condensers up to 1 /jF are compact and fairly 
cheap, but larger capacitances become bulky and expensive. 

Another dielectric that is used extensively is paper impreg¬ 
nated with paraffin wax. The paper may be half a mil thick, 
but then two layers would probably be put between foils, 
which would be about 0-4 mil thick. Halowax is found to be 
a good wax for impregnation and will give a waxed paper of 
k = 6 about. In making paper condensers of 2/lcF or 4^F the 
construction is simplified in the following way. A long strip is 
composed of dielectric (paper), a metal foil, another dielectric, 
and another foil. The paper overlaps the foils, so that ffashover 
does not take place over the edges of the strip. The strip is 
wound on a mandrel, probably circular, and the final turn is 
fastened. The strip is slipped off the mandrel, impregnated, 
and lightly pressed flat. It can be shown that the capacitance of 
a wound condenser is very nearly twice the capacitance of the 
parallel plate condenser formed by the unwound strip. This 
is due to the fact that both sides of the strip take part in the 
condenser action in the wound form, but only one side in the 
unwound form. A good paper condenser will have a power 
factor of about 0-002. 

The capacitance of a paper condenser falls as the frequency 
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increases or the temperature rises,* but if the condenser is well 
made the variation will not be serious. 

Owing to the method of winding the condenser will have an 
appreciable inductance, which will affect the behaviour at 
radio frequencies. Thus a wound paper condenser of lpF may 
have an inductance of 0*2^11, so that the reactance of the 
condenser at 200 metres is -f- IT5, whereas a capacitance of l^F 
should have a reactance of — OT.f This undesirable inductance 
is eliminated by making one foil overlap the paper strip along 
one edge and the other foil overlap the other edge. Then, when 
the strip is wound, the foils are crushed at the edges of the 
strip. This method results in the reduction of the inductance 
from 0-2pH. to about 0*02^H. 

Paper condensers can be made in reasonable sizes up to 4 or 
even 8 /jF, but larger values are bulky, and for some purposes a 
different phenomenon is used for the production of compact 
condensers of very large values. 

Electrolytic Condensers. The phenomenon of electrolysis is 
used to produce capacitances of very high values in a small 
space. J When an aluminium plate is the anode in a solution of 
ammonium borate, a thin film of high resistivity is formed on the 
anode. The thickness of the film varies from 0*001 to 0*00001 
mm., depending on the method of formation, and is propor¬ 
tional to the voltage on the anode, if this voltage is applied 
for some time. This film will not allow current to flow from 
the plate into the solution, but will readily allow current to 
flow from the solution to the plate, so that the film acts as a 
rectifier. Thus the resistance from anode to solution of a given 
film, formed at 350 volts, was greater than 40,000 ohms up to 
300 volts but was less than 10 ohms for 5 volts negative on the 
plate. In addition this film acts as the dielectric of a condenser, 
whose electrodes are the plate and the solution. With a film 
formed at 30 volts the capacitance was 0*18^F for each square 
cm. of anode; this is about 1000 times the capacitance of a 
paper condenser of one square centimetre. 

Owing to the rectifying effect of the film, care must be taken 
that the voltage on the film is not such as to be in the direction 

* Hague, A.C. Bridges (Pitman), Fig. 36, page 119, First Edition. 

f “Non-inductance Condensers,” by A. L. M. Sowerby, Wireless World , 
15th July, 1932, page 34. 

| “The Aluminium Electrolytic Condenser,” by H. O. Siegmund, B.S.T.J., 
January, 1929, page 41; also R. E. W. Maddison, Electrical Communication , 
October, 1929, page 109. 
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of small resistance, i.e. the voltage on the aluminium plate 
should never be negative. The electrolytic condenser is 
mostly used for smoothing d.c. supplies, and in this case it is 
easy to arrange that the voltage on the plate is always positive. 
If it is desired to use the 


electrolytic condenser with 
pure a.c., it is necessary to 
use two anodes, produced 
separately, in the condenser. 
Then, when one anode has a 
negative voltage, the associ¬ 
ated film has a small resis¬ 
tance, but the other film has 
a high resistance and acts as 
the dielectric. In this way 
the combination of the two 
anodes acts as a single capa¬ 
citance which does not allow 
d.c. to flow easily in either 
direction. 


Optic axis 


30°Crystal 



-y ax/s 


Electric axis 

Fig. 123. Quartz Crystal 


Small compact condensers of lOOO^F or more are easily 
obtained, but the capacitance varies somewhat with the applied 
voltage, frequency, and temperature. The power-factor is 
rather high, about 10 per cent at 50 cycles. 

Quartz Crystal. Fig. 123 shows a diagram of a quartz crystal 
with the optic, electric, and «/-axes shown as oz, ox, and oy. 

The crystal is hexagonal and terminates at a 
point P. There are 3 pairs of electric and y- 
axes. To obtain a crystal plate with piezo¬ 
electric properties special cuts must be made. 
The Curie cut is obtained by cutting out a plate 
which has its wide faces perpendicular to the 
electric axis, whilst the 30° crystal has its wide 
faces perpendicular to the y-axis. 

The constants of a particular crystal depend 
upon the crystal dimensions and the mode of 
Fig. 124 vibration. A parallel mode is one in which the 

Equivalent movements are parallel to the electric axis and 
Quartz Crystal a normal mode is one m which the movements 
are parallel to the y- axis. 

A crystal can be represented by the network of Fig. 124, 
where C ± is the geometrical capacitance of the crystal considered 


C, 
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as non piezo-electric, C A is the capacitance of the air-gap be¬ 
tween the electrodes and the crystal, and L , (7, and R are due to 
the piezo-electric property of the crystal. 

The constants L , R , and C for the Curie cut will be given. 
If the crystal is a rectangular block of sides e, Z, and b along 
the electric-, y -, and optic-axes, and if the field is along the 
electric axis and the vibration along the 2 /-axis, then 


L = 

pel X 9 X 10 11 
8 bEH 12 * 

henry, 

. (194) 

(7 = 

SblEd 12 2 

farad, . 

. (195) 

n 2 e X 9 x 10 11 

<?i = 

kbl 

farad, . 

. (196) 

iire X 9 X 10 11 


where k = dielectric constant = 4-55 for 

quartz 

d 12 = piezo-electric constant = 6*4' x 10~ 8 

for quartz 

p = density = 2*65 for 

quartz 

E — Young’s modulus = 7-85 x 10 11 

for quartz 


> (1»7) 


The values vary with the sample. 

The value of a)L/R at resonance depends greatly upon the 
mounting, etc., but values of 15,000, and even 50,000, have 
been obtained. It will be shown later how very peaky the 
resonance phenomena are with circuits of such very high Q. 

The circuit of Fig. 124 can be replaced by the equivalent 
circuit of Fig. 126, where 

• U = L{ 1 + CJC A )* 

R f = R( 1 + CJC A )* 


C' 


c 


[1 + (C, + oica [1 + cjca 


and Ci= j-qp 




GJCl 


(198) 


* See Chapter V, Equivalent Networks , page 126; also “The Design of Filters 
for Carrier Programme Circuits,” by F. Ralph, Electrical Communication , April, 
1933, Figs. 1 and 2, page 205; also “Electric Wave Filters Employing Quartz 
Crystals as Elements,” by W. P. Mason, B.S.T.J ., July, 1934, Fig. 2. 
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The equivalent circuits of Figs. 124 and 126 hold only near 
the resonant frequency of L and C or U and C\ If the crystal 
has several resonant frequencies, as it generally has, one may 



Fig. 125. Curie Cut of Fig. 126. Equivalent 

Quartz Crystal of Fig. 124 


put a parallel set of circuits L, R, C, so that there is a low 
impedance branch at each resonant frequency. 

If the air-gap length is comparable with the wavelength of 
the pressure wave in the air, we must put a tuned circuit 
L A , R±, C A in place of the simple capacitance C A . 



CHAPTER V 

TWO-TERMINAL IMPEDANCES 



Introduction. In Chapter III expressions were derived for the 
impedances towards alternating currents of a resistance, an 
inductance, and a capacitance, the expressions obtained were 
E, j coL and 1/j a>C, and we say they are the impedances of the 
simplest circuit elements. By means of the dynatron another 
circuit element is derived, viz. a negative resistance. Using a 
negative resistance, it is possible to construct an arrangement 
which is equivalent to a negative inductance or a negative 
capacitance. Thus if Z in Fig. 78 is a coil of inductance L , the 

arrangement with terminals PQ 
acts like a negative capacitance 
Ljr 2 , so that the impedance between 
P and Q is 1/j co(- L/r 2 ) = - r 2 j]coL. 
If Z is a capacitance C, the impe¬ 
dance between PQ is -j co(Cr 2 ), so 
that the arrangement behaves like a 
negative inductance of value - Cr 2 . 
By suitable arrangements it is possible to obtain circuit 
elements, whose impedances are ± (jco) w D, where n is an integer, 
positive, negative, or zero, and D is a positive constant.* If 
n = 0 the impedance is ± D, i.e. a positive or negative resis¬ 
tance. If n = 1, Z = ± j coD, corresponding to a positive or 
negative inductance, which has been shown in Fig. 78. Simi¬ 
larly n = ~ 1 gives a positive or negative capacitance, also 
shown in Fig. 78. Fig. 127 shows a general arrangement: the 
impedance between P and Q is 

Z 1 + ( Z 1 + Z z) + Z 2 - Z t ) == - Z 2 !Z,. 

If Z x = j coL, due to an inductance, and Z 2 = r, then Z VQ 
= - (j coL) 2 /r = (o 2 (L 2 /r), so that we have a resistance propor¬ 
tional to the square of the frequency. By choosing various 
values for Z ± and Z 2 , it is seen that - Z^jZ 2 can be equal to 
± (j co) n D, as stated. Interesting things can be done with 
these unusual circuit elements.f 

Combinations of the simple impedance elements yield very 


* L. C. Verman, I.R.E., April, 1931, page 676. 
t Van der Pol, I.R.E., February, 1930, page 221. 
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important and interesting properties which are the subject of 
this chapter. 

There are two main problems. Firstly, given an impedance- 
frequency characteristic, to find a combination of elements 
which has the characteristic; secondly, given a combination of 
elements, to find the impedance-frequency characteristic. The 
first problem is very difficult and has received systematic 
investigation only recently: the second problem has been 
investigated long ago and is fairly simple. 

Impedance with Given Frequency-characteristic. The general 
problem has been attempted only recently.* Fry (loc. cit.) 
applies the theory of a generalized Stieltjes fraction to obtain a 
ladder network with the given impedance characteristic. 



oud-bc 

cd 


Fig. 128. Form of z ~ 
when ad > oc 


a -f bjco 
c -j- djco 


b± 

bc-cccL 


o- 




o 



b_ 

d 


aJb 

be-cud 


Fig. 129 . Form of z — 
when ad < be 


a + fcjco 
c + d\(o 


In Chapter III it was shown that the input impedance of the 
ladder network of Fig. 42 is 

„ 11 11 

— %i H-j r , j 

^ 1 +^ 2 +* • * + Z n + Vn 

so that, if the equation of the characteristic can be put into a 
continued fraction of this kind where the z’s and y 's are of the 
form (a + 6jeo)/(c + a ladder network of the required 

impedance-characteristic can be found. For an impedance of 
the form of z is represented in Fig. 128 or 129 according as to 
whether ad is greater or less than be; and an admittance of 
the form of y is represented by Fig. 130 or 131. If negative 
resistance is allowed, the work can be made even more general. 

A particular type of the problem occurs when balancing 

* Cauer, “Die Verwirklichung ...” Archiv fur EleJctrotechnik, Vol. 17, 
pages 355-388; T. C. Fry, “The Use of Continued Fractions in the Design 
of Electrical Networks,” Bulletin of the Amer. Math. Soc ., Vol. 35, No. 4, 
July-August, 1929, page 463; O. Brune, Journal of Mathematics and Physics, 
Vol. X, No. 3, 1931. Gewertz, Network Synthesis (Biilliere, Tindall, & Cox). 
K. M. Foster, B.S.T.J., Oct., 1924, pages 651-685. 

ii—-(T.5782) 
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networks are required. A balancing network for a long sub¬ 
marine cable is a complicated affair* and allowances must be 
made for temperature variations. The design of simulating 
networks for smooth and coil-loaded lines has been fully 
treated by R. S. Hoyt.f The very simplest cases will be given. 

Suppose there is a smooth line with resistance R , inductance 
L, and capacitance C per unit length of loop. The characteristic 
impedance of the line is given by equation (147) as 

Z - + jcoL)/jcoC] 

when C is negligible. 

At high frequency Z -» \/{LjC) = R 1} say. This is called the 
basic resistance of the line and represents the characteristic 
impedance at high frequencies. In order to simulate the 

d/b 


Fig. 130. Form or y — Fig. 131. Form or y — - ^. <X > 

* c + djco c + djco 

when ad > be when ad < be 

impedance more closely at medium and low frequencies an 
impedance J , called the excess simulator , must be put in series 
with R v The first approximation for J is obtained in this way. 

J = Z - R x 

- + }eoL)lj(oC] - R x 

— ^ia/[1 L/ja>L] - R x 
= R x { 1 ~\~ TtRfjfoL) — R x 

1 

“ j(o(2L/RR 1 ) 

so that J is represented to a first approximation by a capaci¬ 
tance 2L/RR X == 2C(R X /R). The network of Fig. 132 shows this 
combination, which represents the impedance of the line at 
high and medium frequencies. Fig. 133 shows a network 




* Submarine Telegraphy , by Italo de Giuli, page 31. 
f April, 1923, page 1, and July, 1924, page 414. 
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which simulates the impedance closely down to low frequencies. 
The values of C 2) C z , R 3 are given by 

where D is a suitable constant between 0 and 1. The optimum 
value of D depends upon the minimum value of coL/R in the 

Cz 

R^JlJc C(2R,/R) 

o-Vw-1|-o 

Fig. 132. Simulating Network Fig. 133. Better Simulating 

for Continuous Line Network for Line 

required range of simulation. For minimum values of coL/R 
from 0*2 to 2-0, the optimum value of D varies from 0*6 to 0*5. 
(Vide Hoyt, first paper, Fig. 9.) 

The Frequency-characteristic of a Given Impedance. The 
problem of finding the frequency-characteristic of an impe¬ 
dance, which consists of known ele¬ 
ments, is fairly simple usually, but 
sometimes some ingenuity is required. 

The impedances of a pure resistance, 
inductance, and capacitance have al¬ 
ready been given as R } ]a>L , and 1/j coC, 
and are shown in Fig. 134. R , being 
real, is shown by a full line, j coL and 
1/jcoC, being pure imaginaries, are 
shown by dotted lines. 

Series Combination ( L , R } C). The 
combination is shown in Fig. 135. Z 
is given by 

Z = R -[- j coL -f- l/j&)(7 

= R + j (coL - 1 /(oC) ^ (199) 

so that R . P . [Z] = R 
and I . P . [Z] = X = coL - 1/coC. 

At at = 0, X is asymptotic to - 1 JcoC, the reactance due to 
the capacitance C (shown as the lower dotted curve); and at 


R CResistanceX 




:C fl ' 




CO n 




f ifjuoC {Capacity) 


Fig. 134. Impedance 
Characteristics of 
Resistance, Inductance 
and Capacitance 
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co = qo , -X is asymptotic to coL, the reactance due to the 
inductance L (shown as the upper dotted line). There is a 
frequency (o>J'2tt) at which X vanishes. 
co 0 is given by w 0 L - 1 /co 0 G — 0 wo that 


A °~ 


Z- 

£o- 


«o = l/V ( LC ) 


( 200 ) 


Fig. 135. Series 
Combination of 
L, R, G 


co 0 I2tt is said to be the resonant frequency 
of this circuit or impedance, but a more 
general description of the circuit is required 
before the phenomenon of resonance 


is 


understood thoroughly. The magnitude of the impedance of 
the circuit is 


\Z\ = ^[R 2 + (coL-l/coC) 2 ] 


. ( 201 ) 


and is shown as a thick line in Fig. 136. \Z\ has a minimum 
value R at co = co 0 , but the mini¬ 
mum is fairly flat unless R is 
small compared with co 0 L. 

Suppose an E.M.F. e is applied 
between the terminals A and B 
of Fig. 135, then the current i is 
given in magnitude by 


^ = 


^[R 2 + (coL- l/o(7) 2 ] 
the voltage across L is 


( 202 ) 



ecoL 


v 7 . = 


V[^ 2 + (coL - l/o<7) 2 ] 
that across L and R is 

R 2 + co 2 L 2 
R 2 + (coL - 1/coCj 


v >« = e J 


2 


and that across C is 
v, 


a>C's/\R 2 + (c oL-I/ojC )*] 


(203) 


(204) 


(205) 


If L , R , and C are constant, equation (202) shows that the 
current has the maximum value of ejR at co — co 0 . The current 
falls to l/\/2 of this maximum value at the frequencies 
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(ct>o it: co')I2i7t , where (co 0 -1: ct/) L — l/(co 0 zb &0 ^ = i -K. If 
a>' is very small compared with a> 0 , as is usually the case, 

R={w 0 + co') L - ({0# + ^j 0 

= (a, 0 + a>')L-o, 0 : L(^^) 
since l/co 0 (7 = a> 0 L, 

so that I? = (o> 0 + a/) L - a> 0 L( 1 - (d'/co 0 ) 

= 2co'L, 

giving co' = R/2L . 

The total band width, in which i > e/R\/2, is 
2co' = RJL = co 0 R/cOqL = ooq/Q. 

The frequency odJ2tt = 1/2tt'\/(LC), as given by equation 
(200), is not the natural frequency as defined for the oscillatory 
waves produced by shock excitation. If a pulse of E.M.F. is 
injected into a closed circuit (R , L, ( 7 ), the free waves satisfy 
the equation 

L(d 2 q/dt 2 ) + R(dq/dt) + q/C = 0, 
where i — dq/dt 

and q is the charge on the condenser plates. It was found in 
Chapter I, equations 51 and 52, that q has two parts propor¬ 
tional to E-W-L) 1 cos oqa; and 8“ (n/ 2 L)t g j n a) ^ x ^ w h ere 



so that the natural frequency is given by 
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As Q is generally greater than 50, m 1 differs from o> 0 by less 
than 1 part in 20,000, so that even at a million cycles the 
difference is less than 50 cycles. 

There are other problems of resonance. Suppose the E.M.F. 
has pulsatance a> 0 and magnitude e and the capacitance C is 
varied until the voltage across C is a maximum.* This voltage 
v c is given in equation (205). For a maximum we put 



giving 


° - m 2 L + R 2 /L 

1 c ° 

co 0 2 L( 1 + l/Q 2 ) 1 + I/O 2 


where C 0 = l/co 0 2 L. 


The capacitance for maximum v c is thus just a little less than 
the capacitance (C' 0 ) required for the previous resonance effect 
with frequency variation. On substituting this value of C 
in the formula for v c it is found that the maximum v c 

= eQV(l + 1 IQ 2 ) = eQ. 

If C is varied and the voltage across the coil ( L , R) is measured 
the maximum occurs when 


A 

dC 



= 0 


i.e. 

and then the maximum 

^LR ~ 


C = 1/co^L = C 0 , 



R 2 + co 0 *L*\ 
R 2 ) 


= eV(Q 2 + 1 ). 


Suppose the circuit is fixed but the frequency varies and the 
voltage across C is measured. The condition for maximum is 
found to be co 2 = (1/LC) (1 - CR 2 /2L), or a> = «() V ( 1 ~ 1 1%Q 2 )- 


* See “Resonance in Series and Parallel Circuits,” by H. J. Boyland, 
Experimental Wireless , November, 1927. 
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Parallel Combination of Inductance and Capacitance. Fig. 137 
shows the arrangement. The impedance is given by 


R + ]coL+ r~ 
R + jcuL 

= 1 - a JLC + ]coCR 


R 


so that R • P . [Z] — (1 _ 0) z LC y _j_ ( a) CRf 


I . P . [Z] = X = 


co[L( 1 - w 2 LC)- CR 2 ] 
(1 - co 2 LC) 2 + ( coCR) 2 


(207) 


and i Z I 


A 


R 2 + co 2 i 2 


(1 - o) 2 LC) 2 + {a>CRf 




. (208) 


As the frequency varies | Z j has a 
maximum at 




Fig. 137. Parallel 
Tuned Circuit 


which is indistinguishable from eo 0 . In the neighbourhood of 
co = co 0 , X changes rapidly from a large positive value to 
a large negative value and the R . P . \Z\ changes from a 
small value to a high value and back again to a small value. 

The maximum of the real part of Z occurs at co 
= co 0 V(l - 1 1%Q 2 ) and is L/CR(l - 1/4 Q 2 ), but for most pur¬ 
poses it is sufficient to say that the maximum is L/CR and 
occurs at co = co 0 , The graph is shown in Fig. 138. 

X vanishes at co = co 0 \/( 1 - 1/Q 2 ) *— co 0 (l - 1/2'Q 2 ). The 
graph of X, \Z\, and R . P . [Z] are shown together in Fig. 
138. 

The various properties of resonance are worked out by 
Boyland (Zoc. cit.). 
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The quantity LjCR is called the dynamic resistance of the 
circuit and is equal to QcoqL or Q 2 R. 

The expression X/co is called the effective inductance of the 
combination, so that 

[L(l - co 2 LC) - CR 2 ] 

Leff ~ (1 - co 2 LC) 2 + (coCR) 2 ' 

If CR 2 is negligible compared with L( 1 - co 2 LC), and co 2 C 2 R 2 
compared with (1 - co 2 LC) 2 , as will be the case when C is the 
self capacitance of the coil ( L , R ), L eff = L/(l - co 2 LC), which 
increases as the frequency increases. This ceases to be true as 



co approaches 1/^(LC), for then CR 2 becomes comparable with 
L(l-co 2 LC). 

It should be noted that the inductance to d.c. is L - CR 2 . 
If CR 2 > L, the combination is capacitive even to d.c. and is 
never inductive. 

If the condenser has losses which are small, the parallel 
combination behaves in very much the same manner. In fact 
the condenser losses can be included in the coil losses. Thus if 
the capacitance has a series resistance R', we may add this to the 
coil resistance to give a total resistance R -j- R' and a dynamic 
resistance L/C(R + R'). If the capacitance has a leakage resis¬ 
tance R l9 we say that the condenser impedance is 

_i_= 

j<w 0 (7 + 1/i?! ' ]co 0 C ' co 0 2 C 2 Ri 

so that the circuit resistance is R + 1/cd 0 2 C 2 R 1 and the dynamic 
resistance is 

L L 

C(R + l/o) 0 2 C 2 i? x ) ~ CR+ \!m 2 CR 1 
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There is a freak case when \/(L/C) = R = R'. Then it is 
found that Z = R at all frequencies. This is a useful result, 
for if we have a meter whose coil has an inductance L and 
resistance R, we can put a capacitance and resistance across the 
coil, as shown in Fig. 139, so that the total impedance is just 
R and the wave in the measuring circuit is not distorted. 



Fig. 139. More 
General Parallel 
Tuned Circuit 



Fig. 140. Response Curve of a 
Series Tuned Circuit 


Selectivity and Wave-trap. If an E.M.F. e is applied to the 
series combination (L, R, C) of Fig. 135, the current i is given 
by equation (202) and is shown in Fig. 140. It was shown that 
the maximum current is e/R and occurs at co = co 0 = l/\/(LC), 
whilst the current falls to l\/2 of this value at co 0 - co', where 
co' = (o 0 /2Q, so that the band-width in which i is greater than 
1 /\/2 times the maximum is co 0 /Q. The selectivity of this 
circuit is defined as the frequency of maximum current divided 
by the band-width for which the current is more than l/\/2 
of this maximum value. Therefore the selectivity is co 0 /(co 0 /Q) 
= Q (= <*>o L/R). 

The same conception can be applied to the parallel tuned 
circuit for which | Z | is given by equation (208). If co 2 L 2 > R 2 , 
as it generally is, and if co does not change very much in the 
neighbourhood of maximum impedance, it is sufficient to put 

lz , __ 

1 1 “ VK 1 ~ (o 2 LC)* + (coCR ) 2 ] 

and we can ignore the variation of coL near the resonance, 
j Z | is then a maximum at co ~ co 0 = l\/LC , when | Z \ 
= coL/coCR = LjCR. The frequencies for which | Z | has the 
values {LjCR) X (1 1 ^/ 2 ) are given by 
1 — oj 2 LC = i coCR, 
which gives co = co 0 (l ± 1 /2Q). 

The band-width is thus co 0 /Q and the selectivity is still Q. 
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When the impedance has the general value Z the selectivity 
has been defined as 



the value of the differential co-efficient being taken at co = co 0 . 
If we put \ Z \ = y^R 2 + ~ l/^) 2 ], ^ is found that this 

expression gives the result co 0 L/R , as required. 

It is possible to increase the selectivity of the series circuit 
by introducing a negative resistance (- r, say) into the circuit, 
when the selectivity increases from coqL/R to coqL!(R - r). 

Colebrook shows ( loc. cit.) how the use of negative resistance, 
obtained by a dynatron, increases the selectivity of a parallel 
tuned circuit from 33 to 1330. The simplicity of the arrange¬ 
ment is remarkable, for One has merely to put 60 and 120 volts 

on the anode and screen-grid of 
the valve (S.G. 15) in place of 
the usual valves of 120 and 60 
respectively. 

The definition of selectivity 
given above and expressed in 
equation (209) is not the best 
definition; for the best response 
curve possible is that shown in Fig. 141, where co 0 is the mid¬ 
band pulsatance and the band required has a width 2co', say. 
Then it is clear that the corresponding impedance must be 
constant and finite in the band and infinite everywhere outside. 
At co = co o d\Z\/dco and d 2 \Z\/dco 2 are both zero, so that the 
value as given by (209) is zero, unless \Z\ = 0, when the value 
is indeterminate. This kind of response curve is obtained by 
the use of band-pass filters, so that it is necessary to find a 
more satisfactory definition of selectivity. 

In radio reception it is often agreed to take as the selectivity 
the ratio of the maximum current to the current at the frequency 
10 he. from the optimum frequency .f The only disadvantage in 
this definition is the arbitrary character of the 10 kc., but this 
disadvantage is well outweighed by the practical advantages. 

In order to eliminate a very strong station recourse is had to 
a wave-trap , which is often merely a simple tuned circuit placed 

* Colebrook, W.E., February, 1933, “. . . Dynatron Circuit.” 
f The True Road to Radio , Ferranti, page 44. 



I-1-.-1- 

Fig. 141. Ideal Response Curve 
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in the aerial lead, as shown in Fig. 142. If Z a , Z and Z r are 
the impedances of the aerial, wave-trap, and receiver, respec¬ 
tively, the ratio of received signal to aerial 
signal is 

v/ e = Z r /(Z a + Z + Z r ) . . (210) 

If Z is made very high at the frequencies 
which are not required, it is seen that the re¬ 
ceived waves of these frequencies are greatly 
diminished. Ferranti, Ltd. make a wave-trap 
consisting of a coil of 27 turns of 27/42 Litz 
wire, inductance 53 /jH and resistance about 
1-5Q. At 356 metres the dynamic resistance 
L/CR = 52,600£i, about. At 20 kc. on either 
side of 356 metres, the impedance is 5,700D 
(reactive). If the aerial constants are 25^H, 

250 and -00025/jF, and the receiver input is a 
tuned coil of 157 pH, it is found on substituting in 
equation (210) that the signal wave of wavelength 
reduced to 1/108 of its value, whilst a wave 20 kc. 
is reduced to 1/12th. The wave of 356 metres is 



Fig. 142. 
Wave-trap 
in Aerial 

356 metres is 
on either side 
thus reduced 



9 times as much as the other waves, and with further discrimin¬ 
ation in the set the wave of 356 metres can be reduced to 
comparatively negligible strength. 

Impedance Presented by a Transformer. Fig. 144 shows a 
transformer with primary, secondary and mutual inductances 
L ly L 2 and M ; the primary and secondary loads are Z x and Z 2 . 
If an E.M.F. e is applied to the primary and the primary and 
secondary currents are i x and i 2} the equations are 
e = (Z x + j (oLj) i x + ]o)Mi 2 , 

0 = jc oMi x + (]ojL 2 + Z 2 ) i 2 , 
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so that the primary impedance Z is given by 
7 6 y , • r \ 0j2M2 

% = 7 " = + ]o>L x + 


i (i a) ^2 + Z 2 ) 

A simple representation of Z can be obtained by the follow¬ 
ing transformation of equation (211). 

M 2 co 2 M 2 


Z — Z x -(- jco 


Ll L t 


+ j< %' + j coL 2 + Z 2 
j coM 2 Z 2 


-Z l + \wL l ( 1 U) + L ^ (J)Li + zj 

where k = Ml^/(L X L 2 ) = coupling factor. 

The last expression is equal to 

(]coM*IL 2 ) (Z 2 M 2 /L 2 2 ) 

]a)M 2 /L 2 + Z 2 M 2 /L 2 2 

so that it is the impedance due to the parallel combination of 
]a)M 2 /L 2 and Z 2 (M 2 /L 2 2 ). The impedance Z is thus given by 

the configuration of Fig. 


z, L 7 a-k z ) 
O-VWV-‘TTtnp- 



145, viz. Z x in series with an 
inductance L x ( 1 - k 2 ), which 
is the leakage inductance 
referred to the primary, and 
the parallel combination 
just found. 

An equivalent represen¬ 
tation can be found by 
keeping L x intact but split¬ 
ting L 2 into M 2 /L x and L 2 - M 2 /L x = L 2 ( 1 - k 2 ), the latter of 
which is incorporated in the Z 2 . Proceeding in the way given 
above, it is found that the 
impedance Z is given by the 
configuration of Fig. 146. 

z ^ 


Fig. 145. Impedance of Primary of 
Transformer of Fig. 144 


__ Z, 

--VW- 



L i(k z ' J ) 


z 2 (l;/m z ) 


Fig. 146. Equivalent of Fig. 145 


The networks of Figs. 145 
and 146 are equivalent at 
all frequencies and are said 
to be equivalent networks. 

Some very important and useful cases of equivalent networks 
will be given later. 

Equivalent Networks. This subject is of great importance in 
design as well as theory, for it often happens that one form of 
the network is much easier and cheaper to construct than 
another. A list of some very useful equivalent networks is 
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given by Zobel.* Fig. 147 shows two networks which are 
equivalent provided 

b = a(l + a), c = (1 + a) 2 > and d — 1 + # - (212) 



(6 = a(l + a) 

Fig, 147. Networks are Equivalent when \c — (1 + a) 2 

( d = 1 + a 

The proof is straightforward, because, equating the impe¬ 
dances of the networks, we get 

7 , ^ 1^2 (bZ 1 + cZ 2 ) dZ x 

1 + Z, + Z 2 “ (b + d) Z, + cZ 2 
aZj 2 + (1 + a)Z x Z 2 _ bdZ 2 + cdZ x Z 2 
Z x -j- Z 2 (b + d) Z ± + cZ 2 

These expressions are equal for all values of Z x and Z 2 if 
c = b + d, so that the denominators are similar, and a — bd/c, 
1 a = cd/c — d , giving the relations of equation (212). 



The converse theorem is shown in the equivalent networks 
of Fig. 148, when 

b = a 2 /( 1 + a), c = a 2 /( 1 + a) 2 , and d = a/( 1 + a) . (213) 

* B.S.T.J., January, 1923, pages 45—46; see also K. S. Johnson, loc. eit ., 
pages 266—280. Figs. 147—150 are reproduced by kind permission of the editor 
of the journal. See also United. States Patent, No. 1,644,004, 4th October, 
1927; and “ Vierpole,” by Cauer, Elektrische Nachrichtentechnik, 1929. 
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An application of equations (212) has already been given in 
the theory of the quartz crystal. Comparing Figs. 147 and 124 
we have 

Z x = 1/j coC^ Z 2 = .R -f- j coL + I/](oC, and a = CJC A 
The equivalent network will have 

1 _ , 7 _ 1 + CJC A 

j«6'/ ~ d ^~ j coC, 

giving <V= T+-CJC a 

and bZ x + cZ 2 = a( | w + a) + (1 + a) 2 (it + j coL + 


where 


and 


-R' + jcoL' + 

i?' = (1 + o)« i? = (1 + 
i' = (l +CJC a ) 2 L, 

1 


C' = 


«(1 + aye, + (1 + afic 

C 

(1 + CJC A ) (1 + CJC A + C/C A ) 


The network of Fig. 126 is thus obtained. 

There are some useful theorems concerning equivalent 
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networks with four branches. The networks of Fig. 149 are 
equivalent when 

_ («- 6) 2 , (a ~ b 2 ) | 

(1 + a) (1 + 6) 2 ’ (l + a) 2 (l+6)- • (214) 

e = a/( 1 + a), and / = 6/(1 + 6) J 

There is, of course, a corresponding converse theorem giving 
the first form in terms of the second. 



Fig. 150 shows another two equivalent networks when 
(2 b-M + N)(M + N) j 2b-M + N 

C ~ 462V ’ d ~ 2 N 

(M + N- 26, (M-N) M + N-2b 
e ~ 4bN ’■> ~ 2 N 

where 

M = 1 + a + b and N = ^[(1 + a + 6) 2 - 4a6] J 

An interesting application of this theorem occurs in the 
phenomenon of dielectric absorption. Maxwell showed that 
absorption can be explained if we 
assume that the dielectric is com¬ 
posed of layers, such as shown in 
Fig. 151, for which C A R A is very 
nearly equal to C B R B .* Dunsheath 
points outf that an interpretation 
which has a simpler physical basis 
is the following. The dielectric has 
pockets in which electrolysis or Fic " 15L Layer Dielectric 
decomposition provide conducting paths. In passing from one 
electrode to the other there are three sorts of paths, those which 




* See High Voltage Cables, by P. Dunsheath (Pitman), page 19. 
f Ibid., pages 28 and 29. 
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pass only through perfect dielectric and can be represented by 
a pure capacitance C v those which pass along conducting fila¬ 
ments and pockets and can be represented by a resistance R lf 
and those which pass partly through conducting paths and 
partly through perfect dielectric and 
can be represented by a series com¬ 
bination of R 2 and C 2 . (See Fig. 152.) 
The theorem represented in Fig. 150 
shows that these two methods are 
mathematically identical. Putting Z x 
= l/jcoCu ^2 = Ri, a — CJC^ and 
b = RJR 1} the network of Fig. 152 
and the first network of Fig. 150 are 
identical. Equations (215) give c, d , 
e, and / in terms of a , and 6, and then 
C A = CJc, R a — dR x , 

C B = CJe, and R B = fR v 
The time constant of the first layer is 

C a R b = C^djc) = C ± R ± . 2b/(M + N) 

and for the second 



Fig. 152. Equivalent of 
Layer Dielectric 


C b R b = C& . 2b/(M - N). 

If a, or b, or both are large compared with unity, M = a + 6, 
and N '= a - b, so that C A R A = C\RJ>la = C 2 R 2 and C B R B 
= C\R V 



Fig. 153. Constant-resistance Recurrent Networks 


There is a special type of equivalence in which a complicated 
network is equivalent to a constant resistance R at all fre¬ 
quencies. Fig. 139 shows one such case. Fig. 153 shows other 
cases,* in which the networks are called constant-resistance 
recurrent networks. In these networks the impedances Z x and 
Z 2 are to be such that Z X Z 2 — l R 2 , and are said to be inverse 

* Zobel, B.S.T.J., July, 1928, pages 448-452. For an important generaliza¬ 
tion, see “Constant Resistance Networks with Applications to Filter Groups,” 
by E. L. Norton, B.S.T.J ., April, 1937; also Appendix VI. 
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impedances of product R 2 . Thus in the first case in Fig. 153 
the impedance is ^ ^ ^ ^ 

Z x R Z 2 -(- R 
R(2Z 1 Z 2 -f- Z x R + Z 2 R ) 

= Z~Z 2 + Z X R + Z 2 R + i^ 2 
= 12, when I2 2 = 

Inverse Networks. These have already been defined as net¬ 
works, the product of whose impedances is a constant. Thus 
a coil of inductance L and a capacitance C are inverse networks 
of product (j coL) (1/j coC) = L/C. If the constant product is 
K 2 , an inductance L and a capacitance LjK 2 , a capacitance C 
and an inductance CK 2 , and resistances R and K 2 /R, are 


l 7 /k z 



Ftg. 154. Inverse Networks 


respectively pairs of inverse networks. With these simple 
elements more complicated inverse networks can be built by 
the help of the following theorem. 

If Z x and Z 2 are inverse networks (product K 2 , say) and Zf 
and Zf are also inverse , then the series combination of Z x and Zf 
and the parallel combination of Z 2 and Zf are also inverse networks. 

For the series combination has the impedance Z x + Zf and 
the parallel combination has the impedance Z 2 Zfj(Z 2 + Z 2 '), 
so that the product is 

(Z x + Z/) Z 2 Z 2 ’ z&zi + Z^Z^ 

Z 2 -(- Z 2 Z 2 Z 2 

K 2 (Z’ + Z 2 ) „ 

= - z, + Z.-- = K 

since Z X Z 2 = K 2 = ZfZf. 

Hence, by a combination of series and parallel combinations, 
we can build up inverse networks of any desired complexity. 
In Fig. 154 are shown a network and its inverse. To every 

12—{T.5782) 
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element in the first there corresponds a simple inverse element 
in the second, whilst series correspond to parallel and parallel 
to series combinations. 

A General Reactance Theorem.* Any two-terminal impedance , 
containing only pure reactances , has an impedance 


_ (co x 2 - co 2 ) (a>3 2 - co 2 ) . . . (ftAjrc-t ~ ft) 2 ) 
jw(co 2 2 - O) 2 ) . . . (co 2 2 „_ 2 - co 2 ) 


where H is a positive constant , and 


( 216 ) 


0 ^ COj ^ CO 2 . . . ^ CO 2 w -i ^ go . . . (217) 


The proof of this theorem is given by Foster (loc. cit .). There 
are four main forms of the expression of Z given in equation 
(216), corresponding to impedances which are inductive at low 
and high frequencies, capacitive at low and high frequencies, 
inductive at low frequencies and capacitive at high frequencies, 
and capacitive at low frequencies and inductive at high 
frequencies. For these cases Z = 0, oo , 0, go at zero frequency 
and go 5 0, 0, oc at infinite frequency, respectively. The four 
cases are included in the expression for Z by suitable choices 
of co a and co 2n - v 

For the first case co x = 0 and co 2n - 1 is finite, so that 


_ H]co(co 2 - co 2 ) . . . (co\ n ^-co 2 ) 
~ (co 2 2 -co 2 ) . . . (co 2 2n _ 2 - co 2 ) 


which tends to 



co s 2 co 5 2 

CO 2 2 C0 4 2 


W 2 2m - 2 / 


as co —> 0, and tends to Hjco as co 


that of an inductance H 


co 3 


oo . The impedance is then 
- ^ at low frequencies 


<^ 2 2n- 


* . • *>>- 

and an inductance H at high frequencies. 

For the second case co ± ^ 0 and co 2n -i is infinite, so that we 
can put H(co\ n ^ - co 2 ) = a constant = l/C, say, and then 

(co^-co 2 ) . . . (co 2 2n , 3 -co 2 ) 
jcoC(co 2 2 ~ co 2 ) . . . (co 2 2n „ 2 - CO 2 )' 


* Stated without proof by G. A. Campbell, B.S.T.J ., November, 1922, pages 
23, 26, and 30. A proof is given by R. M. Foster, B.S.T.J ., April, 1924, 
page 259. The author has found a simple proof which is based on the 
Reciprocal and Compensation Theorems; see Appendix X. 
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It is seen that this behaves like a capacitance of value 
g / o> 2 2 . . . ft) 2 2w - 2 \ 

\ft>l 2 • • • «> 2 2«-3/ 

at low frequencies and C at high frequencies. 

In the third case o> 1 = 0 and <u 2 „-i is infinite. Putting 
H(co 2 2n _ x - co 2 ) = a constant = 1/(7, the expression becomes 


Z = 


jeo(co 3 2 - w 2 ) 


(ft ) 2 2B _ 3 - ft) 2 ) 


(«) 2 2 - co 2 ) 


(a>\n-2 ~ CO 2 ) C 


which corresponds to an inductance 


w. 


ay 


2n —3 


,-,G 


at low 


O )2 . . • 2n-2' 

frequencies and a capacitance C at high frequencies. 

In the last case co 1 ^ 0 and co 2n -! is finite, when the impedance 

H at low frequencies and an 


co 9, 


C0 2 2n-2 


W 2 2n-1 


is a capacitance 

inductance H at high frequencies. 

The general expression for Z given in equation (216) is zero 
at co = co l5 . . . co 2n _ l5 which are the resonant pulsatances, 
whilst it is infinite at co = 0, co 2 , • • • co 2n _ 2 , 00 > which are 
the anti-resonant pulsatances.* These statements are true only 
when co 1 ^ 0 and co 2n _ 1 is finite; for if co 1 = 0 the anti-resonance 
at co = 0 is converted into the resonance at co = co x = 0; 
similarly if co 2n _! = co , the resonance at co = oo is converted 
into the anti-resonance at co = (o 2n ~ 1 = °° • 

It can be shownf that the general impedance of value given 
in equation (216) can be realized by a series combination of 
parallel tuned circuits, with frequencies of anti-resonance 
(joJZtt, co 4 / 27 t, . . . co 2w _ 2 /277, or a parallel combination of tuned 
circuits, with resonant frequencies coj/ 277 , co 3 / 27 t, . . . oo 2n -J2n. 

For Z can be expressed in the form of partial fractions 
(considering - co 2 as the variable) so that * 

• • • <»■— 


z 


=m 


+ 


CO 2 ) (ft) 2 2 

j CO A 2 


CO 2 ) 


+ 


+ 


(co 2 2 n -2 

] coA 2n ~2 


1_1 

-ft) 2 ) J 


C0 2 2n - 2 - CO 2 


where the ^4’s are constants involving H, co 1? co 2 , 


(Do 


* In the language of the Theory of Functions co v co 3 , . . . are called the 
zeros of Z, and co 2 , eo 4 , .... the poles of Z. 

t Appendix V, page 364; see also Foster, loc. cit ., page 264. 
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The impedance jcoAJ(co 2 2 - co 2 ) is that of a parallel combination 
of a capacitance 1/A 2 and inductance AJco 2 2 . If = 0, the work 
is slightly altered. Then A Q .~ 0 and there is no series capaci¬ 
tance 1/A 0 . Similarly according as to whether co 2n - 1 is finite or 
infinite, there is or is not a series inductance. 

In the same way 

J- _ jy> (co 2 2 -co 2 ) . . . (co 2 2n - 2 -co 2 ) 

Z ~ H (w 2 - CO 2 ) . . . ((A 2 2n-i ~ CO 2 ) 


jcoBi j coB 3 

co x 2 - CO 2 co 3 2 — CO 2 



where the B’s are constants involving H, co u co 2 , . . . co 2n _ 1 . 
The admittance jcoBJ(co x 2 - co 2 ) is the series combination of an 
inductance 1 /B 1 and a capacitance BJco^, and so on for the 
others. Since admittances in parallel are added, all these tuned 
circuits (resonant frequencies coj/277, co 3 /27t, etc.) are in parallel. 
Here again it depends upon the values of co x and co 2 n-i whether 
there should be an inductance or a capacitance arm, or both. 

The two methods outlined above give two very general 
equivalent networks. 

There are two very important corollaries of the general 
reactance theorem. 


Corollary I 

If two impedances have the same resonant and anti-resonant 
frequencies , one must be a constant times the other at all frequencies. 

For if the resonant frequencies are coJZtt, coJZtt, . . . co 2n ~J2u 
and the anti-resonant frequencies are co 2 /2tt , . . . co 2n ^ 2 /27T ) 
the impedances must be given by the expression in equation 
(216). 

A sub-corollary is that the resonant and anti-resonant 
frequencies must be interlaced so that equation (217) holds. 


Corollary II 

The reactance of an impedance containing only pure reactances 
(i.e. self inductances, capacitances and mutual inductances) always 
increases with frequency. 

This follows from the fact that the impedance can be replaced 
by a series of parallel tuned circuits, with perhaps a series in¬ 
ductance and capacitance. The reactance of the inductance is coL 
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and increases with frequency; the reactance of the capacitance 

is - 1/coC and this also increases with frequency, for ^(- 1/coC) 

= + l/co 2 C, which is positive. Let any tuned circuit have 
inductance L and capacitance C ; then its reactance is 

a)L/(l - co 2 LC), 

and differentiating with respect to co we obtain 
L/{ 1 - co 2 LC) + 2co 2 L 2 C/(l - co 2 LC) 2 
= L( 1 + g>*L( 7)/(1 - co 2 LC0 2 , 

which is positive. 

As each branch has an increasing reactance, the total must 
also increase with frequency. This corollary gives a clear 
picture of the variation of the impedance. At zero frequency 
the reactance is - oo or 0. If it is - go , it increases to 0 at co 1} 
and then to + °o at co 2 . Then it starts from - go at co 2 , increases 
to 0 at co 3 and to + oo at co 4 , and so on. There are no points 
of stationary values of reactance. 

This corollary does not hold if resistances are present; for 
when there is resistance in a parallel tuned-circuit the reactance 
starts from zero at co = 0, reaches a finite maximum, drops 
back to zero, reaches a finite minimum, and comes back asymp¬ 
totically to zero. The presence of resistance converts the 
discontinuous change from +00 to - 00 into a continuous 
variation from a finite maximum to a finite minimum, with the 
result that the reactance can diminish. 

General Theorems on Impedance. Any two-terminal impe¬ 
dance, whose reactance component is zero at all frequencies, must 
be a resistance whose value is constant at all frequencies. 

The proof is rather difficult and is given by Zobel.* 

The converse is clearly not true; for the series combination 
of a resistance and any reactance has a constant resistance 
component but has not necessarily zero reactance. The follow¬ 
ing theorem is, however, true.*)" 

(i Any finite network of linear elements having a constant 
conductance at all frequencies, and no purely reactive shuvt across 
its terminals, has zero susceptance .” 

* B.S.T.J. , July, 1928, Vol. 7, No. 3. page 505. 
f B.S.T.J., April, 1937, page 179, by E. L. Norton. 



CHAPTER VI 

FOUR-TERMINAL NETWORKS 

Introduction. In all systems of electrical communication an 
E.M.F. is applied between two points of a system and a voltage 
is received between two other (and, maybe, distant) points of 
the system. Thus the E.M.F. may be applied between the 
points P and Q and the voltage received between R and S, as 
shown in Fig. 155. The rectangle contains the system which 
may be a pair of telephone wires, the ether, one wire with an 
earth return, or a combination of these and other vehicles of 



Fig. 155. General Quadripole, Linear Parameters (a, 6, c, d ) 


electro-magnetic waves. The received voltage depends upon 
the E.M.F. applied, e, the transmitting and receiving impedances 
Z x and Z 2 , and the system. If Z 2 is altered it is necessary to 
calculate again the received voltage. It is unnecessary, how¬ 
ever, to start all over again, for by Thevenin’s theorem the 
whole of the arrangement to the left of RS can be replaced by 
an impedance Z x in series with an E.M.F. E, so that for any Z 2 
the received voltage is EZ 2 /(Z 1 + Z 2 ) = E/( 1 + ZJZ 2 ), where 
E and Z 1 are independent of Z 2 . Much labour is saved by this 
method. Suppose, however, there are several electrical systems 
in tandem as shown in Fig. 156. It would obviously be a great 
help if the effect of each system could be calculated and the 
laws of combination of systems applied: for then a modifica¬ 
tion in one system would not necessitate a new treatment ab 
initio. 

The purpose of this chapter is to investigate the properties 
of four-terminal networks and the laws of their combination. 

Linear Parameters of the Four-terminal Network. The 

arrangement is shown in Fig. 155. As already stated, an 

168 
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E.M.F. is placed between P and Q and a voltage is received 
between R and S. The actual voltages of R and S are unim¬ 
portant ; it is only the difference that matters usually, so that 
we can take the voltage of S as that of Q and the network then 
has three terminals. It is this case which is called the “four ”- 
terminal network, although there are only three independent 
terminals. A system which is obviously of this kind is a wire 
with an earth return, when Q and S are at earth potential. A 
very usual system, less obviously of this kind, is the balanced 
system, such as a two-wire telephone channel in which the 
potentials of the wires are equal and opposite. We can imagine 
an earthed neutral running mid-way between the wires and the 
similarity with the case of the system with earth return becomes 
apparent. 

The general theory of the actual four-terminal network has 
not been worked out.* The case of the transformer, whose 



Fig. 156. Two Systems in Tandem 


windings are unconnected, is shown in Fig. 112; but usually 
the three-terminal case is indicated and is represented by the 
T-network of Fig. 113. 

It is only the simplified case that will receive treatment in 
this book. 

Suppose that the potential of P above Q is v 1 and of R above 
S is v 2 , and the input and output currents are i x and i 2 . We 
consider only cases in which the elements are linear, i.e. in 
which currents are proportional to voltages, and we take 
currents and voltages at some specified frequency. Then 
clearly 


and 


h = ai 2 + bv 2 ) 
v x = ci 2 + dv 2 ; 


(218) 


where a, 6, c, and d are constants depending only on the 
system (shown in Fig. 155). These constants are called para¬ 
meters of the system and are used mainly in the theory of the 


* The subject has received some treatment by H. Konig, Helvetica Physica 
Acta , III, September, 1930. 
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transmission of power,* but they are very useful in light- 
current work also. As there are several other sets of para¬ 
meters associated with a four-terminal network, we shall call 
a, b, e, and d the linear parameters, since they follow immediately 



Fig. 157. Linear Parameters or 
a Thermionic Vacuum Tube 
a m, 0, b = 0, c = Rf t u, d = \f/i 


across P and Q and let a curren 
are closed by an impedance Z 2 


from the linearity of the 
network. 

If the system contains no 
sources of E.M.F. but only 
passive elements, there is an 
important relation between 
the linear parameters, which 
will be derived. 

Let an E.M.F. e be applied 
in series with an impedance Z x 
i flow between R and S, which 
Then by equations (218) 


i x ~ ai + bv 2 — (a + bZ 2 ) i, 
since v 2 = Z 2 i, 

and v x = e — Z x i x = ci + dv 2 = (c + dZ 2 )i. 


Eliminating i x we get 

e = (c + dZ 2 + aZ x + bZ x Z 2 ) i . . . (219) 


Suppose now that the E.M.F. e is inserted in series with Z 2 
between R and S. Then the current through Z x is i, by the 
Reciprocal Theorem. Equations (218) give 

i = ai 2 -f- bv 2 = ai 2 + b(i 2 Z 2 - e) 

= h(cl + bZ 2 ) - be, 
and v x = - iZ x = ci 2 + dv 2 
= i 2 (c -f- dZ 2 ) - de. 

Eliminating i 2 it is found that 

e{ad - be) = i(c + dZ 2 + aZ x -f bZ x Z 2 ) . . (220) 

Comparing equations (219) and (220) it is seen that 

ad-be — \ . . . . (221) 


* Dannatt and Dalgleish, loc. cit.. Chapters V, VI, and VII. See also 
Electric Circuits , Theory , and Applications , by O. G. C. Dahl (MeGraw Hill 
Book Co.), Chapter IX; Evans and Sels, Electric Journal , page 306, July, 
1921, and page 356, August, 1921. 
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Thus any passive four-terminal network has only three 
independent parameters. A transmission system usually con¬ 
tains vacuum tubes and the relation (221) is then not satisfied. 
A simple physical explanation of the linear parameters is easily 
obtained. If R and S are short-circuited, v 2 = 0 and a = iji 2 . 
Thus a is the current attenuation factor when the output is 
shorted. If R and S are open, i 2 = 0 and d = vjv 2 . Thus d 
is the voltage attenuation factor when the output is on open 
circuit. Also b = ijv 2 when R and S are open, and c = vji 2 
when R and S are shorted. 

These simple ideas give us a physical idea of the linear 
parameters and show how they can be measured or calculated. 

As an example let us find the linear parameters of the four- 
terminal network formed by a vacuum tube amplifier, in which 
there is no grid-current, the amplification factor is fi, and the 
anode-filament impedance is R. When R and S are shorted, 
iji 2 = 0 — a and vji 2 = vJ(juvJR) = Rjp = c. When R and 
S are open, ijv 2 = 0 = b and vjv 2 = l/ju = d. Then ad - be 
= 0, not 1. 

When the system is inaccessible, simple current and voltage 
measurement determine a, b, c, and d. It is important that the 
phases be considered. 

If the system is reversed back to front, the linear parameters 
are altered. Solving equations (218) for i 2 and v 2 in terms of 
i x and v 1 and changing the signs of % and i 2 (since the directions 
are reversed), it is seen that the new parameters are djM, b/M, 
c/M , and a/M, where M = ad -be. If the network is passive, 
M = 1 and the parameters of the reversed system are d, b , 
e, and a . 

Image Parameters and Open- and Short-circuit Impedances. 

There is a set of parameters that is of special use and con¬ 
venience in network theory. These parameters are the image 
parameters * which are defined as follows. 

The image impedances are Z IX and Z I2 and are such that, if 
R and S are closed by the impedance Z I2 the impedance 
between P and Q is Z n : and if P and Q are closed by Z n the 
impedance between R and S (looking towards the network) is 
Z l2 . Fig. 158 represents this condition when the impedances 
looking both ways at PQ are Z a and at RS are Z I2 , When the 
impedances both ways are equal we say that the impedances 


* K. S. Johnson, loc. cit., page 74 and Chapter XT ; also T. E. Shea, loc . cit. 
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at the terminals are matched. The importance of this will be 
shown later. 

There are, in addition, the image transfer constants , T X2 and 
T 2X) which are defined in the following way. Suppose PQ is 
closed by Z 1X and RS by Z I2 . Then if an E.M.F. is applied in 
series with Z lX and the input and output currents are i x and i 2 , 

T x2 = logh iji 2 .... (222) 


If the E.M.F. is applied in series with Z l2i 

T 21 = logh iji x .... (223) 


The four parameters Z 1X) Z I2 , T 12 , and T 21 are sufficient to 
describe the network, and they can be found in terms of a, 6, 
c and d. 


°Ii' 


p 


R 




Q 


s 


t Z I2 


Fig. 158. Image Parameters 


Thus, if R and S are closed by Z l2i v 2 = i 2 Zj 2 , and then the 
impedance between P and Q must be Z ni so that v x = hZ n . 
Substituting in equations (218) we get 

ix = ai 2 + bv 2 == (a + bZ l2 ) i 2 

and i\ = i x Z n — (c -f- dZ l2 ) i 2 , 

so that Z a = vji x = (c + dZ lX )l(a + bZ l2 ) . . (224) 

If P and Q are closed by Z n , v x = - i x Z lX , and then the 
impedance looking left at RS is Z 12 , so that v 2 = ~ i 2 ^/ 2 - These 
conditions result in the equation 

- Z JX = (c - dZ 12 )/(a - bZ J2 ) .... (225) 

Solving equations (224) and (225) for Z lX and Z I2 we find 
Z 1X = y/(cdjab ) 

and Z I2 — A/(ac/bd) .... (226) 




173 


Chap. VI] FOUR-TERMINAL NETWORKS 

If R and S are closed by Z I2 , T 12 = logh iji 2 . These con¬ 
ditions give 

b = ai 2 + bv 2 — (a + bZ l2 ) i 2 , 

and T 12 = logh iji 2 = logh (a + bZ, 2 ) 

= logh V(a/d) W{ad) + ^/(bc)] . . (227) 

Similarly 

T n = logh [l/(o - bZ 2 )] 

~ logh i/( a /d) [y/(ad) - (6c)] ' ' * 228 * 

These image parameters apply to any four-terminal network. 
If the network is passive, ad - be — 1 , and we get 

T 21 = logh y/(d/a) [y/(ad) + V(^ c )] • • ( 22 9) 

since 1 l[y/{ad) - y/(bc)] = [y '{ad) + y/(bc)\/(ad - be) 

It is seen then that the image parameters satisfy the relation 
Z 71 £ y i 2 = Z l2 S^ 21 , since each of these expressions is equal 
to VWWiad) + V(b c )]- Only three of these four parameters 
are required to describe the system, but instead of using T 12 
or T 21 it is better to take the more symmetrical mean. Thus 
for a passive network the image transfer constant is chosen as 

0 = «r 12 + T 21 ) - logh VM + V( be)]* . (230) 

When a network is given or can be measured, the linear 
parameters can be found as described above; then equations 
(226), (227), and (228) or (229) give the image parameters in 
terms of the linear parameters. This method is not convenient, 
mainly because current and voltage are not easy to measure 
accurately, especially as regards phase. Another method is 
therefore employed in which only impedances are measured. 

We will consider only the passive network, but the work 
can be extended easily to the general case. Let Z 0l and Z sl be 
the impedances presented by PQ when R and S are open and 
shorted, respectively. It follows from equations (218) that 

Z 01 = vji 1} when i 2 — 0, 

= dvjbv 2 
= d/b . 

Similarly Z S1 = c/a. 

* For interesting applications of (226) and (230) see “Non-uniform Trans¬ 
mission Line,” I.R.E., June, 1932, pages 1059-1062; and “Tapered Loaded 
Submarine Cable,” Philosophical Magazine , January, 1934, by A. T. Starr. 
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In the same way let Z 02 and Z s2 be the impedances presented 
by RS, when P and Q are open and closed, respectively. Then 


and 


Z 0 2 - ) 

Z s 2 == cfd.y 


(232) 


It follows that Z 0l IZ 02 = Z sl IZ s2i 
which holds for an active network as well as a passive. Thus 
only three of these impedances are independent, and the net¬ 
work, unless it is passive, requires another parameter. 

From equations (231) and (226) it is seen that 

y/ (ZoiZsi) — y/ ( cdjab ) = Z n , 
and similarly y/(Z 02 Z s2 ) — y/(ac/bd) — Z 12 . 

Equation (230) gives = y/(ad ) + V(^ c )- 
Tn a passive network = l/[\/(ad) + y/{bc)\ 

= VM) - y/(bc) 

so that tanh 0 = (E d - E- e )/(£ 6 + £“ e ) 

= 2^/(bc)j2y/{ad) 

= V(ZJZ 0 1 ) = V(z s 2 iz 02 ). 


For a passive network the image parameters are thus given 
in terms of the open- and short-circuit impedances by the 
equations 

Zn = y/ (Z 01 Z sl ), Z I2 = y/(Z 02 Z s2 ), 
and 6 = tanh^ 1 y/(Z sl /Z 0l ) = tanh -1 ^(Z s2 /Z 02 ) 




Fig. 159. Iterative Parameters 


Iterative Parameters.* This set of parameters is particularly 
useful in the theory and design of equalizers.*)* The iterative 
impedances Z £l and Z K2 of the network PQRS of Fig. 159 are 
such that, when R and S are terminated by Z K1 , the impedance 
between P and Q looking right is Z KX \ and, when P and Q 
are terminated by Z k2 the impedance between R and S, looking 
left, is Z K2 . When R and S are terminated by Z Kl and an 


* Zobel, B.S.T.J ., October, 1924; also K. S. Johnson, loc. cit., page 128. 
f Zobel, B.S.T.J., July, 1928. 
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E.M.F. is applied between P and Q, the iterative propagation 
constant P x is the hyperbolic logarithm of the ratio of input to 
output currents. 

The iterative parameters can be found in terms of the linear 
parameters in exactly the same way that the image parameters 
were found. 

We find that 

v d - a + y/[(d - a) 2 + 46c] 

~ 26 

^ a - d + vT ('d - a) 2 + 46c] 

~ 26 

and P x = logh \ [d + a + VL(d - a) 2 + 46c \ 

In terms of open- and short-circuit impedances these become 

%ki — i | Z* - Z o2 -f- \/[(Z 0I - Z o2 ) 2 -f- 4 Z 02 Z S1 ] ( 

^k 2 — i 1 z 02 ~ z 0I -f- vT(Zoi ~ Z 02 ) 2 + ^Z 02 Z S i] ^ 

and 

coshPi = (d + a) — (d -f a)/^/(ad - be) 

Z 0l + Z 02 _ 

V / [(Zo2Z.si - Z 02 Z s2 ) ZJZ sX ] 

If two networks of iterative parameters {Z Kl , Z k2 , P x ) and 
{Z El , Z K 2 , P 2 ) are connected in tandem (as shown in Fig. 160), 



Fig. 160. Iterative Parameters of Networks in Tandem 




the resulting network has iterative parameters ( Z KX , Z k2 , 
P x + P 2 ). This follows from the definition, as in the case of 
the image parameters.* For, when T and U are terminated 
by Z Kl the impedance between R and S looking right is 
and thus the impedance looking right at PQ is Z Kl . Similarly 
when PQ is terminated by Z k2 the impedance at TU looking 
left is Z k2 . Hence the iterative impedances are Z K1 and Z k2 . The 
formula for the iterative propagation constant follows at once. 

When the network is symmetrical, it is seen that the image 
and iterative parameters are the same. 

* See page 182, under “Tandem Combination.” 
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Terminations and Loss Factors. If the E.M.F. e is applied in 
series with the impedance Z T and the receiving impedance is 

v 1 = e — i x Z T 

and v 2 = hZ r . 

In addition, equations (218) hold so that 
H = ( a + bZ R ) i 2 
and v ± = (c + dZ R ) i 2 . 


The input impedance is 

= v ilh = ( c + dZ R )/(a + bZ R ) . . (236) 

To obtain Z ± in terms of the image parameters, we notice 

that equation (230) gives 

£ 9 = VM) + V(bc), 

and thus £'® = \/(ad) - yj(be), 

so that sinh 6 = \J(be) 

and cosh Q = ^(ad). 

Equations (226) give Z n Z 12 = c/b 

and Z n /Z /2 — dja. 


Prom the last four equations it follows that 

a = d/(Z /2 /Z n ) cosh 0' 

6 = sinh 0/'\/(Z J1 Z 12 ) 
c = sinh 0 \Z(Z a Z l2 ) 
and d = ^/(ZjJZ l2 ) cosh 0 


(237) 


Substituting for a, 6, c, and d in equation (236) we find 


Z /2 sinh 6 -V Z R cosh 0 
1 ~ /X Z /2 cosh 0 + sinh 0 


( 238 ) 


6 — ^2 ijZj, 

= dZ R aZ T -)- bZ T Z R ]. 


Also 
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The right hand expression equals 
[ll\^{Z n Z n )] + ZjiZr) c °sh 0 

+ (Zii%i 2 + Z'tZ'r) sinh 6] 

= [1/2 ViZnZ*)] \&(Z n Z T + Z n Z B + Z n Z l2 + Z T Z R ) 

+ 8 ^ > (Zj I , i Zj T -|- Z a Z R - Z a Z n — Z T Z K )] 


= [8«/2 V(Z n Z rt )l [(Zn + Z R ) (Z I2 + Z B ) 

-8 r*(Z a -Z r ) (Z 12 -Z R )l 

Therefore 

c-0 w 2y' , (Z /1 Z /2 ) 

u = 6 X 8 y X 


(2 n + Z r ) (Z rt + ZJ-8-^-Z,) (Z /2 -ZJ 
e w w v a/(^/2^) 

^ + 2, V(^A) ^ 


x 8~ e x 


1 


1 _ x Zn X 8" 2(9 


. (239) 


^/2 + ^ 


This formula is most important in the theory of networks. 
The first term is e/(Z T + Z*), which is the current that would 
flow through Z R if the E.M.F. e in series with Z T acted directly 
across Z R without the intervention of the network. The 
remaining five factors constitute the insertion loss factor , which 
is the ratio of the current received to that which would be 
received if the network were not present. The first three of 
these factors are of the same form. Of these the last two are 
said to be the reflection factors between Z lX and Z T and between 
Z I2 and Z R . If the network is correctly matched, i.e. the 
input impedance is Z n and the output impedance is Z /2 , these 
factors become unity. The first of the three factors is the 
reciprocal of the reflection factor between Z T and Z R . The 
fifth factor is S~^, which is the transfer (or propagation) factor 
and gives the attenuating effect of the network. The last 
factor is called the interaction factor and involves the ratios 
(Z n - Z T )f(Z n + Z T ) and (Z J2 - Z E )/(Z n + Z E ) and £-*». 
The first two expressions are called the reflection coefficients 
between and Z T and between Z l2 and Z R . 

The difference between reflection factors and reflection 
coefficients should be noted. The reflection factor of z 1 
and z 2 is [y/(4=z 1 z 2 )]l(z 1 + z 2 ), but the reflection coefficient is 
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( z i ~ z 2 )l( z i + z 2 ) and is usually written r. The interaction 
factor becomes unity if the network is matched at either end 
or the real part of 6 is very large. For if the network is matched 
at one end the reflection coefficient at that end is zero and the 
complicated product in the interaction factor vanishes. This 
happens also when 8~ 20 is negligible, i.e. when the real part of 
6 is large and positive. The interaction factor (as the name 
correctly implies) is due to the reflections at both ends of the 
network; the reflected waves travel from one end of the 
network to the other and back again before they influence the 
loss factor, and thus the expression 8 _2(9 occurs in the inter¬ 
action loss factor. 

Units of Transmission Losses. Before we proceed with the 
theory of the four-terminal network, the definition and appli¬ 
cation of transmission losses will be given. 

The most common use of an electrical system of communica¬ 
tion is to convert sound energy into electrical energy (by means 
of a microphone), to convey this electrical energy to some place, 
and then to give up this energy to liberate sound energy (by 
means of telephones or a loudspeaker). It is clear that the ratio 
of input to output current is a number of the highest impor¬ 
tance. Weber’s Law asserts two sounds have a given loudness 
difference , when the ratios of their energies is a given number. 
It follows that loudness is given as the logarithm of the energy 
of the sound. For this reason transmission levels and losses are 
defined on a logarithmic basis. There are three systems of 
units of transmission loss, which are the following. 

The Neper. If the input power is W x and the output power is 
W 2 , the loss is 

\ logh nepers J 

= 1*151 log (WJW 2 ) nepers) 
by equation (156). 

If the input and output impedances are equal, WJW 2 
= |%/i 2 | 2 , so that the loss is 

logh \iji 2 \ = 2*303 log \iji 2 \ nepers . . (241) 

If the input and output impedances have real parts R x 
and R 2 , 

W x = R 1 1%| 2 and W 2 = R 2 \h\ 2 ? 
so that the loss is 

logh \iji 2 \ nepers + i logh RJR 2 nepers 


. (242) 
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As an example, let us consider the case of Fig. 155 when the 
network is matched at both ends. Then i L = e/2Z n since 
Z ± — Z lV Equation (239) gives i 2 = [e/\/(4Z n Z /2 )] X S“ 0 , so 
that ij i2 = £ °V(ZJZn) 

Let us assume that the image impedances are real, so that 
Wj = Z n \ij 2 1 and W 2 = Z I2 \i 2 2 \. The loss is therefore 
\ logh (WJW 2 ) = J logh |8 20 | 

If 6 = A + j B, £? d = £ 2A (cos 2 B + j sin 2B ), by equation 
(40), so that |8 20 | = £ 2A . The loss is thus 
\ logh £ 2A = A nepers. 

For this reason A is called the attenuation constant . B is 
called the phase-shift constant , as it gives the phase difference 
of the input and output currents. 

The results can be summarized thus. When a network is 
matched at both ends , the transmission loss in nepers is equal to 
the real part of the image transfer constant (and is called the 
attenuation constant ). The imaginary part of the image transfer 
constant is the phase-shift constant. 

When the network is not matched at both ends additional 
losses are present, each factor in equation (239) giving a loss 
term. The detailed calculation of losses will be given in 
Chapter XI. 

The Decibel or db.* Equations (240), (241), and (242) give 
the loss in nepers. The logarithms are taken to the base 8, 
otherwise the constant 1*151 appears. To overcome this 
disadvantage the transmission unit known as the decibel has 
been so defined that the loss is 

10 log (WJWf) db; . 

this equals 20 log \iji 2 \ db 
when the impedances are equal and 

20 log \iji 2 1 + 10 log (RJR 2 ) db, 
when the impedances are unequal. 

From equations (240) and (243) it follows that 
1*151 nepers = 10 db, 

or 1 neper = 8*69 db . 

* See W. H. Martin, Vol. 3, page 400, and C. W. Smith, ibid ., 

page 409. 

13 —(T. 5782 ) 


• (243) 

. (244) 


• (245) 
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Thus a power ratio of 2 : 1 corresponds to a loss of 10 log 2 
= 3-01 db, whilst a current ratio of 2 : 1 corresponds to a loss 
of 6-02 db. 

Mile of Standard Cable. In the earlier days of telephony it 
was usual to take as the transmission unit the loss due to one 
mile of standard cable, in which the resistance per loop mile is 
88 ohms, the capacitance *054 uF, the series inductance 1 mH 
and the leakage zero. The frequency at which the loss was 
taken was 5000/277 = 796 cycles. The propagation constant for 
a telephone line is given in equation (144) as 
P = vUR + icoL) (G + jcoC)]. 

If the mile of line is considered as a four-terminal network, 
P is the image transfer constant and is equal to /S + ja, in the 
usual notation of telephony. Thus 

P + ]a = P = \/[{R + jcoL) (C -f- jco(7)]. 

Taking moduli of both sides we get 

p 2 + a 2 = ^[{R 2 + ™ 2 L 2 ) ( 0 2 + co 2 C 2 )] 

Squaring both sides and equating real parts, it is seen that 
- a 2 = RO - co 2 LC. 

Addition gives 2/? 2 , from which we get 


P = VHVlW 2 + co 2 L 2 ) (G 2 + co 2 C 2 )] + (RG - co 2 LC) ] 
Subtraction gives 

a = VYl vm + W 2 Z 2 ) (G 2 + co 2 6' 2 )] - (RG - o^LC) f 
This p is the attenuation of 1 mile of standard cable in nepers, 
and on substituting R = 88, L = *001, C = *054 x 10 -6 , 
co = 5000, and G = 0, it is found that 

1 M.S.C. = *106 nepers . . . (246) 

Insertion Losses. From equation (239) it is seen that, if 
is the current that is received when no network is present 
and i 2 when the network is present, 

H _ -f Z E \/(4 Z n Z T ) V(±Z 12 Z E ) 

H' V {^Z T Z R ) Z n + Z T Z J2 + Z R 


Z12 Z R Zj i Z T 
Z t 2 + Z R z n + z 


~ insertion loss factor. 

The hyperbolic logarithm of the insertion loss factor is 
- (L -f- ]B'), where L is called the insertion loss (in nepers) and 
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B' is the insertion phase-shift (in radians). It follows from 
equation (45) that 


L = - logh 


Z T + Z R 


V(±z t z r ) 


+ logh 
+ logh 


Zji + Z T 


V(4 Z n Z T ) 
Z l2 + Z R 


V (4Z ]2 z b ) 


(247) 


+ A + logh 


1 - 


Z, o - Z R 


X 


Z n - 


X 8- 2 


Zj 2 + + Z T 

whilst B ' is the expression taking angles instead of the hyper¬ 
bolic logarithms of the moduli. 

We may write equation (247) as 


I*TR 1*1 + I J 2 A Li 


(247 a) 


where L TR = logh \(Z T + Z R )l\/(4: Z T Z R )\ = external reflection loss, 
L, = \ogh\(Z n + Z T )IV(±Z n Z T )\ — input reflection loss, 

L 2 = logh \(Z n -f Z B )ly /(4 Z n Z B )\ = output reflection loss 
L t = logh 11 - r 1 r 2t £ _20 | = interaction loss, 

and r x and r 2 are the reflection coefficients. 

If Z T and Z R are both real and positive, L TR is positive since 
the arithmetic mean of two real positive numbers is always 
greater than their geometric mean. If, therefore, a network 
can be found which has L x = L 2 =■ A = L t = 0, it will cause 
a negative insertion loss of — L TR . It is easy to show that such 
a network consists of an ideal transformer of turns ratio 
\/{ZjJZ R ), which causes a perfect matching between input and 
output. In the absence of the transformer the received current 
is e/(Z T -^Z R ), but when the transformer is present the received 
current is eA i /(Z R /Z R )/2Z T , so that the gain ratio is 
(Z T + Z R )/V(±Z T Z R ) and there is an insertion gain of h TR . 

If the network is terminated at each end by a resistance R, 
as is usual, the losses become 


I^tr — I*i — logh | (Z n + R)f (iZ n R) |, 

L 2 = logh | (Z t 2 + R)IV( iZ i‘i R ) |, 
and L { is of the same form as before. 

A very important case occurs in the attenuating band of a 
filter inside which Z n and Z t9 are pure imaginaries. Let 
Z n - ± j xR. Then 

A = logh | (1 + jx)/2-v/(±jz) |. 

The modulus of 1 + ]x is \/(l + x 2 ) and the modulus of i ]x 
is x, so that ^ — logh [\/(l + x 2 )/2\/x] 

= i !ogh [(1 + x 2 )/±x]. 
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As x varies from zero to infinity, [(1 + x 2 )/ix] varies from infinity 
down to unity at x = 2 — ^/3, further down to a minimum of 
i at # = 1, up to unity at x = 2 + V 3, and up to infinity at 
x = oo. L 1 therefore varies from + oo down to — \ logh 2 and 
up again to oo. If the network is symmetrical L 1 = L 2 , and the 
total reflection loss has a minimum of — logh 2 = — 0-69 nepers. 



Fig. 161. Two Four-terminal Networks in Parallel 


The effect of the reflection loss in practice is to increase the 
attenuation considerably near a frequency of infinite attenua¬ 
tion, but to decrease the insertion loss by nearly 0-69 nepers 
for a considerable range at some distance from the frequency. 

Combinations of Four-terminal Networks. Two networks 
in tandem, as shown in Fig. 156, form a four-terminal network. 
Fig. 161 shows two four-terminal networks in parallel and the 
result is again a four-terminal network. The former case can 
be dealt with by the methods used in this chapter, whether the 
networks have the earth return or not, i.e. whether the networks 
are of the simple type or not. But the latter case can be 
treated only if the networks are of the simple type, when they 
both have a common earth running through them so that 
Qi, S 1? Qi, and S/ are all at earth potential, or they are both 
balanced to earth and have a common neutral line. 

The combinations are easily expressed in terms of the 
linear parameters.* 

Tandem Combination. Let the current and voltage at 
PiQx be i x and v l9 at P 2 Q 2 H and v 2 ? and at ^ 2 ^ 2 ? h and v 3 • Then 
i 1 — &i^2 + ^1^2 

and v x = c x i 2 + d 1 v 2 - 

* F. Strecker and R. Feldtkeller in their paper “A Basis for a General 
Four-Terminal Network Theory,” in Electrische Nachrichtentechnik , 1929, 
Vol. 6, No. 3, have shown how matrix algebra gives simple methods for all 
kinds of combinations of four-terminal networks. 
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AlSO i 2 == ^2^3 H - 

and v 2 = c 2 i 3 + d 2 v 3 . 

Substituting for i 2 and v 2 , we get 

H '= ( a i a 2 + W c 2 ) H ~b ( a J> 2 4" ^ 1 ^ 2 ) v s 
and v x = (c x a 2 + d x c 2 ) i z + (c x b 2 + d^d^ v 3 . 

The tandem combination of the networks , whose parameters 
are (a x , b l9 c l9 d x ) and (a 2 , b 2 , c 2 , d 2 ), has parameters (a x a 2 + b x c 2 , 
a x b 2 ~\~ b x d 2 , c x a 2 -|- d x c 2 , c x b 2 -}~ d x d 2 ). 

In the notation of determinants (or matrices), if we write 
a l9 b x 


d 1 


for one set and the corresponding matrix with suffices 

2 for the second set, the tandem combination has parameters 
a $>, 60 


a x , b x 

i> d>i 


X 


2j 

Co, da 


given by 

It is rather difficult to express the image parameters of the 
series combination in terms of the image parameters of the 
separate networks. The method is direct but cumbersome. 
Equation (226) shows that the image impedances of the 
combination are 

V[( c i a 2 + ^ 2 ) (<a& 2 + d 1 d 2 )l(a 1 a 2 + b x c 2 ) (a x b 2 + fc^)] 
and v^[(^i ^2 + ^ 1 ^ 2 ) (^i ®2 + d x c 2 )J(a x b 2 -|- b x d 2 ) {c x b 2 d x d 2 y\. 
We can then substitute for the linear parameters in terms of 
the image parameters by means of equations (237). If (Z n , 
Z l2 , 0) and (Z JX , Z I2 , 0') are the image parameters of the two 
networks, it is found that the image impedance of the tandem 
combination at the end P 1 Q 1 is 

~ (sinh 6 cosh 0' + q cosh 6 sinh O') (sinh 0 sinh 0' + q cosh 0 cosh 0'H 


vn 


(cosh 0 cosh 0' + q sinh 0 sinh 0') (cosh 6 sinh O' -f- gsinh 0 cosh O') J 
where q = Z n 'IZ l2 . 

There is a similar expression for the image impedance at the 
end R 2 S 2 , that is obtained by interchanging Z n and Z J2 , 
Z I2 and Z n ', 8 and 0'. 

The image transfer constant is best obtained from the form 
tanh 0 = \/(bcjad) and yields 

/|“(sinh 0 cosh 0' -j- q cosh 0 sinh O') (cosh 0 sinh O' + <7 sinh 0 cosh 0')1 
V L(cosh 0 cosh 0' -j- q sinh 0 sinh O') (sinh 0 sinh 0' -j- q cosh 0 cosh O') J 
There is an important case when Z JX = Z l2 , so that q — 1. 
The networks have equal image impedances at the common 

* This remark is due to A. C. Bartlett, Philosophical Magazine , October, 
1920, page 734. 


arc 

tanh 
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terminals. It is then seen that the image impedances of the 
tandem combination are Z n and Z l2) i.e. the extreme image 
impedances of the separate networks. Also the image transfer 
constant is arc tanh (tanh 6 + O') = 6 + O' , i.e. the sum of 
the separate constants. 

This case is so important that another proof will be given. 



Fig. 162. Four-terminal Networks in Tandem 


Fig. 162 shows the combination. When R 2 S 2 is terminated 
by Z l2i the impedance looking right at P 2 Q 2 is Z n \ because 
Z a ' and Z I2 are the image impedances of the network P 2 Q 2 R 2 S 2 . 
Thus R^ is terminated by Z a r = Z l2 and therefore the 
impedance looking right at PiQ I? is Z n , since Z n and Z I2 are 
the image impedances of P 1 Q 1 R 1 S 1 . Thus when R 2 S 2 is termin¬ 
ated by Z l2 the impedance looking right at P^ is Z n . In 
exactly the same way, when P^ is terminated by Z 2l , the 
impedance looking left at R^ is Z J2 = Z n ' and the impedance 
looking left at R 2 S 2 is Z I2 . Thus Z n and Z :2 are the image 
impedances of the series combination. 

When R 2 S 2 is terminated by Z l2 the first network is correctly 
terminated by Z a ' = Z l2 . Then T 12 = logh and T 12 ' 

= logh (iJh), where T 12 and T 12 are the image transfer con¬ 
stants (for the direction left to right) for the separate networks. 



Fig. 163. Equivalent or Fig. 162 


The transfer constant (left to right) for the combination is 
logh (iji 3 ) = logh (iji 2 ) + logh (iji 3 ) = T 12 + T 12 . Similarly, 
the constant (right to left) is T 21 + T 22 , and the image transfer 
constant is thus 

i(^i2 + T 12 + T 21 + T 21 ') = HT l2 + T 21 ) -f- i(T 12 + T 21 ') 

= 6 + 6 '. 

The resulting network is shown in Fig. 163. It follows by 
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repeated application of the theorem that the networks in 
tandem, shown in Fig. 164, have the resultant network shown 
in Fig. 165. This theorem explains the importance of impedance 
matching. If networks are designed to have an image impe¬ 
dance equal they may be placed in tandem, with the result 



Fig. 164. Several Networks in Tandem 


that the image impedances of the combination are the image 
impedances at the extreme ends and the image transfer con¬ 
stants merely add. There are no reflec¬ 
tions of waves at the junctions of the 
networks. 

Parallel Combination. The arrangement 
is shown in Fig. 161. The parameters are 
(<*i, K Ci, dj) and (a 2 , b 2 , c 2 , d 2 ). Let the FlG - 16 Q 5 ;, 
input currents and voltage be i x , i x and 
v l9 as shown, and the output values i 2 , i 2 and v 2 . The equations 
for the separate networks are 

i\ = a x i 2 b x v 2 , 

Vi = c x i 2 + d x v 2 , 
i\ ^ ^ 2^2 H - b 2 v 2 , 

V 1 ~ C 2H f + ^ 2 ^ 2 * 



The parallel combination has an input current I x = i x + i x ', 
input voltage v l9 output current I 2 ~ i 2 -\- i 2 , and output 
voltage v 2 . 

Multiplying the second of these equations by cj(c x + c 2 ), 
the fourth by cj(c x -f- c 2 ), and adding, we get 


c x -\- a 


(h + H') + 


C 2^1 + C 1^2 
C 1 + C 2 


C 1 C 2 j _j_ C 2^1 ~f~ y 

C 1 + C 2 2 C 1 + C 2 


(248) 


Multiplying the four equations by 1, + A, 1, and - A respec¬ 
tively and adding, we get 

h + h' = Ii = (fli + Ac x ) i 2 + (« 2 - ^ 2 ) i 2 

-h (^i + b 2 - U 2 ) v 2 . 
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We choose X so that 


a + Xc t — a 2 - Xc 2 , or X 


Then 

7 ®i c 2 + a 2 Ci / . , 

i i — „ i „ \ l 2 ~r 


~ ^1 
C 1 + C 2 

(d ± - d 2 ) (a 2 ~ a i) 


C 1 + C 2 

^ 1^2 H “ ^ 2^1 
C 1 + C 2 


j 


b t 


h‘) + [*, + K + Ci + C2 

(«.-%)]„_ . (249) 


I2 + ^1 + b 2 + 


C 1 + C 2 


Equations (248) and (249) show that the linear parameters 
of the parallel combination are [(%c 2 + # 2 c i)/( c i + ^ 2 )? (W + 0 2 ) 
+ {<h - d 2 ) (a 2 - a x )l{c x + c 2 ), + c 2 ), (c 2 d ± + c Y d 2 )l(c x +c 2 )]. 

On substituting for the linear parameters it will be found 
that the image impedance of the parallel combination at the 
end PQ is the square root of the expression 

Zt n Zji sinh 0 sinh 0' (sinh 0 . cosh 0'. q + sinh 0' cosh 6/q) 

(cosh 0 sinh O'/p + cosh 0' sinh 0 . p) [- 2 (250) 

+ sinh 0 sinh 6'(pq -j- 1 /pq) + cosh 0 cosh 6'(p/q + q/p)] 

where p = V( z nJ Z n) and ? = V( Z i 2 / Z i 2 ')- 


The image impedance at RS is found by interchanging Z n 
and Z I2 , Z n ' and Z /2 '; 0 and 0' are not interchanged in this 
case. The image transfer constant is given by 


tanh" 



sinh 0 . sinh 0' [- 2 + sinh 0 sinh 0' (pq + 1 /pq) 
+ cosh 0 cosh 0'(p/q + q/p)] 

(cosh 0 sinh 0'/p + cosh 0' sinh 0 . p) X 
(sinh 0 . cosh 0' . q + sinh 0' cosh 6/q) 


(251) 


When = Z n ' and Z /2 = Z J2 , the image impedance 
becomes 

ZjiV (smh 0 . sinh 0')/2 sinh \(6 + 0') . . (252) 

and the image transfer constant 

tanh^ 1 [ v / (sinh 0 . sinh 0')/cosh \(d + 0')] . . (253) 

It is thus seen that parallel matching of networks does not 
result in a simple theory.* 

* For an extension of the theory, see F. M. Starr, “Equivalent Circuits—I,” 
Winter Convention A.I.E.E ., 25th to 29th January, 1932, Appendix C. 
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The T-section. Since the general, passive, four-terminal 
network has only three independent parameters, it is possible 
to replace it by the T-section of Fig. 166, where Z A , Z B and Z 0 
have suitable values. This network is 
called the equivalent T-network. As 
the open- and short-circuit impedances 
determine a four-terminal network, 
any two networks are equivalent if 
they have the same open- and short- 
circuit impedances. This criterion is 
generally the simplest for testing the 
equivalence and also for finding the 
conditions therefor. 

The open- and short-circuit impedances of the T-network of 
Fig. 166 are 

z ul = z A + Z c , Z sl = Z A + Zj ^ £ 


O——VW— 


-VW—o 


Fig. 166. T Equivalent 
of the General Four- 
terminal Network 


Z 0 2 == Z B Z D , Z s2 = Z B + 


Z A Z C 
Z A + Z 0 ' 


Thus the image parameters are, by equations (233), 

. Z A + Z c 


z 

z 


W[ ra trfl] 

rt] 


6 = tanh" 1 




(Z) 


+ Z C ) + %c). 

where N = Z B Z C 4- Z C Z A -f- Z A Z B . 


(254) 


These equations can be solved to give Z A , Z B , Z c in terms of 
the image parameters. The result is that 


Z A — iJ n /tanh 6 - y'(Z n Z 72 )/sinh 6 ' 

Z B = £ /2 /tanh 6 - y^Z^Z^J/sinh ® - . 
and Z c = \Z(Z n Z I2 )/smh 6 . 


(255) 


With these conditions, the T-network of Fig. 166 is equivalent 
to the network of image parameters ( Z n , Z 12 , 6). 
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In the same way, the iterative-parameters are 

z K i = i \ z A - z B + Vl(Z A + Zb) (z a + z B + ^z c )\ | 

Z K 2 = J j ^ ^ +. V[(^ + ^j?) | > (256) 

and 

Pi = cosh- 1 [(Z A + Z, + 2Z C )/2Z V ] 


When the network is symmetrical Z A = Z B . Then the 
image and iterative parameters are the same and are given by 

Zj = Z n = Z J2 = Z K1 = Z K 2 = y/\Z A (Z A + 2 Z 0 )\ 
and 0 = P x = cosh- 1 [l + ZJZ G ] 

In particular, the T-network of Fig. 167 has 



z 7 - vlz ± z 2 (i + zj*zj\ ) 

and 0 = cosh“ 1 (l + Z x j2Z^ ) 


(258) 


Another useful form for 0 is obtained in this way. Equation 
(258) gives cosh 0=1+ Z 1 j2Z 2 ; but 
cosh 0=2 sinh 2 (0/2) + 1 so that 
2 sinh 2 (0/2) = ZJ2Z 2i sinh (0/2) = 
^/(Z 1 /4Z 2 ) and 

0 = 2 sinh- 1 W( Z J Z 2 ) . (259) 

Equations (258) and (259) are of 
FlG T 6 E Q m™NT ICAL the utmos ^ importance in the theory 
of wave filters. 

A continuous line, of length l and constants R, L, G, and 
C per unit length, constitutes a symmetrical four-terminal 
network, in which 

Z, = VK* + j coL)/(G + j coL)] )* 

and 0 = PI = W[{R + j coL) (G + jc oC)]) 

The equivalent T-network, by equations (255), has 
Z A = Z B — Z 7 (l/tanh 0 - 1/sinh 0) 



= Z 7 tanh \ 0) 
and Z c = Z 7 /sinh 0. ) 


. (260) 


Attenuating Pads, Type T. Extensive use is made in measure¬ 
ments in communication systems of attenuating pads, which 
are T-sections whose arms are pure resistances. 


* See Chapter III, equations (144), (147), (150), and (151). 
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If Z A = Z B = R ± and Z c = R 2 , the propagation constant 6 
and image impedances Zj are both real and are given by 
equations (257) as 

Z 2 = '\/[R 1 (R 1 + 2R 2 )] 
and 6 = cosh" 1 (l + RJR 2 ). 

If the attenuator is to have image impedance Z 2 and attenu¬ 
ation 6, equations (260) give the values of the resistances. 

R 1 = Z.UrAild ) . . . (261) 

and R 2 = Zj/sinh 6. ) 

If the attenuation is to be x db, the current ratio is 10* 720 
= 8^ — N, say. Remembering that tanh = (S 0 - l)/(8 0 +1) 
and sinh 6 = |(8 0 - S -0 ), equations (261) become 
" R^Z^N-mN+l)) 

and R 2 = Z^NKN^-l). ) * ' - K ) 

Given Zj and x (from which N is easily found), equations 
(262) give R x and R 2 . Table X gives the values of R x and R 2 , 
when Zj = 600, for various attenuations. 


TABLE X 


db 

0 

•2 

•5 

•8 

1 

1-5 

2 

3 

4 

6 

8 

10 

R x 

0 

6-93 

17-26 

27-58 

34*46 

55-0 

68-76 

102-6 

135-8 

199-4 

258-4 

311-8 

n 2 

00 

26,080 

10,420 

6,512 

5,206 

3,242 

2,583 

1,703 

1,258 

803 

567-7 

421-6 


At high frequencies the self capacitances of the resistances 
introduce large errors. At 50 kc. and higher it is advisable to 
use attenuating pads of attenuation less than 40 or 35 db. If 
more attenuation is required several pads should be placed in 
tandem, for the error diminishes when the attenuation is low. 

If the pad is to have image impedances P and Q and image 
propagation constant 6, equations (255) give 

A 2 + 1 2if ) 

z * = p ~ n ^ r-VTO^m 


N 2 + 1 2N 

z* = Q^br-V(PQ) ^ 

and = V(PQ) 

N = lO*' 20 = 8° 


( 263 ) 


where 
as before, 
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Given x , P and Q, it is easy to calculate (N 2 + 1 )/(N 2 - 1) 
and 2N/(N 2 - 1) and then find Z A , Z B , and Z c . 

This pad has the peculiar property of transforming impedance 
from P to Q and is sometimes used for this purpose alone. It 
is then required to find the pad of minimum attenuation, with 
image impedances P and Q. 

Suppose P is greater than Q , then clearly Z B is smaller than 
Z A , When the attenuation is very high, N is high, and Z B ^ Q. 
As the attenuation decreases Z A and Z B decrease, until Z B 
vanishes whilst Z A is still positive. The minimum value of N 
is given by equating Z B to zero, for a smaller value gives a 
negative value of Z B . 


This gives N 2 + 1 = 2Ay'(P/Q)> 

or n = V(p/Q) + V(p/Q- 1) 

The attenuation is x = 20 log N db 


With this condition 


and 


z A = PV(i-QIP): 

Z B = 0, 

~ Q 

°~V(1 -QIP) 


• (264) 


. (265) 


Thus, when P = 600H and Q = 3000, Z A = 600\/l/2 
= 424*2, Z c = 300/V(l/2) = 424*2, N = ^/2 + l = 2*414 and 

a; = 20 log 2*414 = 7*64 db. This 
attenuation is the actual image attenu¬ 
ation constant and, as was shown 
above, is the actual transmission loss 
in the power , taking into consideration 
the change of image impedance. 

If a symmetrical attenuating pad is 
to be balanced to earth, it takes the 
form of the network in Fig. 168 in 
which there are five resistances. This 
network is said to be the H form. 

The II-section. Just as the passive, four-terminal network, 
having only three independent parameters, can be replaced by 
the equivalent T-network of Fig. 166, so it can be replaced by 
the equivalent II-network of Fig. 169. In fact, the equivalence 


o-\V\A- 


-W—o 


o-v/WV— 

4^7 




-wv\—o 
h R i 


Fig. 168 . H-type 
Attenuation Pad 
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of the T- and Il-networks has been proved in Chapter III and 
the conditions of equivalence are given (in a different notation) 
in equations (132) and (133). In the q . — V W t o 

present notation the conditions for L Zfo 
the equivalence of the T-network of %Zcu 
Fig. 166 and the II-network of Fig. 169 

are the following. ° L. 169. H Section 

z<x = Z A Z 0 S X , Z h = Z A Z C Z X ] 
z c = Z £ Z 0 2J X 

E x - l/Z A + l/Z B + l/Z 0 ; 

Z A z a z b JE> 2 , Z £ z b z c /E 2 

Z 0 = z a zJZ 29 

= Z a + Z b + *c- 

The image parameters of the II-network are most easily 
obtained from the open- and short-circuit impedances and are 
given by 


and 

where 

or 

and 

where 


(266) 


(267) 


7 _ l[ Zg 2 Z b (Z b + Z c ) 1 

Jjl V L (*. + ^ J 

7 _ /r z c 2 z b (z a + z b ) i 

Jii V L (2. + Zc)z 2 J 


(Z;, -f- z c )U 2 

and 6 = tanh -1 / 

VL( 2 a 


z b S 2 


J 


(268) 


+ Z b ) (z b + Z c ) m 

Z 2 being the same as given in equations (267). 

The arms of the Il-network are obtained directly in terms 
of the image parameters by a joint use of equations (255) and 
(266). It is found that 


Z 


Z a = 


71 


coth e - 

smh 6 

z b ■— '\/(Zj^Z 22 ) sinh 0 


and 




Z C = 


coth 0 - 


V(ZJZn) 


sinh 0 

When the network is symmetrical, 
z a = z c — Zj coth ^0 
and z b = Zj sinh 0 


(269) 


j- 


(270) 
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A continuous line of parameters Z t and PI can be replaced 
by the symmetrical II-network whose arms are given by- 
equations (270), with 0 = Pl. 

The II-section of Fig. 170 has z a = z c — 2 Z 2 and z b = Z x . 
The image parameters are, by equations (268), 


and 


■■-A 


6 = tanh" 1 


ZiZ, 1 
+ Z-J^Z 2 \ 

’ ZiZ t ( 1 + ZJ4ZJ 1 

az t + z 2 r J 


= cosh _1 (l + ZJ2Z 2 ) 
= 2 sinh" 1 l\Z{ZJZ 2 ). 


(271) 


Fig. 170. Symmetrical II 
Section 


The propagation constant for the II-network of Fig. 170 is 

exactly the same as that for the T- 
° f VW T ° network of Fig. 167. That this must 

be so is obvious when one imagines 
> 2 Z 2 several of either network connected 

in series; for the result in both cases 
is a ladder network of series branches 
Z l9 and shunt branches Z 2 , like the 
network of Fig. 39. 

Attenuating Pads, Type II. If z a = z c = R 2 and z b = J? A , 
the image parameters are 

■gig 2 1 

.2 + rjr 2 ] 

and 6 = cosh^ 1 (l -f- RJR 2 ). 

Given Z 1 and 0, the arms are determined by 

R x ~ Z t sinh 0 ) 

and R 2 = Zj coth |0 ) 

If the attenuation is x db and the current ratio is N, then 
N = E° - 10* /20 
R x = Z^N* - l)/2 N, 
and R 2 = Z j(N + 1)/(N-1) 


z, 


& 


(272) 


(273) 


These formulae enable the arms to be calculated for a given 
attenuation. Table XI gives the values of R ± and R 2 for various 
attenuations for Z t = 600. 
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TABLE XI 


db 

0 

•2 

•5 

•8 

1 

2 

3 

4 

6 

8 

10 


0 

6-91 

17-28 

27-67 

34-62 

69-69 

105-7 

143-1 

224-1 

317-1 

426-9 

r 2 

ob 

52,130 

I 

20,860 

13,040 

10,430 

5,236 

3,509 

2,651 

1,806 

1,394 

1,155 


If the pad is to be balanced to earth it takes the form of 


Fig. 171, which is called the D-type 
and has four resistances, compared 
with the five resistances of the H- 
type. For this reason the D-type is 
used instead of the H-type. If the 
pad is to have image impedances P 
and Q and attenuation x db — 20 log 
N, then 


:r 2 


\Ri 

- / vw- 


■ww 


hRi 


\R> 


Fig, 171. D-type 
Attenuation Pad 


and 


P(N 2 - 1) 

Za ~ N* + 1 - 2N\/(P/Q) 

z„ = V(PQ) (R 2 - 1)/2N • 

-ZV 2 + 1 - 2 NV(P/Q) 
Z °~ Q(N*~ 1 ) 


(274) 


If P > Q minimum attenuation occurs when z a is infinite. 
Then 


N*+ l- 2NV(P/Q) = 0 

or N = \/( P/Q ) + \^(P/Q - 1) 

Also z a — oo 

Zb = V\PQ(PIQ - i)] = PV (i - Q/P) 

and 2-—_ 

c “ V(i - Q/P) 


. (275) 


These equations are the same as (264) and (265) and show 
that the T and II pads both reduce to the same L pad, as they 
must. 

The Lattice Section. Fig. 172 shows a lattice section. As 
only three parameters are required, we may choose one of the 
impedances, Z D say, to have any value. If we put Z D = 0 
the section becomes the II-type; if Z D — oo the section 
becomes the T-type. A frequent choice is to put Z D — Z A . It 
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appears not to be. Only the network of Fig. 174 has much 
application in modern systems, but this may be due only to 
the fact that the network of Fig. 172 has not received the study 
it deserves. 

The network of Fig. 174 has the following open- and short- 
circuit impedances. 

Z 0 = z 0 1 = Z o2 = \{Z A + Z B ) 

%‘s — E S1 ~ Z s2 = 2 Z a Z b /(Z a -|- Z b ) } 


so that the image parameters are 
= ^{Z A Z B ) 

and 


0 = tanh- 1 

"4 I "B 


= 2 tanh _1 \/ (ZJZ B ) 

= cos^[l + ^-J 


. (277) 


The last of these forms follows from equation (258) and Fig. 
175, which shows the equivalent T section of the symmetrical 
lattice type. 


ly 

Fig. 177. Symmetrical Lattice Section 



The network of Fig. 177 has Z A = \Z 3 and Z B = 2Z 2) so that 

Z i=V( Z i Z 2 ) ) . (278) 

and 0 = 2 tanh" 1 ^^(ZJZ 2 ) ) 

If Z 1 and Z 2 are inverse networks of product R 2 , equations 
(278) reduce to 

Z, = R ) 

and 6 =2 tanh- 1 S . (279) 

= 2 tanh -1 \ZJR. J 


U — (T.5782) 
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This network is called a constant-resistance network and is 
of fundamental importance in the theory of distortion correc¬ 
tion and phase-compensation.* The formula for the propaga¬ 
tion constant is given by Zobel in a different form, which is 
obtained thus. Equation (279) gives 

ZJ2R = tanh £0 - (8 0 - l)/(8 0 + 1), 

so that . (280) 

If Z x and Z 2 are pure reactances, say j X 1 and j X 2 , equations 
(279) give 

0 = A + ]B = 2 tanh -1 XJ2R 
= 2j tan -1 XJ2R, 
so that A = attenuation = 0 
and B = phase shift — 2 tan -1 XJ2R. 

Such a lattice network has image impedance R at all frequen¬ 
cies, no attenuation at any frequency, and a phase shift which 
depends upon the reactance characteristic of Z v This type of 



L 






Fig. 178. Constant-resistance 
Lattice Section 


Fig. 179. Bridged-T 
Section 


network is used for phase-compensation. An example occurs 
when \Z X consists of an inductance L in parallel with a con¬ 
denser C so that \Z X = ]coL/(l - co 2 LC), and 2Z 2 consists of an 
inductance CR % in series with a condenser L/R 2 so that 2Z 2 
= U 2 (l - co 2 LC)/]coL. The network is shown in Fig. 178 and 
is said to be a B-type, phase-compensating network. 

Bridged-T Section. The symmetrical type of this network is 
shown in Fig. 179. By applying the star-mesh theorem to 
\Z A , \Z A , and Z B , which are a delta formation PQR, the 


* O. J. Zobel, B.S.T.J ., Vol. 7, No. 3, July, 1928, page 450. 
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equivalent T-section of Fig. 180 appears, in which the series 
arms are \Z A Z B j{Z A + Z B ) and the shunt arm is 
Z, + IZJI(Z A +Z B ) 

The series arms can be formed by the parallel combination of 


% Z aZb %ZaZ£ 

3 A +Z B 

o-"O j W W — t ’ " AVW-o—o 

P 7 R 

Hzl/(z A +z B ) 

Q l 

fZc 

o-J—--o 

Fig. 180. Equivalent of Fig. 179 


4Z 2 /c 



Fig. 181. Constant-resistance, 
Bridged-T Section 


\Z A and \Z B . The open- and short-circuit impedances and the 
image parameters are the following. 

7 _ 7 , Z A (Z A + 2 Z M ) 

0 ~ v + 4 (Z A +Z B ) 

Z a Z b (Z a | 4Z C ) 


Zs ~ 4 Z C (Z A + Z B ) + Z A (Z A + 2 Z B ) 


Z -J[ 


z a z b (Z a + 4 z c y 


and 6 = tanh -1 2 


HZ a +Z b ) J 

V[Z a Z b (Z a + Z B ) (Z A + 4 Z c )] 


= cosh -1 £ 


4 Z C (Z A + Z B ) + + 2 Z b) 


1 + 


%Z A Z B 


Z A + 4.2^ + 4 


(282) 


A particular type of bridged-T network is of great use in 
phase-compensation and is shown in Fig. 181.* The impe¬ 
dances \Z X , \Z X , (c - 1) ZJ± can be replaced by the delta 
formation: the impedances Z x and Z 2 are inverse with product 
R 2 . Then it is found that the bridged-T network has 


and 


^ 

' , 1 + ZJ2B + c(ZJ2R)* 

0 - logn j _ Z j 2 R 1 + C (ZJ2R)* 

ZJ2R 

1 + c(ZJ2R ) 2 


2 tanh - 


(283) 


* Zobel, loc. tit page 451, Fig. 6. 
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It is clear from these equations that an equivalent network 
is obtained if Z x is replaced by 4:ZJc and Z 2 by cZJ 4: for Z t 
is still R and 6 is seen to be the same as that given in equations 
(283). There are thus four equivalent bridged-T networks. 
This multiplicity of forms is useful in practical design, as it 
often enables a saving by choice of the most economical 
components. 

Comparing equations (279) and (283) it is seen that the 
bridged-T form of Fig. 181 is equivalent to the lattice form of 
Fig. 177 if 

2 ^ 

Z x (lattice) = x + c (ZJ2B f brid § ed ' T 

-i?irT?4z; brid8ed ' T 

which is the parallel combination of Z ± and IZJc. Then 
Z 2 (lattice), being the inverse of ^(lattice), is the series combin- 


*Z z /c 



Fig. 182. Lattice Equivalent Fig. 183. Bridged-T 

of Fig. 181 Equivalent of Fig. 178 


ation of Z 2 and cZJ4:. The lattice equivalent is thus shown in 
Fig. 182. If Z ± is jcoL and £ZJc is 1/j a>C, this lattice reduces 
to the B-type, phase-compensating network of Fig. 178. The 
equivalent bridged-T type is shown in Fig. 183 and is a great 
practical saving. For in place of the four condensers and four 
coils of Fig. 178 (which can be reduced to four condensers and 
two coils, by winding opposite coils on the same core and allow¬ 
ing for the mutual), only two condensers and three coils (which 
can be wound on one core, allowing for mutuals) are needed. 
The lattice needs twice as many components as the bridged-T 
network; but this is expected, since the lattice is balanced to 
earth and the bridged-T is completely unbalanced. Still, it is 
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possible to make the bridged-T balanced and use only three 
condensers 2(7, 2(7, and LjR 2 , and one coil with six windings. 

Constant-resistance, Recurrent Networks. These are of major 
importance in distortion correction* and are designed on the 
basis of their iterative parameters and the properties thereof. 

If networks of iterative-parameters ( R , Z Klf P^, (R, Z K2 , P 2 ), 
and ( R , Z K 3 , P 3 ) are joined in series, as shown in Fig. 184, the 
resulting network has its left iterative impedance equal to R. 
For if C and D are terminated by R, the impedance at A 3 B 3 



Fig. 184. Theorem oh Iterative Parameters 


looking right is R, so also at A 2 B 2 , and therefore also at AB: 
i.e. the left iterative impedance is R. 

If a line (or any system) of impedance R is applied at AB 
the network matches the line, so that no reflected waves are 
sent back on to the line. Also if i x is the input current, then i 2 
that leaves the first network is the same whether this network 
is terminated by R or by the other networks. The received 
current is i 4 = {iji 3 ) X (4/i 2 ) x (4/h)> where these ratios 
depend solely on the third, second, and first networks, respec¬ 
tively, because of the property just proved. 

The input power being Ri^ and the output Ri 4 2 , the loss is 

| logh (iji 4 ) 2 nepers 

= logh (iji 4 ) = logh (iji 3 ) (iji 4 )] 

= Pi + P 2 + P 3 ,.(284) 

since P x = logh {iji 2 ), P 2 = logh iji 3 , and P 3 = logh iji 4 . 

Thus any number of networks, with left-hand iterative 
impedances equal to R } can be put in tandem to form a network 
with left-hand iterative impedance R and propagation constant 
equal to the sum of the separate iterative propagation constants. 
This property enables us to equalize any attenuation in steps. 
Fig. 185 shows a network whose left iterative impedance is 


* See Zobel, loc. cit., page 449. 
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R, provided Z X Z^ = R 2 . For when C and D are terminated by 
R the input impedance is [RZJ(R -f- ZJ + RZJ(R Z 2 )j 



B D 

Fig. 185. Constant-resistance Equalizing Network 

- R(RZ 2 + Z X Z 2 + RZ ± + Z } Z 2 ) divided by (R + ZJ (R + Z % ) 
which is R as Z X Z 2 = i? 2 . It is obvious that 

iJu = ( z 2 + R)!Z 2 = 1 + R/Z 2 
= 1 + ZJR, 

so that P = logh (1 + ZJR) .... (285) 

The inverse network of Fig. 185 is shown in Fig. 186, of 
which the part between A, B, C, and D has left iterative 
impedance R and P — logh (1 + ZJR). 



Fig. 186. Equivalent of Fig. 187. Symmetrical Form 

Fig. 185 of Fig. 185 


The recurrent network of Fig. 185 can be made symmetrical, 
as shown in Fig. 187. In a similar manner a symmetrical form 
of Fig. 186 can be found.* 


Zobel, B.S.T.J ., July, 1928 



CHAPTER VII 

WAVE FILTERS 

Introduction. A continuous telephone line has attenuation and 
phase-shift constants, which vary continuously with frequency.* * * § 
Heavisidef found that, if L or G are variable, the line has 
minimum attenuation when R/L — G/C. In addition, when 
this condition is met the line is distortionless and a received 
signal is an exact replica, delayed by a constant time, of the 
sent signal. In ordinary lines L and G are too small to meet 
this condition and Heaviside suggested the use of series induc¬ 
tance, or shunt leakage, or both, to improve the line. Pupinf 
and Campbell § showed that the attenuation will be reduced 
considerably if the inductance is increased by the insertion of 
inductance coils at intervals. This method is called lumped 
loading. 

Campbell found and showed that the attenuation of a coil- 
loaded line was very small up to a certain frequency but then 
increased rapidly and became greater than the attenuation of 
the unloaded line. If the total capacitance in a loading section 
is C and the inductance (including that of the coil) is L , the 
frequency at which the attenuation begins to increase rapidly 

is fc = IIW(LC) 

and is called the cut-off frequency. 

This led him to the discovery of the remarkable properties 
possessed by certain networks containing lumped impedances, 
and which he named wave filters. 

A wave filter is a device for separating waves characterized by 
a difference in frequency. || 

This definition should be amplified in order to distinguish 
the highly specialized networks, usually called wave filters, 
from such systems as a continuous telephone line or a parallel 

* See equation (246), Chapter VI. 

f Electromagnetic Theory , Vol. 1, Chapter IV. 

{ American Institute of Electrical Engineers, 1899, Propagation of Long 
Electrical Waves. 

§ Phil. Mag., March, 1903. 

H G. A. Campbell, “Physical Theory of the Wave-filter,” B.S.T.J., Vol. 1, 
No. 2, November, 1922, page 2. 
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tuned circuit, which do possess some frequency discrimination. 
We may say that a wave filter is a network, whose ideal form has 
an attenuation which is zero in a band or bands of frequencies 
and is not zero outside these bands. The practical form of the 
network will possess a small attenuation inside these bands 
because of unavoidable coil resistances and condenser losses; 
but the properties of frequency discrimination are still so much 
greater than those of simple or fortuitous tuning devices that 
the practical forms may with justice and convenience still be 
called wave filters. 

A band in which the ideal network has zero attenuation is 
called a pass band ; and a band in which the attenuation is not 
zero is an attenuating or stop band. The frequencies which 
separate these bands are called the critical or cut-off frequencies. 

The most usual kinds of filter are the low pass, high pass, 
band pass, and band elimination or band stop. The names are 
self-explanatory. 

This chapter will give the general theory of the wave filter 
and the general impedance conditions for pass and attenuation 
bands. The following chapters will deal with the special kinds 
of filters separately. Only passive networks will be considered, 
though it is possible to design filters with negative resistances. 

Condition for Pass and Attenuation Bands. If there are to 
be pass bands the filter must not dissipate energy, so that it 
cannot have resistances and must be composed of capacitances 
and self and mutual inductances. The short- and open-circuit 
impedances must therefore be reactances of the form of equation 
(216). If the image parameters are Z n , Z I2 , and 0, and the 
open- and short-circuit impedances are Z 0l , Z sl , Z o2 , and Z s2 , 
equations (233) give 

tanh 0 = V (Z S JZ 01 ) = ZgJZ a — Z s2 /Z l2 . 

In a pass band 6 = A + ]B = ]B so that 

z J z n = Z sJ Z i 2 = tanh j B = j tan B. 

As Z sl and Z s2 are pure imaginaries, this equation gives as the 
conditions for a pass band that Z n and Z l2 be real, i.e. resis¬ 
tances. Thus in a pass band 

Z IX and Z J2 are real, 

A = 0 and 6 = j B, 

where B = tan- 1 (Z sl l]Z n ) = tan" 1 (Z s2 j]Z l2 ) 


. ( 286 ) 
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In an attenuating band Z a and Z I2 are pure imaginaries; 
since they are either pure imaginaries or pure reals, and when 
they are reals the frequency is in a pass band. Then in a pass 
band 

Z sl /Z n = Z s2 /Z 12 = real = tanh (A + j.B) 
sinh 2A j sin 2 B 
~ cosh 2 A + cos 2 B 
by equation (50), so that 
sin 2 B = 0, 


i.e. B = m 77/2 

where m is a positive or negative integer. In an attenuating 
band, therefore, the following conditions hold. 


Z a and Z I2 are pure imaginaries, 

B = m?r/2, 

and A = tanh -1 (Z sl IZ n ) or coth -1 (Z sl /Z n ) 


(287) 


according as to whether m is even or odd. 

If the network is symmetrical it can be split into two equal 
parts, each of which is a filter section for which B = m7r/2. 
The symmetrical network must then have B — 2 m 7 r /2 = mn 
and A = tanh -1 (Z sl /Z n ). 

Equations (286) and (287) give the most general conditions 
for pass and attenuation bands with the values of the attenua¬ 
tion and phase-shift in those bands. There is a general theorem 
on the phase-shift constant, which states that in a pass band 
dB/dco is positive.* Zobel proves the theorem for the case of 
the ladder type section, but a general proof is just as easy. 

We can consider the section as symmetrical, for we can make 
it so by adding an equal section back to back. Then B is 
doubled, but the sign of dB/dco is unchanged by this device. 
Let the open- and short-circuit impedances be Z 0 = ]X 0 and 
Z s = ]X S . Then Zf — - X 0 X S so that X 0 and X s have opposite 
signs in the pass band. Let X s be positive and X 0 negative. 
Equation (286) gives 

tan B - V(" ZJZ 0 ) = Vh XJX 0 ) 

With these signs of X s and X 0 , B is positive. This can be seen 


* “Theory and Design of Wave-filters,” by O. J. Zobel, Vol. 2, 

No. 1, January, 1923, page 37. 
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by assuming small dissipation in the arms. Then differentiation 
gives 

2 tan B . see 2 B . (dB/dco) = - X s '/X 0 + X S X 0 '/X 0 2 , 
where X s ' = dX s /da) and X 0 ' = dXJdco. 

We have already shown that the reactance of any two-terminal 
impedance must have a positive differential coefficient, so that 

XJ and X 0 ' are both positive. 
|Lj 2Ci 2C 1 |i 7 The equation just given shows 

° — IftP- 1| —|— 1| —W 1 -— o that dB/do) is positive. 

1 If X s is negative and X 0 is 

£ 4 positive, B is negative and the 

2 » 9 "T 2 equation still gives a positive 

o-1-— o value for dB/dco. The theorem 

Fig. 188 . T-type Filter Section is not true when there is dissi¬ 
pation present. 

As an example for testing the conditions of equations (286) 
and (287) let us consider the symmetrical T-section of Fig. 188. 
This is the same as the network of Fig. 167 with 

+ 1/j coC ± 

and Z 2 — ]coL 2 /(1 - cd 2 L 2 C 2 ). 

Equation (258) gives the image impedance as 
Zj 2 = Z X Z 2 {\ + ZJ*Z 2 ) 

_ - (1 !cd 2 C 2 ) (co 2 - ft)! 2 ) (co 2 - co 3 2 ) ( a > 2 - CO 2 ) 

C0 4 4 (C0 2 - C0 2 2 ) 

where co 4 2 = 1 IL X C X , co 2 2 = \jL 2 C 2i 
and co 3 and co 4 are given by 

► . .(Zoo) 

C0 3 C0 4 — 0) x 0) 2 

and co 3 2 -f- co 2 = co 4 2 (l -f- C-JC^) -f- co 2 2 . 


We can take co 3 < co 4 . It is clear from the last two equations 
that co 4 and co 2 lie between co 3 and co 4 . There are two cases, 
viz. when co x < co 2 and when co 2 > co x . 

In the former case the ascending order of magnitude is co 3 , 
co 4 , co 2 , co 4 . Then Z 2 is negative for values of co between 0 
and co 3 , positive between co 3 and co 4 , negative between co x and 
co 2 , positive between co 2 and co 4 , and negative for values greater 
than co 4 . The pass and stop bands are shown in Fig. 189. 
The latter case, viz. when co x < co 2 , is treated in the same way. 
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If co x = ft> 2 , i.e. L 1 C 1 — L 2 C 2 , there is only one pass band, 
which is from co 3 to co 4 . The filter is said to be a confluent band 
pass filter * the frequency of confluence being cdJ2tt. Equations 
(288) give 

cop = 1 JLflJ^ = \/L 2 C 2 = CO 3 CO 4 
and co 3 2 + co 4 2 = cop(2 + CJC 2 ) 
so that a > 3 = KI# + W - V(CJCj\ 

and o ) 4 = + CJC 2 ) + \/(CJC 2 )] 



Although the ideal, confluent, band pass filter has no attenua¬ 
tion from o ) 3 to o ) 4 , it is found that when dissipation is present 
there is a hump in the attenuation 
curve at co x that shows up the 

confluence. Stop Pass Stop Pass Stop 

Conditions for the Ladder-type | 

Filter Section. We have found the 0 w 3 w 7 w 2 w 
pass and attenuation bands of the Fig 189 T ran smission 
network of Fig. 188 by finding the Bands of Section of Fig. 188 
expression for Z 2 . It is not always 

easy to find this expression in the appropriate form of factors 
of the type (co n 2 - cd 2 ). There is a much quicker and simpler 
method of finding the critical or cut-off frequencies of the 
ladder network of Fig. 167, of which Fig. 188 is a particular 
case. We have 

Zp = ^1^2(1 + 2 i/ 4 Z 2 ), 

where Z x and Z 2 increase continuously from - j 00 to + j oo , 
change abruptly from + j co to - j 00 , and start increasing 
again. It is clear from this formula that critical frequencies 
can occur only when 

Z^Z 2 = 0 or - 1 . . . (290) 

since these are the conditions under which Z 2 can change sign 
and Z x change from a resistance to a reactance. 

When ZJ4Z 2 = - 1 both Z x and Z 2 must be finite; for if they 
were both infinite or zero they must be positive and negative 
together and their ratio must be positive. Then as the fre¬ 
quency passes through the value given by ZJ4Z 2 = - 1, Z x 
and Z 2 keep the same sign but 1 + Z^J4Z 2 passes through zero 
and changes sign. Thus Z 2 changes sign and passes through 


G. A. Campbell, U.S. patents, Nos. 1227113 and 1227114. 
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zero, so that Z t changes from an imaginary to a real and the 
frequency separates a pass from an attenuating band. 

When ZJ±Z 2 = 0 , Z 1 = 0 , or Z 2 = oo 5 or Z x — 0 and 
Z 2 = oo simultaneously. In the first case Z 2 changes sign and 
passes through zero, so that the frequency is a cut-off. In the 
second case Z 2 == Z X Z 2 and changes sign and passes through 
infinity; the frequency is again a cut-off. In the third case 
Z ! 2 = Z ± Z 2 ; Z x and Z 2 both change sign, from negative to 
positive reactance for Z 1 and from positive to negative reactance 
for Z 2 . Thus Z 2 % is positive before and after this frequency, 
which is thus a frequency of confluence and is in a pass band. 

As an example, let us consider again the network of Pig. 188 
when L 1 C 1 = L 2 C 2 . 

1 - 2 

Z 1 = jcoL 1 +l/jcoG = , 


and 




Z^Z 2 = 


jcoL 2 

1 - co 2 L 2 C 2 

1 - Ct ) 2 /^ 2 

- o) % L 2 C x 


i coLo 

1 - co 2 /^ 25 


Equating ZJ4Z 2 to - 1, we get 

(1 - oo 2 /^ 2 ) 2 = ft) 2 IA - (co 2 /^ 2 ) (CJC 2 ), 
or 1 - CQ 2 1G)] 2 = ± (co/co 1 )\/(CJC 2 ), 
yielding co/^ = |[\/( 4 + ^ 1 /^ 2 ) ± 
which are the values for co 3 and co 4 given in equations (289). 
These are cut-off frequencies. 

Equating ZJ4Z 2 to zero we get co = co v At this frequency 
Z ± = 0 and Z 2 — 00 , so that it is a frequency of confluence 
and is in the pass band (as has been found). 

The following table summarizes the conditions— 


TABLE XII 

Critical Frequencies of Ladder-type Filters 


ZJiZ, 

Remark 

Quality of Frequency 

Zj 

- 1 

Z Y and Z 2 must be finite . 

Cut-off 

0 

0 

Z \ ~ 0, Z % 7^00. 

Cut-off 

0 

0 

Z -^ 0) Z 2 — oo 

Cut-off 

00 

0 

Z 1 — 0 , Z 2 ~ go 

Confluent frequency . 

Finite 
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It is easy to determine the pass and stop bands by drawing 
the reactances Z ± and - 4Z 2 . The cut-off frequencies are given 
by the intersections of the Z r curve with the - 4 Z 2 curve and 
the zero axis.* 

Before the very thorough treatment, due to Zobel, of the 
ladder-type sections of wave filters is given, a very brief 
account will be furnished of the conditions for the lattice-type 
filter sections. 

Conditions for the Lattice-type Section. Fig. 177 shows the 
section, and the image parameters are given by equations (278) 
as 

z* = z x z 2 

and 0 = 2 tanh -1 \\Z(Z X Z 2 ) 

Z ± and Z 2 are pure reactances, jX t and jX 2 say, so that 

Z* = -X x X % 

and 0 = 2 tanh -1 \y/(XJX 2 ) 

A critical frequency is one at which Z 2 changes sign and 
therefore occurs only when X 2 or X 2 changes sign. The critical 
frequencies are thus given by 

Z 1 = 0, or Z x = qo , or Z 2 = 0, or Z 2 = qo . (292) 

If Z x = 0 and Z 2 = 0 simultaneously, X x and X 2 must have 
like signs (since they must increase from negative through 
zero to positive values) and Z 2 2 is negative. The frequency 
is in a stop band. The case is really the limiting case when the 
width of a pass band becomes zero. 

If Z x = 0 and Z 2 = o o simultaneously, X x and X 2 have 
opposite signs; for X x goes from negative to positive through 
the frequency and X 2 goes from + qo to - qo . Z? is positive 
before and after the frequency, so that the frequency is a 
confluent frequency in a pass band. The case is when the 
width of a stop band becomes zero. 

If Z x = 0 and Z 2 is finite, X t changes sign and X 2 does not, 
so that Zj 2 changes sign and the frequency is critical and 
separates a pass from a stop band. 

If Zi = qo and Z 2 is finite the frequency is again critical. 
The following table summarizes the conditions. 

* For an example, see G. A. Campbell, “Physical Theory of the Electric 
Wave Filter,” B.S.T.J. , November, 1922, page 14. 
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TABLE XIII 

Critical Frequencies of Lattice-type Filters 


Zx 

z* 

' 

Quality of Frequency 

Zi 

0 

0 

Confluent (in stop-band) . 

0 

0 

Finite 

Cut-off ..... 

0 

0 

00 

Confluent (in pass-band) . 

Finite 

00 

00 

Confluent (in stop-band) . 

oo 

00 

Finite 

Cut-off ..... 

00 


In this table Z x and Z 2 can be interchanged. It is seen that 
at a definite cut-off frequency one of the impedances Z x and Z 2 is 
zero or infinity and the other finite. 

^ Design of Lattice-type Filter Sections. A possible method 
of designing a lattice-type filter with given pass and stop bands 
is to write down a formula for Z 2 , which must be the product 
of two expressions like that given in equation (216), and which 
is positive in the pass bands and negative in the stop bands. 
Then, if Z x and Z 2 are found so that Z X Z 2 — Z 2 , the filter is 
derived. 

For example, to design a low pass filter with cut-off frequency 
= a>J27T it is sufficient to put 

Z 2 = R 2 (l - co 2 /co x 2 ) . . . . . (293) 


This expression is of the required form and is positive for 
0 < co < co x and negative for co > co x . Other possible expres¬ 
sions are 


and 


Z 2 = —- 

1 -oj 2 /co x 2 

Z 2 = R 2 (l - (o 2 /co x 2 ) ± !(1 - ( 0 2 /(0 2 ) 2 


(294) 

(295) 


The most general expression is, in fact, 

Z 2 = R 2 (l- (d 2 /cd x 2 ) ± 1 (1 - (o 2 /(o 2 2 ) ± 2 . . . (1 - (o 2 /(o n 2 ) ± 2 (296) 

where co 2 , co 3 , . . . co n can have any values. The problem 
resolves itself into the finding of Z x and Z 2 , whose product is 
the expression of equation (296). 

As an example let us take the simple expression of equation 
(293) and let 

\Z X = j o)L. 

Then 2Z 2 = Z 2 f\Z x = R 2 /jcoL + j coR 2 /(o 2 L 
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2 Z 2 is the series combination of a capacitance L/R 2 and an induc¬ 
tance R^/co^L : the resulting filter 
section is shown in Fig. 190. 

Equation (278) gives 

0 = 2 tanh” 1 \^(ZJZ 2 ) 

= 2 tanh" 1 \ZJZ Iy 
. , Fig. 190. Lattice-type 

SO that m the pass band Low Pass Filter Section 

D - jfi, whme B = 2 tan- 1 (298) 

and ^4 = 0 J 





- / 7Rry t 


This holds up to co = co 1} at which frequency ^4 = 0 and 
B = 2 tan” 1 qc = 2(7r/2) = tt. 


When (o > (o x , 0 = A + j B, where B = n 

and A = 

This expression for A holds only when 
R\/ (co 2 /&>i 2 - 1) < o)L 
because the tanh of a real number x is less than unity, since 
tanh x=(£ x - £"*)/(£* + £*) = 1 - 2£“7(£* + £“*) and the 
exponential of a real number is always positive. 

The value of A in equation (299) is found in the following 
way. 

tanh 0/2 = tanh (^4/2 -J- ]B/2) = tanh (^4/2 + j tt/2) 

__ tanh (A/2) tanh (j7r/2) 

~ 1 + tanh (^4/2) . tanh (j 7 r/ 2 ) 

= 1/tanh (^4/2), 

since tanh (\tt/2) ~ j tan tt/2 = joo . 

Thus ^4/2 = tanh” 1 coth 0/2 

At very high frequencies the attenuation becomes 
.4 = 2 tanh" 1 (R/oo^L). 
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If R > (d x L, there is a frequency at which R\Z(co 2 lco^ - 1 )/coL 
= 1 and then A = <x> . The value of this frequency is 0 )^/ 2 ^, 
where 


w^R 

= ^/(R 2 - o> J&) 


(300) 


For frequencies higher than this the equations (299) do not 
hold, as the expression in the brackets is greater than unity 
and cannot be the tanh of a real number. It is found that 
for such frequencies 


and 


B= 0 >1 

^ = 2tanh->[ JV( J^,_ 1) ] j 


(301) 


At very high frequencies the attenuation is 2 tanh -1 {co^LjR). 
The curves of A and B are shown symbolically in Fig. 191 for 



Fig. 191. Attenuation and 
Phase-shift for Low Pass 
Filter Section of Fig. 190 
when It > co^L 



the case when R > co^L and in Fig. 192 when R < co x L . The 
special case when = R gives co^ = <x>, so that the attenua¬ 
tion rises from zero at oy = and increases indefinitely as the 
frequency increases. 

If oJL > R, the equation for the frequency of infinite 
attenuation gives 

«oo = °h R IV ( R2 - <°i 2 L 2 ) 

= jco, WK 2 U - R>) 

= j o>a, say. 
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We can say that the frequency of infinite attenuation is a 
pure imaginary. 

Just as the networks of Figs. 174 and 175 are equivalent, 
so the ladder network of Fig. 193 is equivalent to the network 
of Fig. 190. This network is physically realizable when 
R > to x L , i.e. when the frequency of infinite attenuation is 
real. When R < co x L the shunt inductance is negative and 
can be achieved by the aid of mutual inductance between the 


L 



Fig. 193. Equivalent of Net- Fig. 194. Low Pass mm'- 

work of Fig. 190 Type in Lattice Form 


coils L. The equivalent II-network contains a negative capa¬ 
citance and requires a negative resistance for its construction. 

A section in which R < co x L does not give high attenuation 
but is useful because of the shape of its phase-shift character¬ 
istic. It will be shown in the next chapter that this type of 
section can have a phase-shift that is convex to the axis of B, 
whilst the normal sections (for which R > a> x L) have their 
characteristics concave to the axis of B. A combination of 
sections can give a characteristic that is nearly straight. 

It may be mentioned that the low pass filters that we have 
obtained here are the series-derived, m-type filter of Zobel, 
the connecting formula being 

m = a> x LjR .... (302) 

The location of the pass band does not fix Z x 2 and the struc¬ 
ture of the filter, for there are arbitrary factors, (1 - co 2 /co n 2 ) 2 , 
which have an important effect on the properties of the filter 
but do not influence the location of the pass and stop bands. 
For example, if we take 

Z 2 = R 2 (l - C0 2 M 2 )/( 1 - (0 2 /C0 2 2 ) 2 
and \Z X = ]coL/(l - co 2 /cq 2 2 ), 

2Z 2 = R 2 (l - (o 2 /(o x 2 )l](oL(l - co 2 /co 2 2 ), 
which is physically realizable as the network of Fig. 194. This 
15—(T.5782) 
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is the mm'- type, described by Zobel,* as will be shown later 
when the work of Zobel is described in detail. 

Enough has been given to enable the design of the lattice- 
type filter section to be accomplished with the aid of the 
general criteria of equations (286) and (287);-j- It is seen how the 
m- and mm'-types are derivable immediately from simple forms 
of Zj 2 . It should be noted that one factor in equation (296) 
gives the m-type filter straight away, the constant -h filter being 
a particular example, whilst two terms give the ram'-type. 

The complexity of the section can be increased as desired 
by a suitable choice of Z 2 in equation (296) and without 



much difficulty of algebra and computation. Theoretically 
this method is very much simpler than that of Zobel, but, 
in so far as the ladder network is much cheaper than the lattice 
network, J practical design is usually concerned with the ladder- 
and II-types. When it is required to construct a filter of given 
image impedance-characteristic the method outlined above is of 
special use, for Z 2 can be made to have any desired character¬ 
istic, subject to its being zero or infinity at the cut-off 
frequencies, by a proper choice of the squared factors. 

Ladder- and n-type. Filter Sections. This subject has 
received thorough and remarkable treatment by Zobel in two 
papers,§ which should be read by all who wish to design filters 
and understand their action, possibilities, and limitations. The 
work that follows is taken almost entirely from these papers. 

A few definitions are required before the theory can be 
explained. 

The ladder network of Fig. 167 can be split into two 
asymmetrical L-sections, as shown in the left-hand part of 

* “Extensions to the Theory and Design of Electric Wave-filters,” B.S.T.J. 
April, 1931, Vol. 10, No. 2, page 299. 

f See Appendix V for recent developments. 

} See, however. Appendix V. 

§ “Theory and Design of Uniform and Composite Electric Wave-filters,” 
B.S.T.J ., Vol. 2, No. 1, pages 1-46; “Transmission Characteristics of 
Electric Wave-filters,” B.S.T.J ., Vol. 3, No. 4, pages 567-620. 
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Fig. 195, by the four-terminal networks ABCD and CDEF. 
The Il-section of Fig. 170 can also be split into the two L- 
sections CDEF and EFGH. Thus the T-section is formed by 
joining two L-sections at their shunt end and the Il-section 
by joining them at their series end. Fig. 196 shows a single 
L-section, whose image parameters are 

|z, Zn = K 1 = vW.(l + ZJ4Z 2 )] 

7 ~r zzk n - 2 ~ VLi + zjizj 

□ r 7 T Q 2 0 = h cosh- 1 (1 + ZJ2Z 2 ) 

Fig. 196. L-Section = sinh -1 \/(Z 1 /Z 2 ) 

It is clear from the fact that the T- and II-sections are pairs 
of L-sections or from equations (258) and (271) that K x and K 2 
are the image impedances of the T- and Il-section respectively 
and 6 is half the propagation constant of either of these sections. 
If a number of T- or II-sections are joined in tandem, the 
resulting network is a ladder network in which the series arms 
are Z x and the shunt arms Z 2 . Then is the impedance at 
mid-series and K 2 at mid-shunt, and so they are called the 
mid-series and mid-shunt impedances respectively. One line 
terminated at mid-series can be joined to another terminated 
at mid-shunt by means of the L-section of Fig. 196 in a manner 
that avoids reflections. 

For a full section 6 = cosh -1 (1 + ZJ2Z 2 ) and it can be 
shown that 

E-0 = (2K 1 -Z 1 )l(2K 1 + Z 1 ) ) 

= (2Z 2 -K 2 )/(2Z 2 + K 2 ) ) ‘ ( > 

Writing Z,Z 2 = k 2 j ... (304) 

it is clear that K 1 K 2 = !c 2 ) 

The conditions for pass and stop bands have already been 
found, viz. Z 2 positive in a pass band and negative in a stop 
band, the critical frequencies are given by equation (290), 
viz. ZJ4Z 2 = 0 or - 1, and Table XII, page 206, gives a 
summary. 

In a pass band 

6 = A + ]B ) 

where A = 0 and B = cos -1 (1 + ZJ2Z 2 ) ) 

As cos B must lie between - 1 and 1, 


- 1 < ZJ4Z 2 < 0 


( 306 ) 
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In a stop band it has been shown that B = m7r/2 for the 
L-section and mir for a symmetrical section. Then 

0 = A }B, 

where A = coshr 1 ± (1 + ZJ2Z 2 ) > . . (307) 

and B = mrr. ) 

The upper sign holds when 0 < ZJ±Z 2 < oo and the lower 
when — oo zj±z 2 < — 1, for the cosh of a real number is 
greater than unity, by equation (27). 

“The class of a wave filter is determined by the number of its 
transmitting bands and their general locations on the frequency 
scale; the type by its general structure. Thus, the low-band-and- 
high-pass class transmits in a band including zero frequency, 
in one internal band, and in a band including infinite frequency. 
A class is complementary to another if its transmitting and 
attenuating bands correspond in order of the attenuating and 
transmitting bands, respectively, of the other.”* One class is 
higher than another if it has more bands. 

ConstantFilter. This is a filter in which Z x and Z 2 are 
inverse networks of product fc 2 , generally put equal to R 2 , 
where R is the mean resistance of the line into which the filter 
is inserted. It is convenient to write z lk and z 21c for Z x and Z 2 
in this case. Then 

= Jc 2 = R 2 ) 

and = (W2-R) 2 ) ' ’ ' ( ’ 

A frequency at which z lk — 0 is not a cut-off but a confluent 
frequency, for z 2k = go at this frequency. The actual cut-offs 
are given by z lk /4z 2k = - 1, i.e. 

Zifc = ± j 2R - • - • (309) 

The mid-series and mid-shunt (image) impedances of the 
&-type ladder network are written K lk and K 2k and are given 

b y 

yjT + (z n /2R ) 2 ] = ^vl 1 + (W 2 ^) 2 ] = R 
= V( R lk K 2k ) 

At a confluent frequency K lk = K 2k = R. At a cut-off 
frequency K lk = 0 and K 2k = <x> . 

The general properties of a const ant-& filter are seen very 

* Zobel, first paper quoted, page 6. 
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easily by considering the variation of z lk . Fig. 197 shows the 
variation for a general case. Suppose z lk = 0 at co = 0. The 
reactance curve increases from 0 to 2j R at P x and the band 
PqP x is a pass band. z lk increases from + at P x to qo at 
P 2 , which is the frequency of infinite attenuation. Then z lk 
changes abruptly to - joo , increases to - j2 R at P 3 (which is a 
cut-off), to 0 at P 4 (which is a confluent frequency in a pass 




Pass Stop Pass Stop Pass Stop 


Fig. 197. Determination or the Transmission Bands of a 
Constant-^ Filter from z lk 


band), to + j2-R at P 5 (which is the upper cut-off frequency of 
the pass band P 3 P 5 ), to + joo at P 6 (which is a frequency of 
infinite attenuation); z lk becomes - j oo just above P 6 , increases 
to - j2 R at P 7 , 0 at P 8 , + j 2R at P 9 , and then suppose it 
increases to qo at infinite frequency. P 7 P 9 is a pass band, with 
P 8 as confluent frequency, and P 9 co is an attenuating band 
Any internal pass and stop bands are repeats of P X P 5 . 

If z lk is capacitive at low frequencies, viz. - jco at co = 0 , 
there is a stop band from co.~ 0 to co = co x where z lk = - j2 R 
at co 1 . If z lk is capacitive at high frequencies z lk ~ 0 at co = qo . 
This is the case when P 8 tends to qo and the band P 7 qo is a 
pass band. It is seen that if zero or infinite frequencies are in 
a stop band, the attenuation is infinite for z lk = oo . 

An internal pass band such as P 3 P 5 has K lk = 0 and K 2k = qo 
at the cut-offs. A pass band, which includes zero frequency, 
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has K lk = K 2k = R at zero frequency and K lk = 0 and K 2k 
= co at the upper cut-off. A pass band which includes infinite 
frequency has K lk = 0 and K 2k = qo at the lower cut-off and 
K lk = K 2k = R at infinite frequency. 

There are two ways of designing a constant-4 filter with 
given pass and stop bands: one way is to consider the pass 
bands and the other to consider the stop bands. 

Suppose there are to be n pass bands. Then z lk is made of 
n resonant circuits in parallel; if zero frequency is in a pass 
band one of these circuits is an inductance ; if infinite frequency 
is in a pass band one is a capacitance. This case is shown in Fig. 
198. Zobel names these resonant branches z rl , z r2 , z rn , 



jef x* 

*n Z rz 


Zrn 


CmR 2 


L Tl /R 


CnR 2 

l T 2 /r 2 


Fig. 198. z lk as the Parallel Fig. 199. z 2k , the Inverse of the 
Combination of n Resonant Network of Fig. 198 

Branches 


so that 

l/z lk = 1 jz n + l/z r2 + ... + l/z rn , 
where z rs = j coL rs + lfjcoC rs 


. (311) 


Putting z lk = -]2R at the lower cut-off frequencies and 
+ ]2R at the upper cut-off frequencies, there are just the right 
number of equations to find the coefficients L rs and C rs . Having 
determined z lk , z 2k is found as the inverse network, shown in 
Fig. 199, and consists of n anti-resonant circuits in series. By 
what has been said on the 4-type filter, the pass and stop bands 
resulting from this procedure are the desired ones. 

If we consider the stop bands, we make z lk the series com¬ 
bination of n anti-resonant circuits, so that 

z lTc = z al + z a2 + • • • + z an 

where z as = ]coL as /(l - co 2 L as C as ) 
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Fig. 200 shows the form of z lk . If zero frequency is in a 
stop band z al is put equal to l/jco(7 al ; otherwise z al has both 
an inductance and capacitance in parallel. Similarly, if infinite 
frequency is in a stop band, z an = j coL an ; otherwise z an has 
a capacitance across the inductance, so that z lh = 0 at infinite 
frequency. Equating z lk to ± j 2R at the upper and lower 
cut-offs, the elements are uniquely determined. The network 
derived for z lk in this way must be equivalent to that derived 

Zm ^ a2 V/CL3 7 

Fig. 200. z lk as the Series Combination of n Anti-resonant 
Branches 


above by considering the pass bands, but is merely a different 
form of it. There are many other forms, and it is a matter of 
detailed study to see which is the most economical. z 2k is 
found by inversion in the known manner. The frequencies of 
infinite attenuation are given by z lk = <x> and are fixed by the 
location of the pass and stop bands. 

Constant s, Low-and-band-pass Filter. A very useful example 
is given by Zobel to illustrate the theory of the constant-^ 
filter; it is the low-and-band-pass filter. There are two stop 
bands, co 0 to co x and co 2 to <x> . The former requires a parallel 
tuned circuit (C lk} rL lk ) and the latter an inductance L lk . It 
is convenient, from purely algebraic considerations, to use 
L lk for the separate inductance and rL lk for the inductance in 
the parallel circuit. Then 


Z X k — ]<*> E lk + 


jurL lk 

1 - a) 2 rL lk C lk 


(313) 


and its form is shown in Fig. 201. Equating z lk to + j 2R, 
- j 2R, and + j2I? at co 0 , co l9 and co 2 respectively, we get 
1 + r/(l — oj Q 2 rL lk C lk ) = 2R/a) 0 L lk 
1 + r/(l - co 2 rL lk C lk ) = - 2Rjoi x L xk 
and 1 + r/( 1 - co 2 2 rL lk C lk ) = 2Rjo) 2 L lk . 


These equations give 
_ 2R 

L xk — j 

(O 0 — (O x -f- CO 2 


c _ _ (ft> 0 - Oh + a> 2 ) 2 _ 

lk [(a) 0 co 1 -co 0 ft) 2 + (to 0 -co 1 + a» 2 )-o)o<w 1 a> 2 ]2i? 


( 314 ) 


and r = (co 0 — co x -f- co 2 ) (l/ca 0 — 1 /co x + l/co 2 ) — 1. 
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The structure for z 2k is obtained by the method of inverse 
networks and is shown in Fig. 201. The elements are L 2k 
C 2k > and rC 2k , where 

L * k = R 2 C lk ) ( 315 ) 

and C 2 k = L lk /R 2 ) 

By the equivalence of the networks in Fig. 147, it is seen 
that z lk can be represented by an inductance in parallel with 


m 


Fig. 201. Constant-^, Low-and Band- Fig. 202. Equivalent 

Pass Filter Form for z lk of Fig. 201 

the series combination of a capacitance and an inductance, as 
shown in Fig. 202. By use of equations (212) it is found that 

O'l = <V 2 /(1 + r)\ r • • • ( 316 ) 

and L 2 = LJr = L lk ( 1 + l/r) J 

This is the form of z lk obtained by considering the pass 
instead of the stop bands, and it is seen that the two methods 
produce equivalent networks of different structures. In the 
same way an equivalent form for z 2k can be found that corre¬ 
sponds to this new form of z lk . 

As an example let us find the constant-^ filter, of mean 
impedance 600 ohms, passing freely from 0 to 3000 cycles and 
from 5000 to 8000 cycles. We have 

R = 600, co 0 = 3000 X 2tt, eo 1 = 5000 X 2tt, and 
o > 2 = 8000 X 2tt. 

Substituting in equations (314), we get 



I'Ve — 

31*8 mH, 


c u = 

0-0725 fiF, 


r = 

11/20, 

and 

rL lk = 

17-5 mH. 

Also 

E 2 fc = 

26-1 mH, 


C 2 Jc = 

0-0885 fi F, 

and 

rC 2k = 

0-0487 /xF. J 




( 317 ) 



WAVE FILTERS 


219 


Chap . VII ] 


In the alternative structure 


L x = 49*3 mH, 
Q 1 = 0 00913 

and L 2 = 89*6 mH. 


The first set of values is probably the more convenient, but 
there is not much to choose in this case. 

The frequency of infinite attenuation is given by z lk — 0 and 
by equation (313) we get 

<*>«> = VV(rL lk Ci k ) 

= a/[(“>o“>i“> 2 )/(“>o - “>1 + “> 2 )] • • (318) 

In the present case this gives a frequency of 4470 cycles. 
A check on the calculation is easily made by seeing whether 
the rL lk and C lk , which are 17*5 mH and 0 0725 pF , have an 
anti-resonance of 4470 cycles. This is seen to be true. A 
simpler form for the calculation of C lk than that given in 
equation (314) is seen to be 

C lk = (co 0 - + ( 0 2 ) 2 /( 0 Q 0 ) 1 0 ) 2 r 2 R . . (319) 

General Ladder-type Filter with K x = K lk or K 2 = K 2k . 
The constant-^ type filter has its impedances, propagation 
constant, and frequencies of infinite attenuation fixed by the 
location of the pass bands. It is nearly always desirable to 
have some method of adjusting the attenuation and choosing 
arbitrary frequencies of infinite attenuation, so that certain 
powerful waves in the attenuating band can be sufficiently 
attenuated. In order that filter sections may be joined in 
tandem without reflections at their junctions, the image im¬ 
pedances looking both ways at any junction must be equal. 
For this reason much work has been devoted by Zobel to the 
systematic development of filter sections, one of whose mid¬ 
point impedances is K lk or K 2k . The filter which has K 1 = K lk 
is called the “mid-series equivalent wave filter” and that which 
has K 2 — K 21c the “mid-shunt equivalent wave filter ” 

General Mid-series Equivalent Wave Filter. The problem is 
to find the most general ladder-type filter, having given pass 
and stop bands, such that its mid-series impedance K u is equal 
to the mid-series impedance K lk of the const antfilter and 
has the same transmission bands. 

Suppose that the constant-A: filter has been found by the 
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method of considering the stop bands. Then z lk) the constant-fc 
series arm, is given by equation (312) as 

z lk — z al + z a2 + • • • + Z an • * • ( 312 ) 

where z o1 , z o2 , . . . are parallel-tuned circuits and give one 
stop-band each in the neighbourhood of their frequency of 
anti-resonance. The mid-series impedance of the constant-^ 
filter is, by equation (310), 

Kik = V ( R2 + i z ik 2 ) 

Suppose the general filter with the same bands has series 
impedance z 11 and shunt impedance z 12 . The mid-series im¬ 
pedance K n is to be equal to K lk) so that 

R n “ V ( z n z 2 i “h i^n 2 ) — R vc = + i^iA: 2 ) (320) 

The impedances z n and z 21 must possess the following 
properties. 

1. When z lk = o o , z n = qo . For, when z lk = <x 9 z 2k = 0, 
and the frequency has infinite attenuation and is, of course, 
in a stop band. Also K lk = K n = oo , so that z u = go and 
z 21 is finite, or z u is finite and z 2 i = go ? or z u = oo and z 21 = qo . 
The second of these choices is not admissible, for it makes 
Zn/4z 2 i = 0 and the frequency is in a pass band. It is therefore 
necessary that z 11 = go irrespective of whether z 21 is finite or 
infinite. It follows at once that z u must be of the same form 
as z lk and can be represented by the series combination of n 
parallel circuits, whose anti-resonant frequencies are the same 
as those of the n parallel circuits of z xk . 

2. In any internal pass band (i.e. (me which does not contain 
zero or infinite frequency) z u = 0 and z 12 = qo together. For, 
if these conditions did not occur simultaneously, z n /4z 21 would 
change sign when z u = 0 or when z 21 = qo , and the frequency 
would be a cut-off. 

3. In any internal stop-band z 11 = go and z 12 = 0 simul¬ 
taneously. The reason is that given in (2). 

4. The shunt impedance z 21 can be represented in its most 
general form by a parallel combination of as many series circuits 
(A, C ) as there are inductances and capacitances in z n . The proof 
is as follows. The reactance-frequency curve of z u (as well as 
of z lfe ) is composed of as many branches as there are elements 
(i.e. inductances and capacitances), a branch consisting of a part 
of the curve lying between 0 and go . For example, the reac¬ 
tance curve of Fig. 197 shows five branches and is the curve of 
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an impedance composed of three inductances and two capa¬ 
citances. Now z 21 can be infinite in any pass band at one fre¬ 
quency, at which z u = 0, by property (2). It cannot be infinite 
at two frequencies in one pass band, for this would necessitate 
its being zero between these frequencies and at this intermediate 
frequency there would be infinite attenuation. If z 2X = oo in 
a stop band z xx = <*> at the same frequency, or there would be 
a change of sign in z xl /±z 21 . Thus z 21 can be infinite at the 
beginning of a branch of z n , i.e. where z ll = 0, and at the end 
of a branch, i.e. where z 11 = oo ; it therefore can be zero only 
once in each branch. The total number of resonant frequencies 
that z n can possess is equal to the number of branches in z xx , 
and as each resonant frequency corresponds to a series circuit 
(L, C) the theorem follows. 

By property (1), z n must be of the form 


z n = m x z al + m 2 z a2 + . . . + m n z an . . (321) 

where z al , . . . z an are the parallel circuits of z lk and m x , m 2 , 
. . . m n are positive numbers. Equation (320) gives 

+ i(%* 2 - *ii 2 ) 

z 21 — --- • • • (m) 

*11 


This expression for z 21 is of the correct form required by 
property (4). The ra’s can be chosen by fixing n conditions, 
say n frequencies of infinite attenuation (at which z 21 = 0). 
It must be remembered that only one frequency of infinite 
attenuation can occur in each branch of z n ; and as each stop 
band contains parts of two branches (e.g. P 5 P 6 and P 6 P 7 in 
Fig. 197) there can be, at most, two frequencies of infinite 
attenuation in any internal stop band. Other stop bands can 
have only one such frequency, as they contain only one branch 
of z n . 

There are n stop bands and z u has N elements, where N = 2n, 
2n~ 1, or 2n— 2, according as to whether there are 0, 1, or 2 
non-internal stop bands. z 21 has 2N elements. The procedure 
adopted by Zobel is the following. 

z al , Za 2 > ' • • Z an are found from the constant-^ filter. Equa¬ 
tion (322) then gives z 21 as a function of %, m 2 , . . . m n . Then, 
by property (4), z 21 is expressed as the parallel combination of 
N series resonant arms, a 1 z L + b x z c , a 2 z L + b 2 z c , . . . a N z L 
+ shown in Fig. 203, where z L and z c are the impedances 

of some inductance and coil in the constant-^ filter. These 
expressions are equal and the result of equating them is to 
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obtain 2 N relations between m 1? m 2 , . . . m n , a v . . . a N , 
6 1? . . . 6^, which are 2A + w in number. If n frequencies of 
infinite attenuation are chosen, equating z 21 — 0 at these 
frequencies gives n relations between the a’s and 6’s. There 
are then enough equations to solve for 
the a’s, 6’s, and m’s. 

General Mid-shunt Equivalent Wave 
Filter. It is possible to derive this filter, 
which has series and shunt arms z 12 and 
z 22 and mid-shunt impedance K 22 = 
K 21c , in the way described above. But 
if the mid-series equivalent filter has 
been found, there is a very simple way 
of deriving the mid-shunt equivalent 
filter from it, so that these sections 
have the same propagation constant (and critical frequencies). 
For if their propagation constants are equal to d , 

cosh 0=1 + ^z n /z 21 = 1 + \z 12 jz 22 , 

so that Z 1 JZ 21 = WZ 22 .(323) 

The conditions K 22 2 — K 2k 2 

= ^12^22/(1 4 “ ^12/^22) 

= 1 + z lk 2 /4,R 2 ) 

and K n 2 = K lk 2 

= ^21(1 + W 42 21) 

= ^ 2 (1 + ZvcV±R 2 ) 
give, with the help of equation (323), 

K n 2 K 22 2 = -K 4 = ^ 11 ^ 21 ^ 12 ^ 22 * 

The relations may be expressed briefly as 

Z U Z 22 = Z 12 Z 21 ~ E-lkE- 2Jc ~ H11^22 = Z lk Z 2k ~ -^ 2 • (324) 

Thus z 12 is the inverse network of z 21 and z 22 of z n , the product 
being R 2 . As z n is a series combination of n parallel circuits 
z 22 is a parallel combination of n series circuits; and as z 21 
is a parallel combination of N (= 2 n, 2n- 1, or 2n-2) series 
circuits z 12 is a series combination of N parallel circuits. The 
two filters have the same propagation constant, location of 
pass and stop bands, and frequencies of infinite attenuation. 

The mid-shunt and mid-series equivalent filters of the low- 
and-band-pass class will be calculated later. 

M-type Filters. These are produced from the const anttype 


OLjZl 

I- 

O'ZZt 
o \ --qflflp- 




h?c 


¥ 


O-nZl tyZe. 

1 —w— Ih 11 

Fig. 203. Form of z 21 in 
General Mid -series 
Equivalent Filter 




WAVE FILTERS 


223 


Chap . VII] 


by putting m 1 = m 2 = . . . — m n = m, so that equations (321) 
and (322) become, for the mid-series equivalent filter, 


and 


z u = mz lk 


R* + ±(l- m *) Zlk z 


1 1-m 2 

~ m Zik+ 4m _ 


(325) 


since R 2 /z 2k = z lk . Fig. 204 shows the m-type mid-series equiva¬ 
lent filter. The mid-series impedance K 11L (m) is equal to K lk 


\mz, k %m.z lk 


■W 


■W-o 


~K v (m)=K lk t . ^—K v (m) 

■k z 2k 

o *-o 

Fig. 204. Series-derived, /b-type 


of course; the mid-shunt impedance of the mid-series equiva¬ 
lent filter is 


=j(i 

A 


* 11*21 


1 + 


+ *ul4*nJ 

1-m 2 z lk N 


*2fc/ 


V ( 1 + te*,) 


(326) 



1-m 2 z lk \ | 
4 ^2 Jc) ) 


The form of K 21 (m) is one of the reasons for the importance 
of the m-type filter. The curve of R/K 21 (m) against z lk /4:Z 2k 
is shown in Fig. 205. (If R/K 21c is plotted against z lk j2R y the 
curve is a circle). Curves of R/K 21 (m) are shown for various 
values of m on the same diagram, and it is seen that if m = 0-6 
the mid-shunt impedance of the mid-series equivalent filter is 
nearly equal to R over the range of z lfc /4z 2fc from 0 to - 0*8. 
For this reason the m-type is constructed—in order that good 
matching over most of the pass band be attained. 
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Another important property is that there is an arbitrary 
frequency of infinite attenuation, which is given by z 21 = 0. 
The value of m is given by 

w — V( 1 + 42 2 kl z ik) .... (327) 

the values of z lk and z 2k being those at the frequency desired. 



The mid-shunt equivalent filter has impedances 

R* _ 1 _' 

Zli ~ z 2 1 ~ 1 lmz lk + (1 -m 2 )l4mz 2k 

> 

and z 22 = R-jz^ = ~ 


mz rk 



Fig. 206. Shunt-derived, w-type 


(328) 


Fig. 206 shows this type of filter, which has mid-shunt 
impedance K 22 (m) = K 2k and mid-series impedance 
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R /( 

Kli (m) = 


1 + 


Z lk 

4zo, 


)1 


1 - m 2 z lk 


1 + 


4 4 z 2fc 

= B 2 /K 21 (m) 


. (329) 


Fig. 205 shows the curves of i£ 12 (m)/B and the same remarks 
as for B/K 21 (m) apply. 

The networks of Figs. 204 and 206 are physically realizable 
only when m < 1, as is generally the case. With the aid of 
Figs. 174 and 175 it is seen that the lattice equivalent of Fig. 204 
is that shown in Fig. 207, which is realizable even when m > 1. 



Fig. 207. Lattice Equivalent of Fig. 208. Lattice Equivalent 
Fig. 204 of Fig. 206 


By applying the star-mesh transformation to the network of 
Fig. 206, the equivalent T-form is found and from this the 
lattice equivalent, which is shown in Fig. 208 and is realizable 
even when m > 1. 

K 21 2 (m) and K 12 2 (m) are of the form of Z 2 given in equation 
(296), in which two terms are taken; for each contains one 
term to the ^ first power and one squared term. But, as was 
shown for the case of the low-pass filter, only one term in 
equation (296) is required for the discovery of the m-type 
filter, whilst two terms will yield a more complex type. The 
reason is the following. Taking one term in equation (296), 
we find a filter with this term for one of its impedances, mid¬ 
series or mid-shunt. The other impedance will have an extra 
term so that it is the more complex impedance of an m-type 
filter. Taking two terms in (296), a filter will be found having 
one impedance with two terms and another impedance with 
three terms, corresponding to that of the mm'-type, which will 
now be described. 
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MM'-type Filters.* The mid-series section of a constant-# 
type filter has series arms \z Xk , \z lki and a shunt arm z 2k . By 
a process which we shall call the series-derivation , the series- 
derived, m-type filter of Fig. 204 is obtained; the series arms 



K 2 Y 


K Z k 


are \mz Xk , \mz lk , and the shunt arm is (1 - m 2 )z lk /4m + z 2 */ra. 
This filter has K n (m) = K lk ; and K 21 (m), the mid-shunt 

impedance of this section, is given 
in equation (326). Fig. 209 shows 
the mid-shunt section of this type 
of filter, whose image impedance 
is K 21 (m). This is quite a differ¬ 
ent section from that shown in 
Fig. 206, which is obtained by a 
“ shunt-derivation ” from the mid¬ 
shunt section of Fig. 210. 

If, now, the process of shunt-derivation, with a constant m', 
be applied to the section of Fig. 209, the resulting network is 
that shown in Fig. 211, in which the shunt arms are each 


-w- 

Zik 

1 \2%2k 


Fig. 210. II Section, Con¬ 
stant-^ Filter 



Fig. 211. MM'- type Filter 


(1 - m 2 )z lk /2mm' + 2 z 2k /mm' 

and the series arm is the parallel combination of mm'z lk and 
z lk m'(l - m 2 )/m( 1 - m' 2 ) + z 2k ±m'lm(l - m' 2 ). 

* Zobel, “Extensions to the Theory and Design of Electric Wave-filters,” 
Vol. 10, No. 2, April, 1931, page 284. 
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z, = 


mm'z i & £l + 




1 + 


1 - mhri z lk 


*2 k 


and 2 , = ^r i + i^l?!*] 

mm L 4 z 2k J J 


(330) 


The mid-shunt impedance is K 2 (m 1 m f ) = \/[ZiZ 2 /(l + Zi/4z 2 )] 
and turns out to be K 21 (m) of equation (326), as it should, for 
the shunt derivation from Fig. 209 to Fig. 211 must not alter 
the shunt impedance. 

It is more convenient to represent the section of Fig. 211, 
in the L-form of Fig. 196, in order that both image impedances 
can be shown on one diagram. Fig. 212 shows this form. The 



mid-series impedance of this section is 

K^m.rn') = \/[ZiZ 2 ( 1 + Z!/4 z 2 )] 

1 - m 2 z lk y 




1 + 




1 + 


1 - m 2 m' z lk 


^2 k 


(331) 


If this expression is squared, it is of the form of equation 
(296) provided three terms are taken. 

We have obtained the network of Fig. 212 by a series 
derivation from Fig. 201 to Fig. 204, and then a shunt derivation 
to Figs. 211 and 212. The resulting section has impedances 
K 2 (m,m') = K 2 (m) and i£ x (m, m') of equation (331). 

16—(T.5782) 
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The reversal of these processes introduces another type of 
filter. 

The shunt derivation leads from Fig. 210 to Fig. 206, whose 
series impedance is K 12 (m) of equation (329) and shunt imped¬ 
ance is K 2k . The series section corresponding to Fig. 206 has 
series arms the parallel combination of mz lk /2 and z 2k 2mj (1 - m 2 ) 
and shunt arm z 2k /m. Applying the series derivation to this 
we get a series section, whose series arms are \z x and shunt arm 
z 2 , where 


and 


Zi = 


mmz lk 


1 + 


1 - m 2 z lk 


Z 2 = + 

mm 


t *2 k 

(1 - m' 2 )m z lk 

4 ('l + l^ !! » 

\ 4: z 2k 


) 


(332) 


Fig. 213 shows the L-form, in which the series arm is \z 



and shunt arm is 2z 2 . The mid-series impedance is K 12 (m) of 
equation (329), whilst the mid-shunt impedance is 


K 2 {m 1 m') 


_ g „(i + 1 ^) 


i + 


1 - w 2 z lk 


4 z 2k 

= Rz/K^m, m') 


. (333) 


from equation (331). 

It is found from equations (330) and (332) that the 
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propagation constants for the complete sections of Figs. 212 
and 213 are equal to 


9 — cosh -1 


1 + m 2 m ' 2 

_ * Z 2 7 c 

1 - mhn' 2 z lk 
. 4 z 2 *._ 


(334) 


The mm'-type filter is used in order to match the filter im¬ 
pedance with a load of fixed resistance. Zobel finds that if 
m = *723 and m' == *413, K-^m, m') and K 2 (m, m f ) do not vary 
by more than 2 per cent from R for values of z lk /iz 2k between 
0 and - 0*92. For this case 

K^m, m')/R = R/K 2 (m, m) 

= V(1 + W 4 ^) (1 + 0-478z lfe /42 2fc ) 

1 + 0*911z lfc /4z 2fc 


At z 1J J4 : z 2k — 0 the expression is 1*00, at -0*8 it is 1*02, and 
at -0*9 it is 1*00 again. The expression falls rapidly to zero 
as goes from - 0*9 to - 1*0. 

Mid-series Equivalent Low-and-band-pass Filter. The eon- 
stant-A filter has been found (pages 217-218) and is shown in 
Fig. 201. Zobel applies his method in the following way.* 
Let z L = j o)L llc and z c = 1/j coC lk . Then equation (313) gives 


Zl* = z z + 


rz 


By equation (321) z n = m 1 z L + 


rz L z 0 

L “h Z C 
^2 TZjZc 

rz L + z c 


(335) 

(336) 


On substituting in 


where m 1 and m 2 are arbitrary constants, 
equation (322), we find z 21 as a function 
of m l5 m 2 , z L , and z c . By property (4), 
page 221, z 21 is represented by the parallel 
combination of three tuned circuits, as 
shown in Fig. 214, and is a function of 
a, b , c, d , e, /, z L , and z c . Both expressions 
for z 21 are of the same form, a cubic homo¬ 
geneous polynomial of z L and z c divided 
by a quadratic homogenous polynomial. 

There are seven coefficients in each ex¬ 
pression, but only their six ratios need be equated to give six 



Fig. 214 . z 21 iisr Low- 
and-Band-Pass Filter 


* January, 1923, pages 21-25. 



230 


ELECTRIC CIRCUITS 


[Chap. VI1 

equations between a , b , c, d, e , /, and m 1? ra 2 . Two (arbitrary) 
conditions may be imposed, in order that eight equations be 
obtained for the eight quantities a, b, c, d, e , /, m l5 m 2 . We can 
choose^ 00 and/ 2 oo , the frequencies of infinite attenuation, by 
putting + bz 0 = 0 at «> loo 

and cz L dz 0 = 0 at c> 2oo 

since these equations make z 21 = 0 and the attenuation infinite. 
These two equations, which give 

ajb = WoCO^rKwQ -co 1 + a> 2 )co lQ0 2 
and cjd = co 0 o 1 ft) 2 r/(co 0 - co 1 -f- o) 2 )co 2 7D 2 

together with the other six equations give the solution, which 
is the following (Zobel, loc. cit ., page 44). 

L llc , C lk , and r are given in equations (314). Let 

oc = 1 - (ohj/tosJ), 

p = (co 0 - + co 2 )<u loo 2 - tooCOjCOa, i- . . (337) 

and y = (co 0 - + co 2 )co 2ao 2 - « 0 <wi<w 2 . 


Then m 1 = 

and m 2 = 

where g = 
and h = 

Also a = 


_ + h 

a 

= _ yg/^x2 2 + fthlm l 0J 2 _ 

a[(a> 0 - coj + <w 2 ) ( 1 - tOo/Wi + ft> 0 /«> 2 ) - co 0 ] ’ ’ 

= Vt(i - «h 2 /o h J) (1 - a> l00 2 /O (1 -e» loc > 2 2 )] 

= VK 1 - W 0 2 /ft>2» 2 ) (! - n>l 2 l(02 x 2 ) (1 - <«2 2 /«>2oo 2 )] . 
a) 0 (o 1 a) 2 rb 

- (co 0 - 0} x + (0 2 )(O lr J 

= a(ft>0 - ft)i + to 2 ) 2 [(l - mi 2 )co loo 4 a) 2oo 2 - oj^cu^o)^] 
4:gr(ti 0 a> 2 a> 2 p 

ca 0 co 1 to 2 rd 

~ + ft>2)c«2*, 2 

_ a(ft) 0 - ft»x + fr> 2 ) 2 [( 1 - ~ ft>o 2 co 1 2 <o 2 2 ] -(339) 

(co 0 - CO! + WaJcDflCOiCOa 

f --- 

J 1 1 4 rco 0 co 1 co 2 (m 1 + m 2 r) 

6 d (co 0 - + w 2 ) 3 
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The third frequency of infinite attenuation, given by ez L + fz 0 
= 0, is oo 1 oo 72 tt, where 

^loo' = - m i) • • ( 340 ) 

Mid-shunt Equivalent, Low-and-band-pass Filter. The series 
and shunt arms, z 12 and z 22 , are the inverse networks of z 21 
and z n , respectively, as given in equations (324). 

The low, high, and band pass filters can be derived from the 
low-and-band-pass filter by giving co 0 , co ly and co 2 special values. 
These cases will be treated separately and in detail in later 
chapters. 

Composite Wave Filters. It is seen in the low-and-band-pass 
filter that there are two arbitrary frequencies of infinite attenu¬ 
ation, coi ^/277 and co 2 qo / 27 t, and another co X(X I2v, which is not 
arbitrary and whose value is given in equation (340). It may 
be necessary to design a filter with four or five arbitrary fre¬ 
quencies of infinite attenuation. It is impossible to design a 
single mid-shunt equivalent section to do this, but a satisfactory 
single section can be designed by the method explained in the 
section on page 208. Such a section will have image impedances 
that are not related to K lk or K 2k , but will be of the general 
form of equation (296), except that instead of (l - co 2 /co 1 2 ) ±1 
there will be several terms, each to the ± 2 power, to account 
for the pass and stop bands. This method* is worthy of prac¬ 
tical consideration, as it will often yield a single filter section 
with any desired frequencies of infinite attenuation and will at 
the same time give an image impedance that is much more 
constant in the pass bands than K lk or K 2k . In order to 
produce a filter with given frequencies of infinite attenuation 
recourse is had to composite filters , that is, filters composed of 
several sections in tandem. Thus, if it is required to construct 
a low-and-band-pass filter with frequencies of infinite attenua¬ 
tion o) 1 /2tt, co 2 oo / 27 t, co 3 o 0 / 27 t, and co 4 od / 27 t, the filter is con¬ 
structed of two sections, one of which has frequencies ( 0 ^/ 2 ^ 
and co 2od /27t and the other o) 3 ^/2tt and \ These sections 

are either of the mid-series or mid-shunt equivalent type and 
are joined at mid-series or mid-shunt, respectively, so that 
they have equal impedances K lk or K 2k , respectively, at their 
junction. There is no reflection within the filter and, by the 
theorem on image parameters, the propagation constant of the 


* See Appendix V, 
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filter is equal to the sum of the propagation constants of the 
sections. 

Thus a low pass filter, having one arbitrary frequency of 
infinite attenuation, requires a section for each frequency. 
An example will be worked out fully in the next chapter. 

Before a systematic theory of filters was developed, series 
antiresonant circuits and shunt resonant circuits were inserted 
to produce infinite attenuation at special frequencies. This 
random procedure had the effect of tampering with the pass 
and stop bands, which became unpredictable. The theory of 
filters introduced a method whereby the pass and stop bands 
are chosen and fixed and other desired conditions, such as 
frequencies of infinite attenuation, are obtained in such a way 
as not to alter the pass bands. Also the reaction of one section 
upon the neighbouring sections is kept under complete control. 

Propagation Constant of Lattice Section. The lattice-type 
section of Fig. 177 has a propagation constant 

6 = 2 tanh"^(^ 2 ) 

= 2 tanh" 1 (r\y) 

where r\y = <\/(Zj4:Z 2 ) = ZJ2Z 2 . . . (341) 



Fig. 215 gives the graph of tanh -1 r\y for values of y between 
0 and 90° and r between 0 and 1. The graph gives 


tanh -1 r\y = A + ]B . . . . (343) 

so that 6 = 2(A + j B) .... (344) 

If y is negative, B is negative, so that 

tanh -1 r\y = A - ]B . . . . . (345) 

If r > 1 we use the formula 

tanh -1 r\y = coth -1 * | y 

= tanh" 1 * |y ± • • (346) 


Equations (343), (345), and (346) enable the value of tanh -1 
r\y to be found for any values of r and y. The graph is crowded 
in the region of r = 1, which is the region of high attenuation. 
Either the tables of Kennelly, Tables of Complex Hyperbolic 




Fig. 215. A + jB = tanh“ x (r|)/) 
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and Circular Functions , pp. 122-137, can be used, or the follow¬ 
ing approximation can be applied. 

When |0| is large, tanh 0/2 *== 1 - 28 -0 

= At 

Therefore = J(1 -r\y) 

= f (1 - r cos y - j r sin y) 

= fy^l - 2r cos y + r 2 ) |- r sin y/(l -r cos y) 

== V[(! ~ r cos y)/2] |~ r sin j/(l - r cos y) 


The logh of the left-hand side is - 0. Equation (45) then 
gives 


attenuation = - logh \/[(l - r cos y)2] 

= - \ logh f(l - r cos y) nepers - 
and phase-shift = r sin y/(l-r cos y) radians 


(347) 


Propagation Constant of Ladder Section. The T-section of 
Fig. 167 and the Tl-section of Fig. 170 both have the propaga¬ 
tion constant 

A + ]B = 0 = cosh" 1 (1 + ZJ2ZJ 
= 2 sinh” 1 W( Z J Z 2 )- 

Let z J4Z 2 = K\q) . . . . . (348) 

A and B can be expressed as functions of K and ?. The sim¬ 
plest method of deriving these functions is the following. 

A + ]B = 2 sinh- 1 <\/(ZJ4:Z 2 ) 

— 2 logh [\/(Z 1 /4 :Z 2 ) + \/(l + Z il^ Z 2 )] 
and by equation (30) 

= 2 logh WK | f? + V(1 + K\V*\ 
so that A = 2 logh \*JK\\(p + \/(l + JT|?)| 
and B = 2 x angle of [\/K\%(p + y/(l + K\<p)] 

Figs. 216, 217, and 218 give the attenuation for various 
values of K and ?, and Fig. 219 gives the value of B. 

When K is large, 

A = logh 4:K when ? is near zero, 
and A = logh 4 (K - 1) when ? is near 180° 



( 350 ) 
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Another form of the ratio Z l /lZ,, is often used, viz. 

ZJ4Z t =U + jV ... . (351) 



Fig. 222. Attenuation as a Function of U, when V 2 is Negligible 
Compared with U + U 2 


In an ideal filter, i.e. one in which there is no dissipation, 
V = 0. The pass bands are those in which U lies between 0 
and - 1. In the practical case 

cosh 6 = cosh (A + jl?) = 1 + 2U + 2j V. 

Equating real and imaginary parts we get 
cosh A cos B = 1 + 
sinh A sin B = 2 V. 


and 
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These equations give 

A = smh-V2jy(l7+ W+ F 2 ) 2 + W+(U+ U*+ F 2 )] 
and ____ ^(352) 

<7^=sin- 1 V / 2[V'(0-+ £7 2 + F 2 ) 2 + V 2 -(U + C/ 2 + F 2 )] 


where O is + 1 or - 1. 

Figs. 220, 221, and 222* give ^4 and 5 for various values of 
V and F. The curves of A and B are confocal ellipses and 
hyperbolas, the foci being U = 0, V = 0, and U = - 1, V = 0. 
As A and B are functions of U + U 2 it is unnecessary to draw 
curves for values of U less than - 0*5, since 

(- 1 - 17) + (- 1 - Uf = U + U 2 
and the values for U less than - 0*5 can be found by looking 
up the values for - 1 - U, which will be greater than - 0*5. 

Figs. 220 and 221 give the values of A and B for various 
values of U and V in the transmitting band, and in its neigh¬ 
bourhood. Fig. 222 gives the value of A in the part of the 
attenuating band where V 2 is negligible compared with U + U 2 . 

It is found that dissipation alters U and V in the neighbour¬ 
hood of a frequency of infinite attenuation so that V 2 becomes 
very large compared with U + U 2 . This will be discussed later 
and Fig. 239 gives the graph of A versus F, whilst the first of 
equations (371) gives its form. 


* Reproduced from Zobel’s paper, “Transmission Characteristics of Wave- 
filters,” B.S.T.J., October, 1924, by the kind permission of the Editor of the 
Journal. 




CHAPTER VIII 

LOW PASS FILTER 

Introduction. Low pass filters are used very often in telephone 
and wireless circuits. If two or more telephonic communica¬ 
tions are sent along the same pair of wires at the same time, 
in order that there be no interference between the communi¬ 
cations it is necessary that the frequency bands of the systems* 
be separable. Thus one system can use the band 0 (or 100) 
cycles to 3000 cycles, say, and the other 4000 to 7000 cycles. 



Fig. 223. Simple Carrier Telephone System in Block Schematic 


The method employed is the following. The speech currents 
of the first system are sent through a sending filter , which is a 
low pass filter and transmits only waves up to 3000 cycles. 
Waves of higher frequency are suppressed. The speech currents 
of the second system are modulated with a suitable carrier wave , 
which may have a frequency of 4000 or 7000 cycles, and are 
then passed through a band pass filter (if higher channels are 
present) or a high pass filter (if there are no higher channels). 
The sending filters are necessary in order that the frequency 
ranges of the sent signals do not overlap. Once the signal bands 
overlap, no amount of discrimination at the receiving end can 
separate them. At the receiving end there are receiving filters, 
which direct the signals to their proper destinations. Fig. 223 
shows a block schematic of this simple system. The waves in 
the band 0-3 kc. pass through the low pass receiving filter 
and reach the receiver of system 1. The waves in the band 
4-7 kc. pass through the high or band pass filter to the demodu¬ 
lator, which converts them into the original speech waves and 
these pass to the receiver of system 2. 

240 






LOW PASS FILTER 


241 


Chap. VIII ] 

This is the fundamental basis of carrier telephony and tele¬ 
graphy* which have assumed enormous importance in long 
distance communication. The development of carrier was 
possible only because of the discovery of filters by G. A. 
Campbell, and the development of filters by O. J. Zobel was 
largely dictated because of the importance of carrier. 

This chapter gives a fairly detailed account of low pass 


Zik 



Fig. 224. Symbolic Diagram Fig^ 225. T Section, Con- 

of Constant -A; Low Pass stant-A: Low Pass Filter 

Filter 



Fig. 226. II Section of Con- Fig. 227. L Section of Con- 
stant-Aj Low Pass Filter stant-A: Low Pass Filter 


filters and includes the effects of dissipation and imperfect 
termination. 

Constant-k Low Pass Filter. Let the pass band be 0 to 
(o v Then by the method of the last chapter it is clear that in 
the constant-^ filter the series arm z lk consists of an inductance, 
L lk , alone. The shunt arm, z 2k , consists of a capacitance, C 2k) 
where 

L lk JC 2k = R 2 .... (353) 

and R is the image impedance at zero frequency. Fig. 224 
shows z lk and z 2k together; but it must not be imagined that 
this is a filter section. A mid-series section is shown in Fig. 225, 
a mid-shunt section in Fig. 226, and an L-section in Fig. 227. 

* See “Carrier Telephony on High Voltage Lines,” by Wolfe, B.S.T.J., 
January, 1925; “Carrier Systems on Long Distance Telephone Lines,” by 
Affel, Demarest, and Green, Trans. A.I.E.E ., Vol. 47, page 1360, October, 
1928; “Carrier Telephone System for Short Toll Circuits,” by Black, Alm- 
quist, and Ilgenfritz, Journ. A.I.E.E., January, 1929; “A New Voice 
Frequency Telegraph System,” by Lloyd, Roseway, Terry, and Montgomery, 
Electrical Communication , Vol. 10, No. 4, April, 1932. 
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These latter figures will not be shown in the ordinary way, 
except when a definite schematic is required, but the symbolic 
Fig. 224, or its equivalent, will be shown. The cut-off frequency 
is obtained by putting z lk /4:Z 2k = 0 or - 1 . 

But z lfe /4z 2fc = jwiifcM(l/jco(7 2fc ) = - o 2 L lfc <7 2 */4, 
so that the cut-off pulsatances are 0 and 

a* = 2lV(L lk C 2k ) .... (354) 

Equations (353) and (354) give 

L lk = 2 ii/coj = Rj^rf 1 ) /q^ 

and C 2k = 2/c^JS = l/ir&R ) ' ' • \ ) 

The mid-series and mid-shunt impedances are 

K lk = RV( l ~ co 2 M 2 ) } 

k = R r • • • < 356 ) 

2 * V ( 1 - J 


In the pass band these are resistances; in the stop band 
K lk is a positive reactance j R^/(a) 2 /a) 1 2 - 1), and K 2k a negative 
reactance - jI?/y / (co 2 /co 1 2 - 1). Equation (259) gives 

0=2 sinh -1 \/(W 4z 2 k) 

= 2 sinh" 1 jco/coj, 


so that in the pass band 

.4 = 0 and B = 2 sin -1 co/co 1 
whilst in the stop band l . 

B = 7T and ^4 = 2 cosh -1 co/ai) x 


(357) 


The last formula follows from the fact that sinh %(A + jV) 
= j cosh \A . Equations (354) to (357) give all the information 
about the constant-^, ideal, low pass filter. 

M-type Low Pass Filter. The m-type is found by use of 
equations (325) and (328). The series-derived and shunt- 
derived m-types are shown symbolically in Figs. 228 and 229. 
In the series-derived m-type z n is an inductance L x and z 21 
is the series combination of L 2 and C 2 , where 


L x — mL lk> L 2 — 




J 1 kf 


and Co = mC 


2k 


(358) 


4m 
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In the shunt-derived ra-type z 12 is the parallel combination 
of L x and C x and z 22 is C 2 , where 



Fig. 228. Symbolic Diagram Fig. 229. Symbolic Diagram 
or Series-derived, m-TYPE op Shunt-derived, m -type 

L.P.F. L.P.F. 


The series-derived type has mid-series and mid-shunt im¬ 
pedances 

K n — = RV (1 - « 2 /«i 2 ) 1 


R(l-o>y<oJ) 


. (360) 


21 V(i -a'M ) 

whilst the shunt-derived type has mid-series and mid-shunt 


impedances 


*12 = 


R^/(l-co 2 la>^) 

1 - 


and K u - K 2k - ^ (1 _ (o2jo)2] \ 

where co^ = (ojy'il - m 2 ) ) ... (36 

or m = oi^lm a 2 ) ) 

The propagation constant for either section is 

0=2 sinh" 1 V( 3 ii/ 42 2 i) = 2 sinh -1 \/(z 12 l±z 22 ) 
_i irncofw 1 


= 2 sinh -1 


In the pass band 


V(1 -co*icojy 


A = 0 and B = 2 sin -1 


mco/cox 

V(1 - 


whilst in the stop band 


B = 7t and ^4 — 2 cosh" 1 - 


provided co < co^. 


mco/coj^ 

(!-«>•/«,.») J 


17—(T.5782) 
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At co = co a , A — oo . For values of co greater than co^ 

B = 0 and A = 2 sinh -1 rr ^d CiJ l — (364) 

The attenuation approaches 2 sinh -1 mcoj^ — 2 sinh -1 


1-02V05 VI0 1-25 1-50 



<jo/uj 1 For Low-pass Filters, or cv f /u> for High-pass Filters. 


Fig. 230. Attenuation per Section for Low or High Pass Filter 
for Various Values of a 


- m 2 ) as co becomes infinite. The ratio co^lco x is usually 

written a, so that the limiting attenuation is 2 sinh -1 ma. 

Fig. 230 gives the attenuation per section of the low pass 

~ „ filter for various values of m or a. As 

mr+7 r mr+1 T 

4m L,k 4m Llk a = = WO ~ m ) ( 365 ) 



Fig. 231. Series-derived 
w-type when m > 1 


a is a pure imaginary when m > 1. 
In this case (1 -m 2 )/4m is negative 
and the series- and shunt-derived 
types require a negative inductance 
and a negative capacitance respec¬ 
tively. In the mid-series form of 
Fig. 228 the series arms are \mL lk 
and the shunt arm has a negative 


inductance X lfc (l - m 2 )/4m in series with a capacitance mC 2k . 


The inductances can he achieved by the use of mutual induc¬ 


tance, as shown in Fig. 231. A transformer of self inductances 





LOW PASS FILTER 


245 


Chap. VIII ] 

(m 2 4- l)L lfc /4m and mutual inductance (m 2 - l)L lk /£m is 
equivalent to a star of inductances, two of which are 

(m 2 + l)L lk /4m + (m 2 - l)L lk /£m = \mL xk 

and the third is 

- (m 2 - l)L lk /4:m = (1 - ra 2 )L lfc /4ra. 

The lattice-section of Fig. 207 shows another method of 
achieving this section without the aid of mutual inductance. 
The shunt-derived form (of Fig. 229) requires always a 



Fig. 232. Phase Shift per Section of L.P.F. of H.P.F. for Various 

Values of a 


negative capacitance and is unrealizable without the aid of nega¬ 
tive resistance. The lattice equivalent is, however, realizable 
and can be found from Fig. 208. 

The use of a section in which m > 1 and a is imaginary is 
important because of the phase-shift characteristic. Fig. 230 
shows that the attenuation of a section, in which a is imaginary, 
is always less than that for the sections in which a — r *> , i.e. 
the constant-^ section. The phase shift curves per section for 
various values of a are given in Fig. 232. The phase-shift 
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curves are calculated very easily and quickly from equation 
(363), which gives 


B = 


2 sin -1 


mco/a) 1 

V(i-« 2 Mo 2 ) 


_ 2 s in-i_ mml ° h _ 

- 2 sin y/(\ _ coya>*a*) 

The following table shows how the phase-shift is calculated 
for the section for which a = 1*02. 

m = V( 1 - 1/a 2 ) = -20 

and 1/a 2 = *96. 


co/o) 1 .... 

•2 

•4 

•6 

•8 

•9 

•95 

10 

mwJtDj 

•04 

•08 

•12 

•16 

•18 

•19 

•20 


•04 

•16 

•35 

•61 

•78 

•94 

•96 

1 - w 2 !oi^a 2 

•96 

•84 

•65 

•39 

•22 

•06 

•04 

V(1 -co 2 /ci)i 2 a 2 ) . 

•98 

•92 

•81 

•62 

•47 

•245 

•20 

(mcQfcD 1 )lV (1 -(joPJco^a 2 ) 

•041 

•097 

•148 

•258 

•383 

•775 

10 

(degrees) 

2-4° 

5-6° 

8-5° 

15-0° 

22-5° 

50-8° 

90° 


At the cut-off, co v B is 180° and remains so up to co^ = aco^ 
Then the phase drops abruptly to zero and remains there, 
according to equation (364). This abrupt change is the limiting 
case of what happens in practice, when dissipation is present; 
then the phase increases from 0 at zero frequency to nearly 
180° at the cut-off, remains fairly constant and then drops 
quickly back to zero after co a0 . Curves of this kind will be 
given later, when the effect of dissipation is studied in detail. 

All the curves for sections of real a are concave to the axis 
of B ; but some curves for sections of imaginary a are convex 
to the axis of B. The curve for a = j 1*0 is very nearly linear 
throughout the pass range. If sections with real a are chosen 
for attenuating properties, the phase-shift characteristic may 
be so curved that dB/dco varies widely in the pass band. It 
will be shown later that, if dB/dco is not constant, transient 
difficulties are encountered. It might then be advisable to use 
sections with imaginary a to correct for curvature in the 
phase-shift characteristic. 
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The uses of the m-type low pass filter are twofold; first, to 
discriminate very sharply against specified waves in the stop 
band; second, to provide a good matching with a constant- 
resistance load. Fig. 205 gives curves of R/K 21 (m) or K 12 (m)/R 
against z lk /^z 2k . In the present case z lk /£z 2k = - co 2 /co x 2 , so that 
it is necessary only to take square roots of the abscissae to 



Fig. 233. K 12 (m) or K 12 (m) of L.P.F. or H.P.F. for Various 
Values of a = 1 —— 

V(1 ~ m) 

obtain the graph of R/K 21 (m) against co/co t . Fig. 233 gives these 
curves. 

It is seen that, if m = *6 or a ~ 1-25, R/K 21 (m) and K 12 (m)/R 
lie between 0*9 and 1*0 for all frequencies between zero and 
0*9co x . For most purposes this is sufficiently good matching. 
If better matching is required, an mm'-type section is used. 

The impedance of the filter in the stop band may be impor¬ 
tant. K lfc goes from 0 at co 1 to -f j <x> at infinite frequency and 
K 2k goes from -joo at a) x to 0 at infinite frequency. K 21 (m) 
goes from - joo at co x to 0 at co^ and then to + j 00 at infinite 
frequency, whilst K 12 (m) goes from 0 at co x to -f j°o at and 
then from - j oo at co^ to 0 at infinite frequency. 
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MM'-type Low Pass Filter. Figs. 211, 212, and 213 show 
how to derive the two kinds of ram'-type low pass filter. Fig. 
234 shows the L-section corresponding to Fig. 212, which is 



Fig. 234. L Section, MM '-type L.P.F. Obtained by 
Series-derivation Followed by Shunt-derivation 


obtained by a series-derivation followed by a shunt-derivation. 
The left image impedance is 

R(l~co 2 /co 2 ) 

K.im, m’) = K u (m) = V(1 ^T ) 
whilst the right-hand impedance is 



ZV (1 -co 2 /a>i 2 ). (1 -co 2 /^ 2 ) 
1 - m 2 m' 2 n 


The ram'-type is used only because of the constancy of its 
image impedance and for this the best values are m = 0*723 
and m = 0*413. With these values the formula for K x (m, m') 
becomes 


^(•723, *413) 


RV^-co 2 /^ 2 ) (1-0-478co 2 /<V) 
1 - 0-911tu 2 /«>i 2 


Fig. 235 shows the curve of K^m, m') against co/co-l and Fig. 
236 gives the section. The constant-resistance load is put at 
the right-hand side and the section is matched at its left-hand 
side by a mid-shunt section of a series-derived, m-type filter 
section. 
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Fig. 237 shows the L-section corresponding to the sequence 
of shunt-derivation and then series-derivation. The impedances 
are K 12 (m) = R 2 /K 21 (m) and 

K 2 (m, m!) = R 2 jK^{m, m'). 



Fig. 235. K^m, m')/R Against - V — ft> 2 / w i 2 for L.P.F. 
with m = 0-723 and m' — 0-413 



Fig. 236. Section of Fig. 234 when 
m = 0-723 and m' = 0-413 


0-150 L t * 


t — nftv —| 

Uwhf 

r - ■ ■ 


O&Ltf M 0-1670-720 

}^2j( T fO) rf s — r\ 

T 1J50C* 


Fig. 237. Shunt-derivation 
Followed by Series-derivation, 
m = 0-723 and m' = 0-413 


Fig. 235 thus shows R/K 2 (m, m') as well as K x (m, m')/R. 
It is seen from equation (334) that the mm'-type has a frequency 
of infinite attenuation at where 

co cj0 = o> 1 /y / ( 1 - m 2 m' 2 ) = 1-045CO! 
when m = -723 and m' = -413. 

Lattice-type Low Pass Filter. The method of design has 
already been given, pages 208-212. A simple type is shown in 
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Fig. 190, and the propagation constants are shown in Figs. 191 
and 192. The equivalent ladder form (T-section) is shown in 
Fig. 193. Comparing this with the (symbolic) Fig. 228, we see 
that this simple lattice type is equivalent to the series-derived, 
m-type, low pass filter, the connecting formula being equation 
(302), viz. m = co^fR. 

If we take Z 2 = R 2 /( 1 - co 2 /a>! 2 ) and Z x = 1/]cdC, it follows 
that 

Z 2 - R 2 ]coC/(l - co 2 /CD, 2 ) 

_ 1 

1/j coCR 2 + jw/w^CR 2 



l/ufjCR 


'cvfCR 2 


so that Z 2 is the parallel combination of an inductance CR % 
and a capacitance 1 foo^CR 2 . The section is shown in Fig. 238. 
Comparing this with Fig. 208, which is the lattice equivalent 
of the shunt-derived, m-type filter of Fig. 206, it is seen that 
the section of Fig. 238 is the shunt-derived, m-type, low pass 
filter in which m = cofiR. 

Taking Z 2 = R 2 ( 1 - a) 2 /co 1 2 ) ±1 
(1 - co 2 /co 2 2 ) ± 2 as on page 208, sections 
like that of Fig. 194 are obtained; it 
, can be seen that these are equivalent 
to the mm'-type. Thus the lattice 
equivalent of Fig. 237 is the section of 
Fig. 194. 

Effect of Dissipation in Low Pass 
Filter. Dissipation affects the propaga¬ 
tion constant appreciably in the neigh¬ 
bourhoods of the cut-off frequency and 
the frequency of infinite attenuation. The impedances have real 
and imaginary parts, so that (p of equation (348) and V of 
equation (351) are not zero. 

If a coil of inductance L has resistance R , its impedance is 
Z = R + j a)L = ja)7y(l + R/jcoL) " 

= ja>L(l - j/Q) or ]coL(l - jd), > • • (367) 

where d ~ 1 IQ = R/coL. 

Similarly, if a condenser C has leakage conductance G the 
admittance is 

Y = G + jwC - jwO = }coC(l - jd) ) 
where d = G/coC. 


Fig. 238. Lattice-type 
L.P.F. : Corresponds to 
Shunt-derived m-TYPE 


j- 


(368) 
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At audio- and carrier-frequencies the value of d for mica 
condensers is very small, about 0*001, and the only dissipation 
that need be considered is that due to the coils. 

In the constant-^ low pass filter we have 

Zik _ 77 I '17 _ i mL ik(l - j d) 

+1 4/j coC 2k 

— - (1 - j d^/coj 2 , 
so that U = - (co 2 /(o i 2 ) 

and V = d^jco^). 

With these and the aid of Figs. 220, 221, and 222, it is easy 
to find the attenuation and phase-shift. At the cut-off U = - 1 
and equations (352) give 

A = sinhr 1 V| %W(V 2 + F 4 ) + F 2 ] \ 

'== sinh" 1 \/(2F) ^ V(2F) = \/(2d ). . (369) 

For values of d equal to *01 and *02 this simple formula gives 
A equal to -14f and -20 nepers, respectively. This formula is 
good enough for all practical purposes. 

The following table gives useful information about the 
attenuation due to dissipation in the m-type filter, for various 
values of a = and for d = *01. 


TABLE XIV 


a 


102 

105 

110 

1-25 

1*5 

20 

OO 


H.P.F. 

1 

ii.P.F. 









COj 


co 1 

•648 

•464 

•840 

•284 

•188 

•162 

•141 

Nepers 

1-02CO! 


•98(Oi 

■125 

•115 

•100 

•076 

•066 

•058 

•050 

per 

lOScOi 


•95(Oi 

•046 

•052 

•052 

•048 

•087 

•082 

•029 

section 

1-06(0! 


•94(Oi 

*084 

•041 

•042 

•087 

•082 

•028 

•026 

at 

1-07(0! 


•93(Oi 

•028 

•085 

•086 

•088 

•029 

•026 

•028 


l*09(Oi 


•92(Oi 

•024 

•081 

•082 

•080 

•026 

•024 

•021 


l*10(Oi 


•91(0i 

•021 

•026 

•028 

•027 

•024 

■022 

•019 


1-11(0! 


•90(0! 

•018 

•028 

•025 

•025 

•028 

•021 

•017 


The attenuation at frequencies of -950! and lower are approxi¬ 
mately proportional to d. (The attenuation at is not propor¬ 
tional to d. Thus for the constant-^ filter, for which a = oc , 
the attenuation at co x is \/(2 d), i.e. proportional to the square 
root of d). Thus for the section where a = 1*25 and Q = 80, 
the attenuatioii at 0*95(0! is *043 x 100/80 = *054 nepers. 

Equations (352) show why dissipation affects the propagation 
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constant appreciably only in the neighbourhoods of the fre¬ 
quencies of cut-off and infinite attenuation. 

For near a cut-off frequency U is nearly equal to 0 or - 1 
so that U U 2 is small and V 2 , which is caused by dissipation, 
may become comparable with this. 

Near a frequency of infinite attenuation U is very large in the 
ideal filter and becomes infinite at that frequency. Dissipation 
alters conditions completely and in an unexpected way. It is 
found that at the frequency of infinite attenuation dissipation 
causes U to become finite, small, and independent of the 
dissipation, but V becomes large, in fact, inversely proportional 
to d. For example, in the series-derived, m-type, low pass filter 
of Fig. 228 

U J ^ ~ Zl ^ 4Zil — 4:[z lk (l - m 2 )/4m + Z 2k /m] 

m 2 (co 2 / (W i 2 ) 

= " . 


giving U = - 


m 2 (co 2 /co 1 2 ) 
1 - co 2 /coJ 


and V = 0. 


At co^, U is infinite. If, however, the coils have dissipation- 
factor d we have 


tj | * T 7 m 2 (l - j(Z) (w 2 /<»i 2 ) 

+ ) 1 - (1 - j d)afi/a>J 

At a) = co ^ this expression is 

U + j F = - m 2 a 2 (l - }d)/]d 

so that U = m 2 a 2 = a 2 - 1 

and V = m 2 a 2 /d = (a 2 - 1 )/d. > 


(370) 


With the usual values of a and d , V will be large. 
(352) then gives 

A = sinh -1 2F ) 

= sinh 1 [2(a 2 - 1 )/d]. ) 


Equation 
. (371) 


Fig. 239 gives the curve of attenuation for large values of 
F, calculated from the first of equations (371). As an example, 
let a = 1*10 and d = -01. Then 2F = 2(a 2 - 1 )/d = 42, giving 
A — sinh -1 42 == 4*42 nepers. This value can be read off on 
the chart of Fig. 239 at F = 21. If a = 1-10 and d = 02, 



LOW PASS FILTER 


253 


Chap. VIII ] 

V = (a 2 - 1 )d = 10-5 and A = 3*75 nepers. It is easy to calcu¬ 
late the attenuation at the (so-called) frequency of infinite 
attenuation for any given values of a and d ; this is often of 
importance in filter design. 

Figs. 240 and 241 give the attenuation and phase-shift per 



I FI 


Fig 239. Attenuation as Function of F, when |F| >|C7 -f £7 2 | 


section of a low pass filter with a = 1-10 and for various values 
of Q (= 1 Id). The curves for Q = oo are those of the ideal 
filter. 

Effects of Terminations. The important quantity in a filter 
is the insertion loss it causes when it is inserted into a system. 
Equations (247), (247a), and (2476) give the insertion loss for 
any network. A filter generally works between equal resistances, 
R say, and the insertion loss is given by equation (247a) as 




2 + -R 


logh ^(±RZ n ) + logh ^{iRZ , 2 ) + logh I 1 


— L 1 + L 2 + L { -f- A. 


Filter sections have been designed in which A has very 
desirable properties; for example, in a low pass filter A is 
very small up to the cut-off frequency and large and increasing 
from the cut-off frequency upwards. The discriminating power 
of the filter is badly blurred if L l9 L 2f and L t are allowed to 
become comparable with A. It is thus necessary to match the 
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filter, i.e. terminate it with its image impedances as far as 
possible, for then L lf L 2 , and Li will become small. 

The calculation of the termination losses will be considered in 
detail in Chapter XI, but a few words and an illustrative 
example will show how important the matter is. 



Fig, 240. Attenuation (db) per Section of m -type Low or High 
Pass Filter, with a — 1-10, for Various Values of Q 


Suppose a single T-section of a constant-fc low pass filter is 
terminated with resistances P, as shown in Fig. 242. If the filter 
is absent, the received current is e/2P; if the filter is present, 
the received current is 

ez 2kl{P + 2 Z lk) (P + \ Z 1 k + % Z 2k)> 
so that the insertion loss is 

L = logh | (P + iz lk ) (P + Rjt + 2z 2k )l2Pz u | 

= logh | (P + ]xR) (P + j xR + R/jx)}x/PR | 

= logh j 1 + \xR\P | + logh | 1 - x 2 + j xP/R j 
= logh \/[l + x 2 R 2 /P 2 ] + logh \/[{\-x 2 ) 2 + x 2 P 2 /R 2 \ 
where x = a>/co v 
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When P = R, the loss becomes 

L b = logh V(1 - ^ 2 ) + logh Vtl 1 ~ ^ 2 ) 2 .+ ^ 2 ] 
and is shown as curve 1 on Fig. 243. When P = R/ 10, the loss is 
L r , w = logh + 100a;2 ) + !°gh VU 1 "* 2 ) 2 + ^ 2 /100] 



Fig. 241. Phase Shift per Section of tw-type Low or High Pass 
Filter, with a — 1*10, for Various Values of Q 


«*b- logh V\ (1 + ^ 2 /100) [(1 - x 2 ) 2 + lOOx 2 ] \ 


and is shown as curve 2 on Fig. 243. When P = 1022 the loss is 

I* 

and is shown as curve 3. 

It is obvious from this simple case, 
which has been treated rigorously^. 


by first principles, how the discrim-" 
mating powers of the filters are lost 
by badly-matched terminations. If 
several sections are used the effect 
of incorrect terminations is greatly 
diminished. 

There is a further point. Curve 4 on Fig. 243 gives A , the 


I \%7k 

—W-1 

%Zjk I 

e) 

_ 1 

= z 2 k 


Fig. 242. L.P.F. Badly 
Terminated 
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attenuation constant of the section, which is the insertion loss 
when the filter is terminated by its image impedances. This 
curve is considerably different from curve 1 in the attenuating 
band, the reason being that the image impedance in the 
attenuating band is K 11c = ]R^(oj 2 !co^ ~ which is quite 



different from R. Just above the cut-off frequency K 11c is 
small and is nearer R/ 10 than R, so that curve 4 is nearer to 
curve 2 than to curve 1. In spite of this the termination R is 
better than R/ 10 , because of the better matching in the pass 
band. 

In the design of practical filters the terminations are usually 
taken to be constant resistances and we attempt to match the 
filters in the pass band, so that there is only a small insertion 
loss in the band due to reflection losses. In the attenuating 
bands the insertion loss may be decreased by negative reflection 
losses (as here in the case P = R), but sufficient attenuation 
can always be achieved by using a sufficient number of 
sections. 
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An Example of Low Pass Filter Design. Suppose it is desired 
to design a low pass filter with the following properties— 

1. Loss below 2500 cycles to be less than 1 db. 

2. Loss to be greater than 30 db. between 2900 cycles and 
4,000 cycles and greater than 40 db. from 4000 to 5500 cycles. 

3. The loss at 4200 cycles to be greater than 60 db. 

4. The image impedance at one end of the filter must be low 
at high frequencies and at the other end about 600 ohms in the 
pass band. 

The last condition is often required in carrier systems. 

The problem is to design a filter with these properties, using 
coils of as low a grade as possible or convenient. If coils whose 
d — *02 are good enough there is no need to use coils with 
d = -005. 

The loss below 2500 ~ is to be less than 1 db. = 0*115 
nepers. From Table XIV on page 251 it is seen that if d = *01 
and -93o)i = 2tt X 2500, three sections would give about the 
right attenuation. We therefore take, provisionally, 

co 1 = 2 tt X 2500/0*93 = 16900. 

In order to have a large loss at 4,200 we have a section 
with 

a = 2tt X 4200/16900 = 1*56. 

The elements are calculated as follows. Equations (355) give 
L 11c = 212/a)! = 2 x 600/16900 = 70*9 mH 

and C 2k = 2/R^ = -197 ^F. 

Equation (362) gives 

m = y'fl - l/« 2 ) = V( l - 1/L56 2 ) = *767. 

Then by equations (358) the elements for the series-derived 
m-type filter are 

L x = mL 11c = 54*5 mH, L 2 = L lf? /4a 2 m = 9*50 mH, 

and C 2 = mC 2k = *151 /^F. 

The section is shown in the centre of Fig. 244. The image 
impedances are both equal to K lk . At 2900 cycles (= 1*0450)!) 
the attenuation due to this section is about 0*9 nepers or about 
8 db. (See Fig. 230, curve a = 1*50. Except near the cut-off 
and critical frequencies the curve is accurate enough even when 
dissipation is present.) In order to have sufficient attenuation 
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between 2900 and 4000 cycles (1-045^ to 1-49^) it is con¬ 
venient to include half a section with a = 1-05, i.e. m = *306. 
For this section, which is series-derived, 

L x = 211 mH, L 2 = 52*4 fiH, and C 2 = -0604 juF. 


A half section, which is L-type, is shown on the right hand 
side of Fig. 244. The image impedance of the left side of this 



Half section One section,series-derived. Half section, 

constantm-type . cu*7-56 cu = 7-05 


Fig. 244. Composite Low Pass Filter 

half section is K lk , since the section is series-derived, so that 
it may be joined to the other section without causing reflection 
losses. 

The attenuation introduced by this section at 1-05CO! is, by 
equation (371), equal to 

J sinh" 1 [2(a 2 - 1 )/d] 

= J sinh" 1 (0-204/d) 

= 1*85 nepers 

if d is -01. Together with the 0-9 nepers due to the first section, 
the total loss is 2-75 nepers or 24 db., which is not enough, 
especially as the attenuation due to the second section will 
drop to 1*2 nepers at l^a^ which is 3230 cycles. We try the 
addition of half a constantsection and make the following 
table. 




Attenuation 

_r reijueiiuy 

i 

Section 
a = 1*56 

£ Section 
a = 1*05 

\ Section 
a — oo 

Total 

2,900 - 

or l-045co! 

0*9 

1*85 

0*2 i 

2*95 

3,500 - 

^ or l SOcoj 

2*6 

0*5 

0*8 

3*9 

4,000 - 

*-> or L49 co 1 

3*3 

0*45 

0*95 j 

4*7 

4,200 - 

^ or 1*560)! 

>6*5 

0*4 

1*0 

>7*9 

5,500 - 

^ or 2*040)! 

2*8 

0*3 

1*0 

! 

4*1 
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All the conditions are met except that the attenuation at 
2900 ~ is 2*95 nepers = 25*7 db. instead of 30 db. Another 
constant-^ section can be added, but this will add only 0*4 
nepers at 2900 ~ and brings the attenuation up to 29*2 db. It 
is better to add an extra half section of a = 1*05. Attenuation 
requirements are then easily met. 

The complete filter is shown in Fig. 245. The image imped- 

62-7mH 37-6mH 10-35mH 



Fig. 245. As in Fig. 244, but with Extra Half Section of a = 1*05 

ances are K 2k and K lk , of which the former is low at high 
frequencies. K lk is not a very good match for a constant 
resistance R, but the discriminating power of the filter will be 
sufficiently great to bear the reflection loss above 2500 cycles 
which is only 0*93 of the cut-off frequency. The loss between 
2900 cycles and 4000 cycles will be 38 db., so that ample 
allowance has been made for practical errors. 

If it is decided that the matching is not good enough, a half 
section of a = 1*25 can be added to the right, resulting in the 
filter of Fig. 246. The total number of sections is 3, and the 


62 '7m H 37-6 mH 31-65mH 



Fig. 246. As in Fig. 245, but with Half Section of a — 1-25 for 

Matching 

attenuation at 2500 cycles (= is given by Table XIV 

as *0115 + *029 + *041 + *0185 = -100 nepers = *87 db. As 
1 db. is allowed we could use coils of d = *01/*87 = *0115 or 
Q = 87. It is best to keep d = *01 to allow for the small loss 
due to reflections. 

Smoothing Circuits and Scratch Filter, Fig. 247 shows the 
well-known circuit for obtaining d.c. from a.c. mains, using 
a double-diode rectifier. The load is generally a pure resistance 

18—(T.5782) 
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whilst the input impedance to the smoothing circuit is highly 
inductive. The condensers C 1 and C 2 and the coil L 2 form a 
single II-section, low pass filter, the ideal cut-off frequency 
being 0. If the cut-off frequency is to be zero, L lk and C 2k 
should be both infinite by equations (355). In practice L is 
40 H about and Cj and C 2 are 4 to 8 ^F. There is only one 
thing to guard against and that is, that the reflection pheno¬ 
menon of Fig. 243, curve 2, does 
not occur; in order that there 
should not be a frequency of 
resonance it is necessary that 
the load shall be great compared 
with v / (i/C). With the values 
given above \/(L/C) = 100 or 
# 150 ohms. .The valve imped¬ 
ances are generally twenty or a 
hundred times this value and 
also the resistance of the choke 
will be much greater than this, 
so that resonance phenomena 
are not likely to occur. 

If a small capacitance C is placed across the inductance L , a 
II-section of a shunt-derived m-type filter results, which dis¬ 
criminates against the anti-resonant frequency 1/27ry'( LC ). This 
method is not likely to be of great value in circuits of a.c. 
eliminators, as the important frequencies, viz. 100 or 200 cycles, 
are so low that the ratio Q = coLjR of the coil is only about 
15 or 20 and the discriminating properties are marred by heavy 
dissipation. Nevertheless, the insertion of such a condenser 
is worth while. If L = 40 H and the principal harmonic is 
200 cycles, the condenser should have a value 

C = l/(o 2 L = 1/4tt 2 X 200 2 X 40 = *015 pF. 



Fig. 247. Smoothing Circuit 


Ordinary d.c. mains contain generator harmonics in the 
audio-frequency range, 1000 or 2000 cycles, which cause a 
characteristic hum. This hum can be greatly reduced by the 
use of a condenser across the coil L . If it is found that the 
harmonics are fixed and few in number, a satisfactory smoothing 
circuit can be made by designing a low pass filter of arbitrary 
but low cut-off frequency and with the harmonics as frequencies 
of infinite attenuation. 

A very important use of the low pass filter is as a scratch filter. 
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Gramophone pick-ups register a high-frequency hiss due to the 
surface form of the record. This hiss is of no definite frequency 
but occupies a continuous frequency-band from 4000 cycles 
upwards. A scratch filter is employed to suppress this hiss and, 
with it, the music and speech in the same frequency band. 
Fig. 248 shows the scratch filter designed by Messrs. Wright 


H.F.O.C 

-'WSW- 


H.F.O.C. 



Input of 
amplifier 

-o 


Fig. 248. Scratch Filter 


& Weaire. The coils are iron-cored chokes of 0-3 H, d.c. resis¬ 
tance 200 ohms, and are centre-tapped. The capacitances ad¬ 
vised are '005 to *01 pF . The input impedance is that of the 
pick-up and is highly inductive. The output impedance is 
1 megohm. This filter, which is effective, has been designed by 
empirical methods. A theoretical investigation is interesting. 
Suppose each half of the coils has inductance L and the mutual 
between halves is M, series aiding. The scratch filter is com¬ 
posed of two T-sections, of the type shown in Fig. 249. The 



Fig. 249. Low Pass Filter with Mutual Inductance 


equivalent network is shown also. Comparing these with the 
network of Fig. 228 we see that the section is the series-derived, 
ra-type low pass filter, 1 * the equations of connection being 

\mL lk = L + M, 


1 - m 2 T 

~nr Lik 


= -M 


and mC 2 k = 0, 

giving m = Vl(L + M)/(L - M)l L lk = 2 V(U - M% 
C 2k = C<V[(L-M)/(L + M)] 
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The cut-off frequency is 

fc = \fr^{L lk C 2k ) = 1 /ttV[2(L-M)C] 

= 1/27t\/ (L'C), 

where L' = \{L~ M), and is the inductance that is measured 
when the two ends are joined and the windings are in parallel. 
The value of a for the section is 

a = 1/V(1 - m 2 ) = j Vl(L - M)12M\ 

Even if the coupling is as low as 0*5, a — j X 0-71. It is seen 
from Fig. 230 that such a section has very low attenuation. 
If the coupling factor (i.e. iM/L) is 0-8, a = j X 0-35 and the 
attenuation is even less. In fact, the greater the coupling the 
less is the attenuation. When M = L, there is no attenuation, 
since f c = oo and a = 0. 

A very much better filter is obtained if the mutual inductance 
is reversed. Then 

m = \/[{L - M)/(L + M)], L lk = 2<\/(L 2 - M 2 ), and 
C 2k = CV[(L + M)/(L-M)]. 

The cut-off frequency is 

fc = 1/7 W[2{L + M)C ] 

and a = <s/[(L + M)/2M] 

Suppose a cut-off frequency is chosen at 4000 cycles and 
C = -005 pF . Then the coil must be such that 
L + M = -63 H, 

which is half the inductance of the total coil, with the winding 
series aiding. If the total inductance of the coil is 0*3 H, then 
the capacitance must be -02 ^F for a cut-off frequency of 4000 
cycles, or *01 pF for a cut-off of 5600 cycles. Then L + M 
= 0-15 H. A curious phenomenon occurs in this type of filter. 
If the coupling factor is unity, a = 1 and the cut-off is a 
frequency of infinite attenuation (ideally, of course, but dissi¬ 
pation will flatten this out). If M/L 0*8, which is easily 
attainable, a = 1*12. This value of a is too small, if frequencies 
from 4000 to 8000, say, are to be suppressed; for Fig. 230 
shows that the attenuation at twice the cut-off frequency is 
only 1 neper for such a section. A better value is a = 1-30 or 
1*40, when the coupling factor is *42 or *34, respectively. 

The image impedance is K lk = \/(L lk /C lk )\/(l - eo 2 /^ 2 ). In 
the pass band this is approximately 

a/ (LijJC 2k ) = \/[2(L - M)/C] = R, say. 
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If the total inductance of the coil is -3 H = 2(L + M) and 
M/L = *42, 2(L - M) = *122. Then with a condenser -02 juF, 
the cut-off frequency is 4000 cycles and R = 2460. The fact 
that scratch filters are used with terminations of 50,000 to 
1,000,000 ohms shows that they are not being matched at all. 
The response curves are generally like curve 3 of Fig. 243 and 
the name “filter” is misapplied. 

Summary. Appendix I gives a summary of the design and 
properties of the low pass filter. 



CHAPTER IX 

HIGH PASS FILTER 


Introduction. The theory of the high pass filter is very much 
the same as that of the low pass filter, provided the ratio co/co x 
in the design of the low-pass filter be replaced by the ratio 
c ojoo for the high pass filter. Many graphs are useful for both 
types. 

Constant-k High Pass Filter. Let the pass band be from 
co x to oo . The constant-^ filter has = l/jcoC lk and z 2k 
= ](oL 21c , where 

z lk z 2k = ■f J 2 kjC\k = • • • (372) 


and R is the image impedance at infinite frequency. Fig. 250 
gives the symbolic diagram. The cut-off frequencies are given by 

Zjk z ik/* z 2 k = 0 or - 1, 


Cik 


^zk^^zk. 


giving co = o o 

and oo =■ oo± = lf2'\/( < lj 2k 0 lk ) (373) 


Fig. 250 

Symbolic Form of 
Constant-/? H.P.F. 


— R/2oo 1 — -R/477-/! ) /Q 74 1 ) 

= 1/2^ - 1/4t rf x R ) V } 


Equations (372) and (373) give 

^2 k 

and G lk = 

The mid-series and mid-shunt image impedances are 

K lk = RV(l-oo i y<o*) ) 
and K 2k = Rj\/ (1 - cojco 2 ) ) 


(375) 


These are resistances in the pass band, whilst in the range 
0 to ao 1 they are reactances, K lk being - jRy^eoJ/co 2 - 1) and 

K 2k = iWKV-i)- 

Equation (259) gives 

6 = 2 sinh -1 yXW 4 ^) 

= 2 sinh -1 (- jcojco), 

so that in the pass band 


A = 0 and B = - 2 sin -1 (cojco) 
whilst in the attenuating band 

B = - 7T and A = 2 cosh -1 (cojco) 
' 264 


( 376 ) 
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M-type, High Pass Filter. The series-derived, m-type high 
pass filter is shown (symbolically) in Fig. 251 and the shunt- 
derived, m-type in Fig. 252. In the former 

L % = L 2k lm, C k = C llc lm, and C 2 = C 1J: 4m/(l - m 2 ) . (377) 

whilst in the latter 

L t = i 27 ,4m/(l -m 2 ), C\ — C lk lm, and L 2 — L 2k jm . (378) 



Fig. 251 . Series-derived, Fig. 252 . Shunt-derived, 

m-TYPE H.p.F. w-type H.P.F. 


The series-derived, m-type has mid-series and mid-shunt 
impedances 

K T1 = K llc = R\/(\ — cojfco 2 ). ) (379) 

and K 21 = B(l - co^ 2 /co 2 )J\/(l - coj/co 2 ) ) 
the shunt-derived, m-type has mid-series and mid-shunt im¬ 
pedances 

K 12 = Ry /(1 - (oj*jaA)/(l - coj/co 2 ) j 


and K 22 = K 2k = Rj's/il - cojjco 2 ) 
where co^ = ~^ 2 ) • ) 

This last gives m = y^l - co^/coj) ) 

The propagation constant for either section is 
a o*i.i - imcojco 

Vi 1 -™* 2 /™ 2 ) 

so that in the pass band 

A = 0, and B = - 2 sin -1 
whilst in the stop band 

B = ~rr and A = 2 cosh -1 ... 0f 

Vi 1 - ™JI™) 

The last equation holds only for co > co^. If co 
attenuation is infinite. For values of co less than co 


(380) 

(381) 


mcojco 


mcojco 


B = 0 and .4 = 2 sinh -1 


mcojco 


VKe 2 /® 2 - !) ‘ 


. (382) 

(o x> the 
. (383) 
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The attenuation at co = 0 is 2 sinh -1 mcojco^. We put 

a = mJ(o x = l/^(l-m 2 ) . . . (384) 

Comparing equations (363) and (364) with equations (382) 
and (383) it is seen that the curves of Fig. 230 give the attenua¬ 
tion per section for the high pass filter, provided the abscissa 
is cojco instead of co/co v It should be noted that a = coJco x 
for the low pass filter but a = cojco^ for the high pass filter. 



Similarly, Fig. 232 gives the phase-shift, provided the abscissa 
is cojco and B is taken negative. 

Comparing equations (360) and (361) with equations (379) 
and (380) it is seen that Fig. 233 gives the curves of K ± JR and 
R/K 21 for the high pass filter, provided here also the abscissa 
is cojco instead of co/co v As in the case of the low pass filter, a 
mid-shunt termination of a series-derived m-type, or a mid¬ 
series termination of a shunt-derived m-type, for which m 
= 0*6, has an impedance very nearly equal to R over most of 
the pass band. 

In the stop band K 12 (m) and K 21 (m) are of the same form as 
for the low pass filter, providing cojco replaces cofco x and the 
signs of the reactances are changed. 

MM'-type High Pass Filter. The sections corresponding to 
those in Figs. 212 and 213 are shown in Figs. 253 and 254. The 
first section has image impedances K 21 (m) and KJm, m!) and 
the second has K 12 (m) and K 2 (m, m'), where 

KJm, m'JR = R/K 2 (m , m') 

V(1 - <V/<» a j • (1 - 0-478 co^/m 2 ) 

~ 1-0-911 coflcD 2 

The graph of KJm, m'JR is shown in Fig. 235. The first section 
should be joined at its left-hand side to a mid-shunt section of 
a series-derived, m-type filter, whilst the constant resistance 
load is put at the right. The second section should have at its 
left-hand side a mid-series section of a shunt-derived section. 




HIGH PASS FILTER 


267 


Chap. IX] 


Effect of Dissipation in High Pass Filter. Let us consider 
the effect of dissipation in the constant-^, high pass filter. 

%1 kl^%2k — U + jV 

1 


m<»C lk ) (j coL 2k ) (1- ]d) 

co x 2 /a > 2 

= “(TH5j 

= - K> 2 ) (1 + j d) 


so that U — - (co^/co 2 ) 

and V = ~ rfK> 2 ). 


At the cut-off (co = oy x ) the attenuation is given by equation 
(369) as \f(2d). 

The very useful Table XIV on page 251, that gives the 
attenuation for the m-type sections in the neighbourhood of the 
cut-off, holds for the high pass filter provided a stands for cojco^ 
and the frequencies at which the attenuations are given are 
coj, 1-02 co 1} 1*05co x , and so on. For the m-type, dissipative, 
high pass filter 


u + jV = = - 


m 2 coJf<o 2 
(1 - jd) - (oj/co 2 


At ay = this becomes 


U + jV = - m 2 a 2 /(- jd), 


so that U = 0 and V = - m 2 a 2 /d — - (a 2 - 1 )d. 


The attenuation is thus equal to 

A sinh" 1 (- 2F) = sinh -1 2{a 2 - 1 )d. . (385) 

and can be found from Fig. 239. It is clear that Figs. 240 and 
241 give the attenuation and phase-shift for a high pass filter 
with a = 1*10 and for various values of Q , provided the abscissa 
is cojco and B is negative. 

Effects of Terminations. These are the same as for the low 
pass filter, provided oijoy x be replaced by coja). 

Design of High Pass Filter. Appendix II gives a summary 
of the formulae of design and the properties of the high pass 
filter. 

The design is so much like that of the low pass filter that it 
is possible to replace the high pass by a low pass filter for the 
purposes of design. The method is the following. Replace 
coj/co in the requirements of the high pass filter by co/co v The 
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requirements that emerge by this replacement are those for a 
low pass filter. This filter can be designed by the methods of 
Chapter VIII and a number of sections with various a’s emerge 
and a value of d is found. The high pass filter required is that 
formed by high pass filter sections with these a’s and this d. 

As an example, let us find the high pass filter and its pro¬ 
perties corresponding to the low pass filter of pages 257-259. 
The cut-off frequency is (OJ27T = 16900/27 7 = 2690 cycles. 
The properties are then 

1. Loss above 2,900 cycles (= 2690 2 /2500) is less than 1 db. 

2. Loss between 2,500 cycles (= 2690 2 /2900) and 1810 
cycles (= 2690 2 /4000) is greater than 30 db. and greater than 
40 db. from 1810 to 1320 cycles (= 2690 2 /5500). 

3. The loss at 1730 cycles (= 2690 2 /4200) is greater than 
60 db. 

It is sufficient to have a half-section constant-^, one section 
series-derived a = 1-56, and one section series-derived a = 1-05, 
corresponding to the low pass filter of Fig. 245. Equations 
(374) give 

C lk = 1/2(0^ = 1/(2 X 16900 X 600) = *0493 ^F 
andL 2fc = R/2 = 17-8 mH. 

For a = 1-56, m = *767. Then 

C x = C lk lm = *0643 ^F, L 2 = X 2fc /m = 23-2 mH, 
and C 2 = C lk 4m/(1 - m 2 ) = C lk £ma 2 = -367 juF. 

For a = 1*05, m = *306. Then 

C 1 = C lk lm = *161 pF y L 2 = L 21 Jm = 58*0 mH, 
and C 2 = (7 1& 4ma 2 = *0669 ^aF. 

The filter is shown in sections in Fig. 255 and completed in 
Fig. 256. The value of d permitted by the loss in the pass band 
is d = *01. 

Complementary Filters. Two filters are complementary if the 
series and shunt arms are z 1 and z 2 , z/ and z 2 ' respectively, 
where 

z x = az 2 ' and z/ = az 2 . . . (386) 

a being an arbitrary constant. 

If a = 4 equations (386) give 

z,'l4 Z2 ’ = a°z 2 /4z 1 = -~- j 
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When zJ4:Z 2 lies between - oo and - 1, z 1 '/4tz 2 lies between 0 
and - 1, so that the first filter attenuates and the second passes 
freely. When zJ4z 2 lies between - 1 and 0, z^jiz 2 lies between 
- 1 and - co , so that the first filter passes freely and the second 
attenuates. When zj±z 2 lies between 0 and + co , z±l±z 2 lies 
between + qo and 0 , so that both filters attenuate. So, when 
one filter passes, the other attenuates; it is not true that when 


• 0986uF 

-HP 1 -* 


$ 35 -6721 ft 


Half section, 
constant-h 


* 1286uF • 128BuF 
— Hr—° 

%23-ZmH 

SS -367fj.F 

o- - -• -1—-o 

Full section. 
cl = 7'56 


•3Z2uF 322uF 

—ifVhh-o 

1 58-OmH 

i -0669(iF 

o-1--o 

Full section 
cl ^ VOS 


Fig. 255. H.P.F. ComiESPOisrDiNG to L.P.F. op Fig. 245 
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'0 914f^F 
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Fig. 256. Equivalent oe Fig. 255 


one filter attenuates the other passes, for the filters have 
common attenuating bands. There is a particular case when 
the converse is true and that is when one filter is a low pass 
and the other is then a high pass. 

Complementary Filters in Parallel and in Series. It often 
happens that a low pass filter and a high pass filter are in 
parallel or in series and their cut-off frequencies are nearly 
equal. In the first case each filter acts as a shunt across the 
other, and in the second case each is a series impedance to the 
other. Zobel* has discovered an ingenious method of using 
each filter to help the other’s termination. 

We will consider first the case of filters in parallel. 

Fig. 257 shows a low pass filter, terminated by the mid-shunt 
section of the series-derived m-type. For brevity z x has been 
written in place of z lk — j o>L lk and z 2 in place of z 2k == 1/j o>C 2k . 
If we put 

x = \m + | . 

* U.S. patent 1,557,230. 


. ( 387 ) 
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the filter becomes that shown in Fig. 258, since (l-m 2 )/2m 
= [1 - (2x - l) 2 ]/2(2# - 1) = x(l - x)/(x - |). It would be very 
convenient if the low pass filter could be constructed without 
the shunt arm AB, so that it is as shown in the upper half of 
Fig. 259, and the corresponding high pass filter shown in the 




lower half would serve as the arm AB. 
branch AB is 

„ 1 x(l-x) 

^AB ~ _ 1 Z 2 + X — 1 %1 

A' 2 ^2 


The impedance of the 
. (388) 


The impedance of the high pass filter is 

Z EF == xZi + [the parallel combination of 2z 2 ' with the 
mid-shunt impedance of the high pass 
filter.] 


== xaz 2 + 


2z ' 


1 


+ 2z 2 ' 



Zl'Zi ) 


2zja 

1 + VD- + ( 4 /« 2 ) (2l/Z 2 )] 


= .raz 2 -(- 


(389) 
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on substituting for z l ' and z 2 ' from equations (386). Z AB can 
be made nearly equal to Z EF by putting 

xa = l/(x -. . . (390) 

for then the first terms of Z AB and Z EF are the same. If the filters 
are to have approximately the same cut-off frequencies, a must 
be nearly equal to 4. 

Then equation (390) gives x = -81. The second term of Z AB 
is nearly \z x and the second term of Z EF is nearly 

_ ¥i _ 

i + Vi 1 + z il± z 2 ) 

Near the cut-off frequency zj±z 2 is nearly equal to - 1, so that 
the second term of Z EF is near \z 1 . 

Thus near the cut-off frequency the whole of the high pass 
filter with an x-series termination acts as the shunt-arm AB 
for a good mid-shunt termination of the series-derived m-type 
low pass filter. The value of m is given by equation (387) as 
m = 2x- 1 = *62. The termination is a very good one, as is 
seen in Fig. 233.* 

It can be shown, in exactly the same way as above, that the 
low pass filter furnishes the shunt arm for the equally satis¬ 
factory termination of the high pass filter. 

In order that the above work may hold, it is necessary that 
the low and high pass filters be well terminated at their far 
ends, say by a mid-shunt termination of a series-derived m-type 
as shown in Fig. 259. For if the high-pass filter is not termin¬ 
ated well at its remote (right-hand) end, the left input impe¬ 
dance is not correctly given by the expression in equation (389), 
which assumed a perfect termination at the remote end. 

Zobel finds that a better approximation is attained if the 
first shunt arms z 2 and z 2 ' are replaced by zjx 2 and z 2 /x 2 , where 
x 2 = 0*96. Remembering that 

Zi = Z lk = jct)i lfc , 

%2 = Z 2 k = 1/j C °C 2 jc9 

*1 = <™2 = 1/j <W(CW«), 

and z 2 = zja = j a)(L lk /a), 
we see that the resulting filters are as shown in Fig. 260. The 
value of a is determined by the cut-off frequencies of the low 
and high pass filters, being given by 

a = 4 x cut-off frequency of high pass filter 
-r cut-off frequency of low pass filter. 

* Note that a in Fig. 233 is not the same a as given here but equals (1 — m 2, )A 
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x is given by equation (390). If the cut-off frequencies are the 
same, a = 4 and x = 0-81. Also x 2 = 0*96. 

The case of filters in series can be considered ab initio , just 
like the case of parallel filters. There is, however, a simple 



method which avoids a repetition of the work and gives the 
solution straight away. 

The high pass filter in Fig. 259 may be considered as a simple 
shunt arm of the low pass filter. Looking right from PQ and 
considering the range of frequencies from 0 to the cut-off, the 
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Fig. 261. Inverse of Fig. 260 Fig. 262. Equivalent of Fig. 261 


impedance is K 21 {m) of equation (360), viz. the mid-shunt 
impedance of the series-derived m-type low pass filter, for a 
value of m = 2x - 1 = 0-62. Let us now construct the inverse 
impedance of the product R 2 . The resulting impedance is 
R 2 /K 21 (m) = K 12 (m), i.e. the mid-series impedance of the shunt- 
derived m-type low pass filter, for a value of m = 0*62. The 
inverse of the impedance of Fig. 259 is shown in Fig. 261, and 
is formed by the method given in Chapter V. Since R 2 jz x 
= z 2 , R 2 jz 2 ~ z v R 2 jz / = z 2 ', and R 2 /z 2 = z/, this is equivalent 
to Fig. 262. 
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It thus appears that the high pass filter with £-shunt ter¬ 
mination is just the series impedance to add to the x-shunt 
termination of the low pass filter in order to make a correct 
termination K 12 (m), viz. a mid-series impedance of a shunt- 
derived m-type. Such a termination is just as good as K 21 (m). 



Fig. 263. Constant-Resistance Networks 


Z;V2 



Fig. 264. Left-hand part of Fig. 263 Rearranged 

Conversely, the low pass filter, with #-shunt termination, is 
the series impedance which converts the high pass rr-shunt 
termination into a mid-series termination of a shunt-derived 
m-type high pass filter. 

If the first series arms z x and z x ' are replaced by x 2 z x and x 2 z x , 
the approximation is closer, x, a , m, and x 2 have the same values 
as in the case of parallel filters. 

Impedance correction of wave filters has been given new and 
thorough treatment by H. W. Bode, and E. B. Payne, for 
which see Appendix VIII. 

Application of Constant-Resistance Networks to Filters in 
Parallel.* Fig. 153 shows some constant-resistance networks 
utilizing inverse networks. Fig. 263 shows extensions of these; 

* “Constant-Resistance Networks with Applications to Filter Groups,’* 
by E. L. Norton, B.S.T.J ., April, 1937. 



274 


ELECTRIC CIRCUITS 


[Chap. IX i 


the relation Z^ 2 = R 2 still holds. The shunt and series types 
have the same properties, so that only the former need be | 
considered. 

Each of the shunt arms of the left-hand part of Fig. 263 
constitutes a half-section filter, as shown in Fig. 264, with a 
terminating resistance R. The impedance of the parallel 
combination is seen to be R , so that we have two filters in 
parallel forming a perfect impedance match. The general 
problem, of finding two ladder networks with filter properties 
to form a pair with a constant-resistance input, has been 
brilliantly solved by Norton ( loc . cit.). The method is given 
in Appendix VI. * 

A method of obtaining a filter with constant impedance has 
been given by R. Feldtkeller, for which see Appendix VII. 

Summary* Appendix II gives a summary of the design and 
properties of the high pass filter. 

* See also “Electric Junction Networks” by W. Brandt, E.N.T., Vol. 13, 
1936, 111-123. 



CHAPTER X 

BAND PASS FILTER 

Introduction. The band pass filter is one of the most frequently 
used networks in communication engineering. The mechanical 
analogy enabled Maxfield and Harrison to design acoustic 
gramophones and electromagnetic recorders of vastly improved 
performance. 

There is a large number of types of band pass filter sections 
and a suitable choice has to be made to meet desired require¬ 
ments. It is convenient to have a compact list of the properties 


Zik 



Fig. 265. Symbolic Form of Constant-^, B.P.F. 

of the various types of sections and the associated formulae of 
design. 

Constant-# Band Pass Filter, Type I. The theory of the 
low-and-band-pass filter has been given in Chapter VII, pages 
217-219 and 229-231. The results can be made to apply to a 
band pass filter, the pass band being from to co 2 , by putting 
co 0 = 0. It is a good exercise for the reader to derive the 
formulae from the general theory of Chapter VII. 

Equations (314) show that when co 0 = 0, r — 0 and 
L lk = 2R/(a) 2 - a>j) 
and C lk = (co 2 - co 1 )f2Ro) J co 2 . 

Then L 2k = R 2 C lk = R{co 2 - ^ 1 )/2c; 1 cj 2 
and C 2k = L lk /R 2 = 2/R(oj 2 - coj. 

Fig. 265 shows the symbolic form of the constant-#, band 
pass filter. 
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The resonant frequency of z lk , being also the anti-resonant 
frequency of z 2k , is a frequency of confluence. Its value is 
given by co m l2ir, where 

= l /V( L ltPik) = v / ( c °i ft> 2 ) • • (392) 


The confluence is apparent in practice for two reasons: 
firstly, because of unavoidable deviations of the values of the 
elements from their ideal values. Thus if L lk , C lk , and L 2k are 
as given in equations (391), but C 2k is a little less than its ideal 
value, z lk will be resonant at co m but z 2k will be anti-resonant 
at a slightly higher frequency. Below co — co m , z lk is a negative 
reactance and z 2k is a large positive reactance, so that z lk /4:Z 2k 
is small and negative and the frequency is in a pass band. Just 
after co = co m , z lk is a small positive reactance and z 2k is still a 
positive reactance, so that z lk /4:Z 2k is small and positive, so that 
there is attenuation. This attenuation exists until z 2k changes 
sign, i.e. until after the anti-resonant frequency of z 2k , when 
z 2k becomes a large negative reactance and there is no attenu¬ 
ation. Thus small unavoidable deviations of values cause an 
attenuation hump in the neighbourhood of the frequency of 
confluence. Secondly, dissipation in the coils causes a similar 
phenomenon. For suppose the elements are correctly propor¬ 
tioned but the coils have resistance r lk and r 2k . At the confluent 
frequency z lk is not zero but r lk , and z 2k is not infinity but 
L 2k /C 2k r 2k (see page 154), so that z lk j±z 2k is real and positive 
and thus there is attenuation. 

The propagation constant is given by 

0 — 2 sinh^^W 4 ^) 

~ co m 2 /co 2 ) (1 - co 2 /co m 2 ) 

{co 2 - co x ) 2 



= 2 sinh -1 


]co(l - CO m 2 1 co 2 ) 
co 2 -co x 


In the pass band, which extends from co x to co 2 , this gives 


A = 0 and B = 2 sin" 1 


coj 1 - coj/co 2 ) 

CO 2 - CO ± 


(393) 


so that the phase-shift has value 2 sin -1 (- 1) = - tt at co lf 
2 sin” 1 0 — 0 at co m — \/( co i co 2) > an( l 2 sin -1 l = tt at co 2 . 
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In the stop band between 0 and 

jB = - 7r and ^4 = 2 cosh -1 
whilst between co 2 and oo 

B ~ 7T and ^4 = 2 cosh -1 


w(coJjar* - 1) 
CO 2 — C0 X 

<*>(1 - w m 2 / co 2 ) 
(JO 2 - C0 2 


(394) 


Fig. 266 shows the attenuation curves for various values of 
oojio^. It is clear from equations (394) that the attenuation is 
infinite only at co = 0 and oo = o c . 



Fig. 266. Attenuation Curves fob Constant-#, Band Pass Filter 
for Various Values of wJco 1 


The mid-series and mid-shunt impedances are seen to be 


i) 2 J 


-*A i - 


R 


and 


(co 2 - co x )co 
K 2k = R2/K lk . 


i/ft) m - coJtUj 

({o/co m - oxjo })- 1 
(«Jco TO -<y m /(o 2 ) 2 J 

co 2 ) (co 2 ■ 


V'[( ft) 2 2 ■ 


O] 


. (395) 
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These are shown roughly in Fig. 267, with a typical phase- 
shift curve. 

Mid-Series Equivalent, Band Pass Filter, Type H. In order 
to be able to join together various sections of band pass filter, 



Fig. 267. k Curves are for Constant-^ B.P.F., m Curves are for 
m-TYPE B.P.F. 

it is necessary that the sections have equal image impedances. 
The most general band pass filter, having mid-series impedance 
equal to K lk of equations (395), has six elements and is shown 
in Fig. 268. The form and equations are derived, those of the 



Fig. 268. Symbolic Form of Mid-series Equivalent B.P.F. 

low-and-band pass filter* of pages 229-231 by putting co 0 = 0. 
There are two frequencies of infinite attenuation, co la0 between 
0 and co 1? and a> 2cc between co 2 and qo ; the formulae for m 1> m 2 , 
a , b, c, and d are best written in terms of these. 

* Another and interesting way of developing this filter is given by Shea in 
Transmission Networks and Wave Filters , pages 264-270. 
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and 

Then 


and 


g = vW - <°i Jl<°i 2 ) (! - ' 

h = Vt(l - ^ 2 /«2« 2 ) (1 - «2 2 A»2 o0 2 )] 
tw 1 co 2 g'/(w 2w 2 + h 

TOl_ 1 - <Wioo 2 /w 2k 2 

g “l - oj i» 2 ^'/° j i <y 2 

m2_ 1-ohJIco^ 
a = (i - ^i 2 )to 230 2 (i - chJhnJ ) 
fy<Ol«>2 

b = «<W loo a / <W l W 2) 
d = agjh , 
c = doj 1 cojco 2oo 2 . 


(396) 


There is a relation between the ra’s, viz. 

• . (397) 

By choosing various values of a> loo and co 2oo , different types 
of section are formed, with three, four, five, or six elements 
per section. 

The types of curves for A , B, Z n = K lk , and Z n (the mid¬ 
shunt impedance of the general mid-series equivalent type) are 
shown roughly in Pig. 267, together with the corresponding 
curves for the constant-^ 
filter. Before the various 
types are dealt with separ- <> 
ately, a few words will be 
said about the mid-shunt 
equivalent type. 

Mid-shunt Equivalent, 

Band Pass Filter. This is 
shown in Pig. 269. The 
values of a , 6, c, d , and 

ra 2 are those in equations 
(396). The attenuation and phase-shift constants are the same 
as for the mid-series equivalent type. The mid-shunt impedance 
is K 2k whilst the mid-series impedance is the reciprocal of the 
mid-shunt impedance of the mid-series equivalent type. It is 
therefore unnecessary to treat this case separately, as all its 
properties can be quickly deduced from those of the mid-series 
equivalent type. 


Lzh!^ L 2 k/d 



Fig. 269. Symbolic Form of 
Mid-shunt Equivalent B.P.F. 
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M-type Band Pass Filter. Before considering the band pass 
filter sections in the order of ascending number of elements 
per section, it is convenient to discuss the m-type, because of 
its importance and comparative simplicity. 

The m-type filter is obtained by putting m 1 = m 2 = m. It 
follows from equation (397) that co loo and co 2a0 are not indepen¬ 
dent but are connected by the simple relation 

^ 100^200 = ^1^2 • • • (398) 


The m-type is given in Fig. 268, m, a, b , c, and d being given 
by equations (396) and (398). The formulae reduce to 

g = h= Vt(l - a> 1.70 (1 - ^ioo> 2 2 )] 

9 


m = m 1 = m 2 = 


a = d = 


(l - C0 loo /C0 2ac ) 

(1 - m 2 ) (1 + co 2q0 /co 1qd ) 


4m 


and 


b = c = aa) lco /a) 2x) 


(399) 


As an example, let us find the constant-/? and m-type band 
pass filters with cut-off frequencies 3000 and 5500 cycles, co lo0 
being 2tt X 2500 (i.e. 2500 cycles), and taking R = 1000 ohms 
for convenience. 

The constant-^ section is shown in Fig. 265. L lk , C lk , L 2k , 
and C 2k are given by equations (391). 

L lk = 2 R/(co 2 - coj) = 2000/[2tt( 5500 - 3000)] = 127-4mH, 
C lk = 2500/2000 + 2tt X 3000 X 5500 = -01206//F, 

L 2k = R 2 C lk = 12 06mH, 
and C 2k = L lk /R 2 = -1274//F. 


If (o lao = 2tt X 2500, w lo0 /ft)i = 5/6 and (o la0 fco 2 — 5/11. 
Then g = -491 


m = 


9 


(1 - ( ’hoo 2 /°h f 'h) 


= -790 


a — d = -377 X 3-64/(4 X -790) = -434, 
b = c = aoj lx lco 2xi = a<w lo0 2 / c °i co 2 = - 164 - 
The other frequency of infinite attenuation is 

o) 2 J2tt = 3000 X 5500/2500 = 6600 cycles. 

The (symbolic) form of the constant-/?, series-derived m-type 
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and shunt-derived m-type are shown in Fig. 270. The third 
section is derived by inversion from the second, in the way that 
Fig. 269 is derived from Fig. 268. 

There is, however, a simpler and more direct method of 
obtaining the m-type by using the equations (325) or (328), 
which yield the series-derived and shunt-derived m-types 



(a) Constant-# (6) Series-derived m-type (c) Shunt-derived m-type 

Fig. 270. Symbolic Forms of B.P.F. 


immediately. There is no need to find a , b , c, and d , but only 
m. Then 

z n = mz lk and z 21 = z 2k /m + z lk ( 1 - m 2 )/4m 
for the series-derived m-type, and 

z 12 = R 2 Iz 21 and z 22 — R 2 Jz n 

for the shunt-derived m-type. Figs. 271 and 272 show these 


o — 


c 7 k M 


IOJttiH 0153fj.Fl 


\l5'3mH 


- JOIfiF 


J5-3mH c^ 101 pF 


Fig. 271. Equivalent of 
Fig. 270 ( b ) 



•101 pF 


Fig. 272. Equivalent of 
Fig. 270 (c) 


Simpler Method of Finding w-type B.P.F. 


types. (It is purely accidental that the shunt arm of the first 
type has equal coils and condensers. If a different frequency 
of infinite attenuation is chosen, the coils are not equal.) These 
sections are equivalent to the second and third sections in 
Fig. 270, the four element branches being exact equivalents. 
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Fig. 273 gives curves of the attenuation for various m-types 
of band pass filters with cojcux = 1-20. 



Fig. 273. Attenuation Curves for m-TYPE Band Pass Filter for 
Various Values oe m and co 2 /co! = 1*20 


The propagation constant of either m-type is given by 
0 = 2 sinh -1 ^/(£h/42 2 i) = 2 sinh~ 1 \/(z 12 /4z 22 ) 


= 2 


sinh 


A 


m 2 (z lk /4z zk ) 

1 + (1 - m 2 ) (z lk /4z 2k ) 



But 


z lk /4z ik = 


w 2 (l - co 2 /to m 2 ) 2 


so that 1 + (1 -->) (S.J4S,,) - . - 

" 2 ("2oo ~"loo) 2 

jTO(ft> 2 - 0)^2 ) (C0 2g , - CQ loo ) 


0 = 2 sinh^ 1 


.("2 - < W 1 ) v / [( ft > 2 - "loo 2 ) ("2oo 2 - " 2 )]- 


and 
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The attenuation at co Xao and co 2x is infinite, whilst at co = 0 
and co = oc the attenuation is 2 cosh -1 m(co 2o0 ~ co la0 )/(co 2 - co x ). 
In the pass band the phase-shift is 

' 2 sin- 1 [m(co 2 -co m 2 ) (co 2x -(o lx )l(a) 2 - ohW(c^-(o lx 2 ) (co 2 J-co 2 )] 

j in place of 2 sin _1 [(o) 2 - a) w 2 )/(co 2 - co^co], which is obtained from 
the former expression by putting co lcf3 — 0 and co 2ao = <*> . 

The mid-shunt impedance of the series-derived m-type is, 
by equation (326), 

X 21 {m) =*■ K 2 AA + (1 — m 2 ) (z lk /4:Z 2fc )] 

R(co 2 - co la0 % ) (co 2 J-co 2 ) 



whilst the mid-series impedance of the shunt-derived m-type 
is K 12 {m) = R 2 !K 21 (m). These terminations are very nearly 
constant over the pass band when m — 0*6. Fig. 267 gives a 
rough sketch of K 21 (m), together with K 2k for comparison. If 
a very good termination is required, use can be made of the 
mm'-type section, as described in pages 226-229: but this 
type is very complicated and has four elements in one arm 
and six in the other. In carrier telephone systems, in which 
reflections and crosstalk are to be very small, use is being made 
of these sections. 

The various types of mid-series (and mid-shunt) equivalent 
band pass filters will now be considered in order of ascending 
number of elements per section. 

Three-element Band Pass Filter. These are very important 
types and are often used in practical filters. Only the mid¬ 
series equivalent will be considered, as the mid-shunt equivalent 



Fig. 271. Mid -series Equivalent, Fig. 275. Mid -series Equivalent, 
Three-element B.P.F., Type III Three-element B.P.F., Type IV 

is derived from this by simple inversion. There are two types 
of three-element band pass filter section and these are shown 
in Figs. 274 and 275. 
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Type HI. (Fig. 274.) This is derived from the general type 
II by putting b = 0, and c or d = oc . This is achieved by 
putting co 1j0 = 0, when g = 1 — m 2 , so that b = 0: also 
co 2o0 is put equal to - a> 2 , so that h = 0 and c = go = d. With 
these values of co loo and co 2a0 it is found that equations (396) give 

g = 1, h = 0, m 1 = (oJco 2 , m 2 = 1 

a = (co 2 2 - co 1 2 )/4co 1 co 2? 6 = 0, c = go , and d = oo 
so that L x = m x L xk = 2Rcd 1 /(co 2 - co 1 )(o 2 

C x = C lk jm 2 — (co 2 - a) 1 )/2Ra) 1 a) 2 
and L 2 — aL lk = (co x -f- co 2 )R/2o) 1 a) 2 

For this section 

^ 11 /4^21 = - fc>i 2 (co 2 2 “ o> 2 )/w 2 (^ 2 2 -co 1 2 ) 
so that 0 = 2 sinh -1 j(a)i/a>) v / [( a> 2 2 ~~ co 2 )/(co 2 2 - co x 2 )]. 

In the range 0 to coj 

B = - 7T and A = 2 cosh -1 (cojco) \/[(co 2 2 - (o 2 )/(co 2 2 - cox 2 )] 
in the pass band 

A = 0 and B = 2 sin -1 (co 1 /a))y / [(co 2 2 - co 2 )/(co 2 2 - cox 2 )] 
and from co 2 to go 

7? = 0 and A = 2 sinh -1 (cox/co)\/[(co 2 - co 2 2 )/(co 2 2 - cox 2 )]. 

At co = 0, A = 2 cosh -1 go = oo , as stated above. The 
attenuation is infinite at no other frequency; when co = <*> , 
A = 2 sinh -1 l/\/((o 2 2 /(o 1 2 - 1). Zobel states that co 2cc = co 2 , 
but this is not true; it is better to say that a> 2o0 = - a> 2 , since 
A = 0 at co = co 2 . Fig. 276 gives the shapes of the attenuation 
and phase-shift curves for the section. 

The mid-series impedance of this section is K lk , of course. 
The mid-shunt impedance is 

= -/(irSfe) = K ' Jil + z " /42 » > 

= Kvc 

<w l 2 ( a) 2 2 — 0j2 ) 

1 “ ft> 2 K 2 - O 
_ K u m 2 (oj 2 2 - a > 1 2 ) 

_ C0 2 2 (<0 2 - <«1 2 ) 

_ R «>(<«2 + ft>l) // W 2 2 - W 2 \ 

a>2 2 V\ W 2-<Wl 2 / 
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Thus K 21 is go at co = co v 0 at co = co 2 , and 22(1 + ^> 1 /^ 2 ) 
co m = V( (0 i C0 2 )- The graph is shown in Fig. 276 and it is seen 



Fig. 276. A, B , X n Fig. 277. 

{= K lk ), and 1^21 FOR Type III (= ^i*), and K 21 for Type IV 


that K 21 is not a good termination. 

Type IV. (Fig. 275.) This is derived from the general type 
by putting co lx = - co x and co 2x = qo . It is found that 

2>j = L 11c = 2R/(co 2 — co x ) 

*= (co 2 - co 1 )/2a> 1 2 22 

and 0 2 = 2/22(coj + co 2 ). 

AISO ^i/ 42 21 = (<*>i 2 - oj 2 )/((o 2 2 - C0 X 2 ), 

6 = 2 sinh -1 \Z(co x 2 - eo 2 )/(co 2 2 - co x 2 ) 
so that from 0 to co x 

2? = 0 and A = 2 sinh -1 \/[( m i 2 “ a> 2 )/(a ) 2 2 - ft>i 2 )] 
in the pass band 

A = 0 and B = 2 sin -1 V[( f ° 2 “ to i 2 )/( co 2 2 ~~ ^i 2 )] 
and from co 2 to go 

B = 77 and A = 2 cosh -1 y^co 2 ~ ft>i 2 )/(ct> 2 2 “ <*>i 2 )]* 

At co = 0, A — 2 sinh -1 l/y'( co 2 2 /coi 2 - 1), and A = go at 
co = go . Fig. 277 shows the shape of the curves A and B . The 
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mid-series impedance is K lk , since the section is a mid-series 
equivalent, whilst its mid-shunt impedance is 


(1 + Zll/ 4 ^2l) 

D "2 + Oh / 


and is shown in Fig. 277. 

Four Element Band Pass Filter. There are three kinds of 
four element band pass filter section and they are all very 
important. One kind is the constant-^, which has co loo = 0 
and co 2oo = go . The two other kinds will be briefly described. 

Type V. (Section of Fig. 278 with distinct co loo .) In this 
case co loo is arbitrary but a> 2oo is taken as - co 2 . Equations (396) 
give 

h= 0,g = Vl( l ~ (1 - <o loo > 2 2 )] 

m ‘ - »,*(i - 

= ~J( r ^r. ) ' ' l 4 

<W 2 V \ 1 - hi J J_ 

m 2 = rrij^cojco^ ^2 -p 

a = (1 6 


b = a «loo 2 M W 2> 
c — d = co . 

2 Vu-^loo 2 / W 2 2 

== W2' 2 CD 1 /C0 2 , 


Fig. 278. Mid-sebies Equiva¬ 
lent, Foub-element B.P.F., 
Types V and VI 



0 (Oj^LOf (v 2 oo 


L ± - WrJjw 

= (1 - m^)L llt j l im l 
<?i = C lh lm 2 
C 2 = C lk 4mJ(l - m 2 2 ). 


Fig. 279. Attenuation Fig. 279 shows the kind of attenuation 
Cubve of b.p.f., Type v curve that the section possesses. 

Zn K 8 -cQ K 2 -cq 2 ) 

4 *21 (w 2 2 -(Oi 2 ) (ft) loo 2 -C0 2 )' 

so that - « -i -• ^^ ^ (“>»* ~ ^ 


0=2 sinh" 1 j 


Oli 2 ) (co 2 - COi* 2 ). 
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In the pass band 

. /rK 2 -a, 2 ) K 2 -a> 2 )l 

-4 = 0 and B = - 2 sin -1 / -— 2 - f\ 7 2 - 2 ~\ 

V LK 2 -«i 2 ) K-ft> lo0 2 )j 

In the range 0 to co lo0 
B = 0 and = 2 .mb- 

V L(w 2 2 - V) (Wloo 2 - « 2 )J 

in the range co la0 to eoj 

B = - v and A = 2 cosh -1 . 
whilst from co 2 to qo 
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! /f K 2 -^ 2 ) (c«J 2 2 - ft> 2 ) ~l 

V LK 2 - w l 2 ) (w 2 - «ioo 2 )J 


V) (to 2 ■ 

B = 0 and A = 2 sinh-W[~ ( f ~ 

V LW-V) (« 2 -«i» )J 


(402) 


Type VI. (Section of Fig. 278 with 
distinct co 2o0 .) In this case co lorj =-co x 
and co 2a0 is arbitrary. The elements 
are given by equations (400), but m 1 
and m 2 have the values 

"(! - co 2 Vco 2 jy 


_ /f (1 — OJ 2 2 l Ca Z v 2 ) 0 

1 V L(! _ <u 1 2 / w 2 30 2 )J Fig. 280 . 



.(1 - Oilhhj). 
and m 2 = m^cojco^ 

In this section 


(v z w 2cx> CO 

Attenuation Curve 
of B.P.F., Type VI 


*11 (oh J - ft* 2 2 ) K 2 - to 2 ) 

4z 21 (co 2 2 - ft)! 2 ) (ft ) 2x 2 - ft) 2 ) 

(ft>2cc 2 ~ <*>2 2 ) (ft> 2 ~ <»1 2 ) ' 
( ft ) 2 2 - ft )! 2 ) ( ft ) 2j0 2 - ft ) 2 )_ 


(403) 


so that 6 = 2 sinh 1 j^/j^ 

In the range 0 to co x 

B= 0 and -1 -iMnh- 

v LK 2 -"! 2 ) {(o 2 J - ft> 2 ) J 

in the pass band 
v4 = 0 and I? 
from eo 2 to co 2oo 

B — 7T and A — 2 cosh -1 


= 2 sin-i /f ^ 2 -ft>2 2 ) K-V) l 
VL ^- OKoo 2 -" 2 )] 


whilst from co 2oo to oo 

B = 0 and -4 = 2 sinh -1 


v/D 


(COtJ - ft>2 2 ) (« 2 -ft)l 2 )' 
2 . 


-V) ] 

(ft) 2 2 -ft)! 2 ) (ft) 2 a 0 2 -ft) 2 )J 

/r (ft) 2a 2 -ft) 2 2 ) (to 2 -ft)i 2 ) i I 

V L(w 2 2 - ft)! 2 ) (ft ) 2 - ft) 2o0 2 ) J J 


( 404 ) 
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Formulae (402) and (404) are very important, as it can be 
shown that the propagation constants for all the various types 
of section can be expressed in terms of these. 

One very important result can be deduced from equations 
(401) and (403). If in (401) we replace co lx) by a> w 2 /a> 2ao 
= co 1 co 2 /co 2x and co by co m 2 /to, we find that the resulting expres¬ 
sion is that of equation (403). Thus the propagation constant 
of type VI at co is equal to the propagation constant of type 
V at co m 2 /co, provided co lx co 2x) = co m 2 = co x a> 2 . It is thus 
sufficient to plot the propagation constant for one type of 
section only. 

Five Element Band Pass Filter. There are two cases. 

Type VII. (Fig. 281.) In this case co laD is chosen to be zero. 



Fig. 281. Symbolic Form of Mid- Fig. 282. Symbolic Form of Mid- 
series Equivalent, Five-element series Equivalent, Five-element 
B.P.F., Type VII, co 100 = 0 B.P.F., Type VIII, <o 20O = » 

Then g = 1, so that 

h = Vt(l - (1 - co 2 2 /co 2 J)] 

m 1 = h + coiwjco^ 2 , m 2 = 1 
and a = (1 - ?% 2 )co 230 2 /4coiro 2 . 

L x = @i — C'iL 2 = o,L lk , 

L 2 = L lk ( 1 - and C 2 = C llc hja. 

The attenuation curve is like that of Fig. 280, except that 
A = <*> at (o = 0. 

Type Vni. (Fig. 282.) In this section co 2 ^ is chosen to be 
oo , but co la0 is arbitrary. Then 

h ==' l,g = VL( 1 - <W) (1 - *> 2 io> 2 2 )] 

m 1 = 1, m 2 = g + co la0 2 /co 1 co 2 
and d = (1 - m^co^J^co^ 2 . 

L 1 ~ L lk , L 2 == L 11c d/g, C 1 = C lk lnfi 2 

C 2 = C lk 4g/(1 - m a 2 ) 

C' - C x Jd. 


and 
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The attenuation curve is like that of Fig. 279, except that 
A = qo at co = go . 

Other Types of Section. The eight types given above are the 
main types, but there are many others.* Thus sections can be 
obtained by putting co la0 = jco a or co 2a0 = j co b ; in the result 
these may require negative inductance or capacitance. The 
negative inductance can often be achieved by the use of 
mutual inductance;^ the negative capacitance with the aid of 
negative resistance, as described on page 96. If co lao and co 2ao 
are both chosen imaginary the attenuation is never infinite. 

Design Data for Band Pass Filter. A brief summary will be 
given of the various types of band pass filter sections. Appendix 
III gives a graphical summary. 

Type I is the constant-fc section and has co la0 = 0 and 
co 2a0 = 00 • Fig- 266 shows the attenuation curves for various 
values of cojco^ Fig. 267 shows K lk and K 2k , symbolically. 

Type II is the general mid-series equivalent. It has six 
elements: co la0 and (o 2<X) are arbitrary, the mid-series impedance 
is K lk , and the mid-shunt impedance is shown roughly in Fig. 
267. A particular case of this is the m-type, in which co loD aj 2o0 
= cojtOa. Fig. 272 gives the attenuation for various m-types for 
the case in which cojco x = 1-20. 

Type III is the three element section, in which co laD = 0 and 
co 2oo = - co 2 . Shown in Fig. 274. 

Type IV is the three element section, in which co lao = - a> x 
and co 2oo = qo . Shown in Fig. 275. 

Type V is the four element section, in which co lao is arbitrary 
but co 2qo = - co 2 . Shown in Fig. 278. 

Type VI is the four element section, in which co loo = - co x but 
cd 2oo is arbitrary. Shown in Fig. 278. 

Type VII is the five element section, in which eo loo = 0 and 
co 2oo is arbitrary. Shown in Fig. 281. 

Type VIII is the five element section, in which co lao is arbi¬ 
trary and co 2oo = oo . Shown in Fig. 282. 

There is a better system of notation for the purposes of 
design. A section is denoted by the number of elements per 
section followed by an L and/or a U, to indicate a real lower 
and/or upper frequency of infinite attenuation. In this nota¬ 
tion type I is written 4L 0 U oo , type II is 6LU, type III is 3L 0 , 
type IV is 311^, type V is 4L, type VI is 4U, type VII is 5L 0 U, 

* There are, of course, mm' types corresponding to Figs. 212 and 213. 

f Johnson and Shea, B.S.T.J ., January, 1925. 
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and type VIII is SLU^. The advantages of this notation will 
soon be apparent. 

In order that design may be possible without cut-and-try 
methods, it is necessary that there shall be available diagrams 
of attenuation and phase-shift of all useful sections. As there 
are four variables, co 1? co 2 , o 1q0 and co 2x> , a very large number of 



Fig. 283. Attenuation Curves for Section 4U for Various 
Values of o )^ la) m and co 2 /oj 1 = 1*20 


charts would be required to include all the cases. Very fortun¬ 
ately there is a method of reducing the effective number of 
variables and required charts by considering certain equivalent 
combinations. It will be shown that it is sufficient to plot the 
curves of attenuation and phase-shift for type V or type VI, 
i.e. 4L or 4U, for different values of co la0 /(o m and co 2 /co l9 or 
co 2o0 /a) m and (o 2 /a) v A curve for 4L can be easily converted into 
a curve for 4U, and conversely. Fig. 283 gives the attenuation 
curves for various values of co 2o0 /cg to for cojo> x = 1-20. When a 
filter is designed for some value of (oJco l9 it is useful to calculate 
and draw the curves of 4L or 4U for this value of cojco^ The 
sheet gives useful data for later work: it is then a matter 
of chance whether one has the curves for 4L or 4U for later 
use. 

It is now necessary to deduce the attenuation and phase-shift 
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for any mid-series equivalent section from those of a section 4L 
or 4U. This is done by the method of equivalent combinations. 

Equivalent Combinations. It can be shown that the various 
types of section are not independent and, in fact, simple linear 
relations hold between some of the propagation constants. If 
we write 0(6LU) for the propagation constant of the section 
6LU, i.e. of the type II, and similar expressions for other 
propagation constants, it can be proved that 

0(6LU) = 0(4L) + 0(4U) 

0(5L O U) = 0(3L O ) + 0(4U) I 
0(5LUJ - 0(4L) + 0(3UJ I 

and ©(-tLoUJ = 0(3L O ) + 0(3X1*,) 

It is easy to remember these formulae, as the frequencies of 
infinite attenuation must be the same on both sides of each 
formula. As 0(3L O ) and 0(311^) are particular cases of 0(4L) 
and 0(4U), being given when co lx) = 0 and a> 2oo = qo , the 
propagation constants for the constant-^ five element and six 
element types are given in terms of the propagation constants 
of the types 4L and 4U. 

A simple theorem* correlates the propagation constants of 
4L and 4U. The propagation constant at co of a section 4L, 
whose pulsatance of infinite attenuation is co lrj , is equal to the 
propagation constant at co m 2 jco of a section 4U, whose pulsatance 
of infinite attenuation is eo m 2 /eo la0 . Conversely , the propagation 
constant at co of a section 4U, whose pulsatance of infinite attenua¬ 
tion is co 2yo , is equal to the propagation constant at a) m 2 /(o of a 
section 4L, whose pulsatance of infinite attenuation is co m 2 /a) 2cxi . 

Thus 0(4L) can be expressed as 0(4U) and 0(4U) as 0(4L); 
hence any 0 can be expressed in terms of 0(4L) or 0(4U). 

As an example, let us find the attenuation at 0*75co m for a 
constant-^ section for which coj a> x = 1*10.' Suppose we had a 
diagram giving curves of 0(4U) for a) 2 /(o 1 = 1-10, similar to 
Fig. 283.f The curve for which co 2jd /co w = qo gives 0(311^). At 
0*7 5co m the attenuation is 2-20 nepers. To find 0(3L O ), we 
merely look up 0(311^) at o w /0*75 = l*33ca w , and we see that 
this attenuation is 2*75. By the last equivalence, the total 
attenuation is 2-20 + 2*75 = 4*95 nepers. This is the value of 

* Shea, loc. cit., page SI 3. A proof is given in this book on page 288, 
paragraph 2. 

f Appendix IV makes such diagrams comparatively unnecessary. 

2o—(T.5782) 
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attenuation given in Pig. 266, which gives directly the attenua¬ 
tion of the constant-^ section for various values of co 2 lco v 

As another example let us find the attenuation at l*30eo m 
of the m-type section, for which co 2 /a> x = 1*20 and w loo /oJ m 
= o} m /(o 2a0 = 1/1*40. Pig. 272 gives the attenuation directly 
as 4*35 nepers. The first equivalence gives the attenuation as 
0(4L (O1 J + ^( 4 U a)2x ). Fig. 283 gives the attenuation for 4U 
for coa/a)! = 1*20. It is seen that 6( 413^2^) at l*30co w is 3-25 
nepers. Also 0(41^^) at l*30co m is equal to 0(4U co2x ) at 
(jo m / 1*30 = •T7co m and is 1*10 nepers. The total attenuation is 
thus 3*25 + 1*10 = 4*35 nepers, which agrees with the value 
given by the curves of Fig. 272. 

Appendix 4 gives a nomogram for the attenuation of the 
section 4L, from which 0(4U) can be easily deduced. 

Effects of Dissipation. These are of the same kind as for 
the low and high pass filter sections. A most important fact 
is that the equivalences of equations (405) and the theorem 
connecting 0(4L) with 0(4U) hold, when the sections have coils 
of equal Q or d and condensers of equal power-factors. It is 
therefore sufficient to consider the effect of dissipation in the 
type 4L or 4U. 

When the coils have dissipation constant d, the type 4L has 


Zu. T r , • v K 2 - ^loo 2 ) (ft> 2 2 - ft) 2 + j dm 2 ) 

4z 2 i J (ft) 2 2 - m x 2 ) (ct> loo 2 - ft) 2 + j dm 2 ) ‘ 

instead of the expression of equation (401). 

Similarly the type 4U has 

z n =TJ . v _ (ft) 2w 2 - ft) 2 2 ) (ft)! 2 - (O 2 + j dm 2 ) 

4z 21 J (o ) 2 2 - a), 2 ) (co 2oo 2 - to 2 + j dw 2 ) ‘ 

in place of the expression of equation (403). 

At co la0 equation (406) becomes 


(406) 


(407) 


u + jV = 


(ft)! 2 - ft> loo 2 ) (ft) 2 2 - 0J W 2 + jdohj) 


(ft) 2 2 - m 2 ))dm Vr 2 
of which F is the important part and is equal to 


V = 


(C0i 




! ) K 2 - 




! ) 


K 2 - OJ^OJ^d 

Similarly at m 2oo equation (407) gives 


V = 


(ft) 2o3 2 - ft) 2 2 ) (ft) 2oo 2 - ft^ 2 ) 
(ft ) 2 2 - m^m^d 


(408) 


(409) 
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With the aid of equations (408) and (409) and the Fig. 239, 
the attenuation at the (ideal) frequency of infinite attenuation 
can be found for the sections 4L and 4U. By the use of the 
equivalences of equations (405) the attenuations at the fre¬ 
quencies of infinite attenuation for any section can be found. 

At the mid-band frequency, co m = ^/(^i^ 2 ), the attenuation 
is proportional to d for small values of d. It is simplest to find 
U and V and look up the charts. 

Impedance Transforming Band Pass Filter.* There is a 
method of achieving a band pass filter with an impedance 
transformation, so that the filter section behaves like an 
ordinary band pass filter section plus an ideal transformer. An 
example, showing how this method is useful in practice, will be 
given later. 

The method makes use of the equivalence of the two networks 
in Fig. 284 and the equivalence of the two networks in Fig. 285. 

<pZ 

— WV* — t - o 

JL Z fjf z 

'?-i |7-9? z 

Ideal 

transformer 

Fig. 284. A Equivalence for Impedance Transforming B.P.F. 

0-<p)Z' -<pO-<p)Z' 


transformer 

Fig. 285. T Equivalence for Impedance Transforming B.P.F. 

The equivalences are most easily proved by showing that 
the open- and short-circuit impedances are the same for the 
pairs of sections. Thus the left hand, open-circuit impedance 
of the first section in Fig. 284 is clearly Z 00 = 00 , since 
the open-circuit impedance of an ideal transformer is infinity. 
The corresponding impedance of the second section in Fig. 284 
is 

[ZkpI(<p - 1)] [Z<p + Zy 2 /( 1 - y)] 

Zq>l(<p - 1) + Z(p + Z<p 2 /(1 - <p) 

* See E. L. Norton, U.S. patent 1,681,554, 21st August, 1928; also Shea, 
loc. cit ., pages 325-334. 
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which is infinite since the denominator is zero. The left hand, 
short-circuit impedances are respectively Z and 
[Zy/(y-l)][Zy] = 

Z<p/((p-l) + Z<p 

It can be shown similarly that the right hand short-circuit 
impedances are both equal to Z<p 2 , whilst the open-circuit 


°—Tnnr'—1|- 

4 L r zc, 


II—~° °—TRnr—If 1 


2Cj \L 1 
L z 


(A) 7:< P 



||-'WJp-c 

2C'/q? \L,cp z 


(B) Ideal 

transformer 


° -^CiCT' 1| — I — — r -j—1|--° O —— |l r || — O 

7 ' 2 Lj 2Cj \U-?)L z %> L r<P z L‘ ZC,\zC, L‘ 

1 9 L 2 1 


(C) (D) 

Fig. 286. Example of Impedance Transforming B.P.F. 


impedances are qo . Thus the equivalence shown in Fig. 284 is 
proved. 

In the same way the equivalence shown in Fig. 285 can be 
proved. 

It will be found impossible to derive a T -network equivalent 
to those in Fig. 284, as the branches required become infinite: 
also the Il-network equivalent to those in Fig. 285 contains 
infinite arms. 

Let us apply the impedance transformation to the three 
element, band pass filter section of Fig. 274. A complete mid¬ 
series equivalent section is shown in Fig. 286 (a). Let the ideal 
transformer be placed in the circuit where the dotted line is 
shown. The impedance of everything on the right must be 
multiplied by cp 2 , so that the condenser 2(7 X must be replaced 
by ZCJcp 2 and the inductance by \L x <p 2 . The section of 
Fig. 286 (b) results. The inductance L 2 and the ideal transformer 
(shown in a dotted rectangle) can be replaced by a T-network, 
according to the equivalence shown in Fig. 285. The network 
of Fig. 286 (c) emerges. If (1 - <p)L 2 is merged with ^L x and 
- cp( 1 - (p)L 2 with ^L x (p 2 , the network of Fig. 286 (d) is obtained. 
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This section has image impedances K lk and cp 2 K lk , but the pro- 
pagation constant is the same as for Fig. 286 (a). In order that 
the resulting structure may be possible L' and L" must be posi¬ 
tive. If cp is greater than unity L " is positive; but L ' is positive 
only when 

\L X + (1 — (p)L z > 0 , 

i.e. cp < 1 + LJ2L 2 

= 1 + 2(0^/(co 2 - O, 

since L x = 2Ra) 1 /co 2 (co 2 - coj) and L 2 = R(co 1 + o) 2 )/2co 1 a> 2 . As 
the band width narrows, the permissible range of 99 increases. 
The value of cp given here is not the real maximum: for, if 
the section of 286 (a) is preceded by another similar section, L' 
is equal to L x + (1 - 9 o)L 2 and the maximum of cp is 1 + DJL 2 , 
which is 1 + 4 co 1 2 /(^ 2 2 ~ ^i 2 )- an y cas e, if co 2 becomes 
infinite so that the filter becomes a high-pass or becomes 
zero so that the filter becomes a low pass, the maximum of cp 
is unity. 

If cp is less than unity, L' is positive always, but L" is positive 
only when 

\L x cp 2 ~ 99(1 - 9 o)L 2 > 0 , 

i e- 9 ’ > (1 + LJ2L 2 ) 

_ 1 _ 

~ 1 + 2 ft) 1 2 /(a> 2 2 - ft>i 2 ) 

= (w 2 2 - ft>i 2 )/(tu 2 2 + ft)! 2 ). 

When cd x becomes zero or a > 2 infinity, the maximum of cp is 
unity. Thus for the low and high pass filter sections the 
maximum and minimum values of cp are both unity: in other 
words, there are only impedance-transforming band pass filters. 

The impedance transformation can be performed in several 
different ways. Thus the dotted line can be shifted to the left 
of L 2 , which become L 2 cp 2 , and then the combination of 2C X 
and the ideal transformer can be replaced by the equivalent 
II-section. 

Also, the impedance transformation can be performed in a 
half-section. 

Economy is achieved by choosing a maximum or minimum 
value of 99 , for then L ' or L" becomes zero and one element is 
saved. 
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If a large ratio of transformation is desired, the transforma¬ 
tion can be performed in stages, so as to permit the use of 
elements of suitable values. 

Dissipation does not affect impedance transformation pro¬ 
viding the values of d are the same for all the coils. 

Design oi a Band Pass Filter for Carrier Telegraphy.* In 
voice-frequency carrier telegraphy, an audio-frequency wave 
is broken by a key or Wheatstone transmitter. The resulting 
wave, which has a band of frequencies above and below the 
audio-frequency of the carrier, is sent through a sending (band 
pass) filter, which ensures that the frequency band of the sent 
wave does not overlap the frequency band of another sent 
wave. Receiving band pass filters sort out the signals at the 
receiving end. In a new and very efficient carrier telegraph 
system designed by the Standard Telephones and Cables, the 
audio-frequency waves have frequencies 420, 540, 660, . . . 
2460, i.e. odd multiples of 60 cycles (from 7 to 41). There are 
thus eighteen channels in the audio-frequency band. 

We will consider the design of the receiving filters of mid- 
frequencies 420 and 1740 cycles. As regards transmission 
characteristics the following general requirements had to be 
satisfied— 

(а) The attenuation characteristic was to be symmetrical 
about the mid-band frequency, i.e. the attenuations introduced 
by the filter at frequencies equidistant above and below the 
mid-band frequency to be approximately equal. 

(б) The phase characteristic was to be of equal and opposite 
symmetry about the mid-band frequency, to pass through zero 
at, and to approximate closely to a straight line i 35p.p.s. 
from, the mid-band frequency. 

Among the particular transmission requirements to be 
satisfied, the following may be mentioned— 

(а) The attenuation of each receiving filter ^ 35 p.p.s. from 
its mid-band frequency was to be not more than 2*5 db above 
that at its mid-band frequency. 

(б) The attenuation of each receiving filter ± 120 p.p.s. 
from the mid-band frequency, i.e. at the mid-band frequencies 
of the filters directly adjacent to it, was to be not less than 
30 db above that at its mid-band frequency. 

* Included by kind permission of the Standard Telephones and Cables. The 
author wishes to thank Mr. W. N. Roseway and Mr. F. Ralph for particulars 
of the design and calculation and measurement of the attenuation. See also 
Electrical Communication , April, 1932, page 195 et seq. 
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In view of the above requirements the so-called ;t confluent” 
band pass filter section of the constanttype has been employed 
as the basis of design, since it satisfies them very closely, and 
its simplicity makes it satisfactory economically. The use of 
derived or m-type filter sections was considered, but they did 
not appear to offer any considerable advantage over the proto¬ 
type section, and their greater complexity would have increased 
the cost of the filters. 

To satisfy the particular attenuation requirements, a single 
section has been used for each sending filter, and two sections 
for each receiving filter. 

Fig. 287 shows a full section, with mid-series termination, 

2C 7 4Z ; 

IHot —03 

t R r _ 

n(f z -f 1 )* 1 -47 T f,f 2 R 

r _ 1 _ 

** 4nf 7 f 2 H~n(f 2 -f 7 )R 
-04 

Fig. 287. Prototype B.P.F. Section 



of the constant-^ filter. In the formulae/ L and/ 2 are the cut-off 
frequencies, and R is the value of the impedances between 
which the filter is inserted. R is 600 ohms. / 2 - f x is constant 
for all the filters and is equal to 120 cycles, so that 

o % = rMU-h)R = 4 - 421 ^. 

Further, since the band-width is small compared with the 
product of the cut-off frequencies, the formula for the induc¬ 
tance L 2 shows that the latter is of a relatively small value and 
decreases progressively as the frequency increases. At the 
lowest carrier frequency, 420 p.p.s., its value is 0-033 henry; 
at the twelfth carrier frequency, 1740 p.p.s., its value is 0-0019 
henry ; and at the eighteenth carrier frequency, 2460 p.p.s., its 
value is 0-00095 henry. 

Froip both the economic and the electrical standpoints, the 
values of both L 2 and C 2 are very unsatisfactory. Thus the 
condenser C 2 of value 4-421/^F would, for a reasonable cost, 
have to be of the paper dielectric type, a type which is difficult 
to adjust within close limits, has high dielectric losses, and is 
subject to large variations with respect to temperature and 
time. Again, the low values of the inductances L 2 would cause 
considerable difficulties in their manufacture to within close 
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limits; for example, on the type of coil it was proposed to use 
in these filters an inductance of 0*0019 henry would require 
about 120 turns, so that the removal or addition of only one 
turn would vary the inductance by i 1*5 per cent, a variation 
considerably in excess of that permissible from a consideration 
of the transmission requirements. 

To avoid the difficulties thus presented, use has been made 
effectively of impedance transforming filter sections, obtained by 



Fig. 288. B.P.F. Section with Internal Impedance Transformations, 
Electrically Equivalent to Fig. 287 

introducing an ideal step-up transformer at the section AB of 
the filter shown in Fig. 287, and an ideal step-down transformer 
at the section CD. 

The equivalence used in designing such filter sections is 
shown in Fig. 284, and by applying it to the structure of Fig. 
287, in which the condenser 2 C x forms the impedance Z of 
Fig. 284, the equivalent structure of Fig. 288 is obtained. 

It will be noticed that the number of elements has been 
increased, three condensers being required in place of the one 
shunt condenser of Fig. 287, but the advantages gained more 
than offset the increase in number of the elements. Thus, by 
a suitable value of <p } the condenser C 2 can be reduced in value 
until it can be manufactured as a mica-dielectric type of the 
same dimensions as the rest of the condensers in the structure, 
thereby standardizing the type of condenser. Furthermore the 
use of mica-dielectric condensers offers important advantages 
as these are readily adjustable within close limits, have low 
dielectric losses and high stability. Similarly the shunt induc¬ 
tance <p 2 L 2 can be brought to a value of the same order as the 
series inductances, and therefore can be manufactured to the 
same limits and electrical efficiency. The series condensers 2C 1 /<p 
are of low value compared with the shunt condensers, but it 
can readily be shown that they can vary within relatively wide 
limits without appreciably affecting the performance of the 
filters. 
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A further simplification of the structure is obtained by 
making all the shunt condensers of equal value. This, of course, 
fixes the value of <p, which is then given by the relation 

V = i (V^GJC, + 9] - 1) 

0-796H 0-03987 pF 0-03987pF 0-796H 


0-!443p~ 

-II-1-II—— 

Z kp-708H Z 

0-7443pW \ r 

-01443ptF 

B.P.F. for Channel of Mid-frequency 420 ,— 
0-796H 000525pF -000525pF 0796H 

001 pF 

O- 

-II II 

- ko-762H - 

o-oipFY | r n 

Zi 0-07pF 

-o 


B.P.F. fob Channel of Mid-fbeqitency 1,740 ^ 

Fig. 289 

Table XV gives the values of the factors cp, cp 2 and the 
impedance elements of the filters for the 1st, 12th, and 18th 
channels. 


TABLE XV 


Channel 

1 

12 

18 

Mid-band frequency p.p.s. . 

420 

1,740 

2,460 

v . 

4-62 

20-04 

28-52 

v 2 . 

21-34 

402 

814 

\L X (Henrys) .... 

0-796 

0-796 

0-796 

<p 2 L» (Henrys) .... 

0-708 

0-762 

0-772 

2C' 1 ^ r 1 (fiF) .... 

0-1443 

0-01 

0-005080 

T (flF) . 

0-03987 

0-000525 

0-000185 


All the filters are of the unbalanced type having a theoretical 
band-width of 120 p.p.s. and a characteristic impedance of 
600 ohms, being terminated at x — 0*8 at the common ends, 
and at x = 0*5 at the ends that are not common. 

Fig. 289 shows a full section for the channels whose mid¬ 
frequencies are 420 and 1740 cycles. The condensers all have 






300 


ELECTRIC CIRCUITS 


[Chap. X 

reasonable values and the coils have values about § of a henry. 
Very small and efficient coils were made with cores of permalloy 
dust, permeability 110 . Q had values of 50 at 420 cycles and 
110 at 2000 cycles. Fig. 290 shows the receiving filters, which 
have two full sections. The overall dimension is 19 in. 

The calculation and measurement of attenuation will be 
given in the next chapter. 

Use of Mutual Inductance in Band Pass Filters.* When 
mutual inductance is present, the theorem of equivalence of 
Figs. 110 and 111 enables us to reduce the network to a case 
where only self inductances are present and then ordinary filter 
theory can be applied. Thus the simple section of Fig. 291 (a) 
is equivalent to that of Fig. 291 (b), which is type 3L, such that 



(A) (J3) (C) 


Fig. 291. Band Pass Filter with Mutual Inductance 

L ± — 2 (L - M), L 2 = M, and C x — \C. The cut-off frequencies 
are given by 

zj'4z t = - [1 - co\L + M)C]/2MCco 2 
— 0 or - 1 , 

giving coj = 1/Vi (L + M)C] 
and oi 2 - 1/V[ (L-M)C]. 

The image impedance in the pass band is 

R = V\ z i z z( l + zJ42 2 )] 

= ~ vI(i-« 2 M 2 ) (®W-i)]. 

At the mid-band frequency, co = 

R = (C0 2 - C0 1 )/(O 1 (D 2 C 
_ (i/^i - iM) 

_ c 

= Vl(L + M)/C]-V[(L-M)IC] . (410) 

This is the value of impedance that should terminate the 
filter in order that the filter property may best be preserved. 

* For complete discussion, see Johnson and Shea, B.S.T.J. , January, 1925, 
pages 52-111. 
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It is seen from Fig. 291 (c) that the filter section is merely a 
transformer with tuned primary and secondary. 

Transformers as Band Pass Filters.* Step-up transformers 
usually lose response at high frequencies because of the self 
capacitance of the secondary winding. As zero frequency cannot 
be passed by a transformer, the action is like that of a band 
pass filter. It is possible to apply the theory of the band pass 
filter to the design of high-frequency transformers that operate 
between resistances. 

Fig. 292 (a) shows a step-up transformer. The self capacitance 



Fig. 292. Transformer as Band Pass Filter 

of the secondary, C , is placed across L 2i whilst the resistance 
of the secondary is placed in series with the load Z 2 . This is 
shown to be valid by experiment. By Fig. 118 an equivalent 
network is that shown in Fig. 292 (b). By transforming the 
circuit to the left of the ideal transformer of ratio M/L 2 
(== knjn 2 = kjr , where r is the step-up ratio), the equivalent 
network of Fig. 292 (c) is obtained. Here 

l = L x { 1 - k 2 )rfk = M (1 - k 2 )/k 2 , 
since M = k^J (L X L 2 ) = kL x ^J{LJL^ = kL x r. 
k is nearly equal to unity: let 
k = 1 -d. 

Then l = 2SM ~ 2(1 - k)M. 

The network (Z, M , C) forms a half section of band pass 
filter, type 3U, mid-shunt equivalent. The theory of this 
section is applied in detail by Sandeman ( loc . cit.), who gives 
the design formulae. Some interesting results are the following. 

VK2-*)/2(l-4)]. 

* See E. K. Sandeman, Electrical Communication, April, 1929, page 282. 
This work does not hold for high quality audio frequency transformers (for 
which see pages 138—140), but for carrier and radio frequency transformers in 
which cOsj/cOi is not too large, say not more than 10. 
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or k = 2(co 2 2 - oj 1 2 )/(2(o 2 2 - co , 2 ), 

co, = kRI 4(1 - k)M - 1/2RC, 

3k- ^[8(1 - k) (2 - k)] ) 

2(T^fc) ) 

L 2 = M/k, 
and L 1 = LJr, 

where R = R 2 + Z 2 = secondary load. 

If the ratio w 2 /a) 1 is large, say 50, k must be equal to 0-9998, 
which is unattainable. In this case the primary is tuned , so 
that a condenser C 1 is in series with l of Fig. 292 (c). The net¬ 
work is then half a section of constant-^ band pass filter. The 
formulae for this case are 

M = R 2 Ckf 2(1 -k), R= l/(co 2 - coJC, 
co, = i ^[l/R 2 C 2 + ±/MC] - 1/2RC, 

1 = co^MC, C, = M/R 2 , L 2 = M/k, 
and L x = LJr. 



Generally C and k do not vary much with changes in the 
numbers of turns of the windings. 

As an example, suppose it is desired to design a transformer 
with low frequency tuning in which 

fi = COJ27T = 500000 cycles, k = 0-5, and C = 40^^F. 


It is found from the formulae just given that 
4-3 k+ V[ k(S - Ik)] 


(Oja)! = 


so that 


and 


4(1-k) 
f 2 = 2 /, = 1000000 cycles. 

M = l/co,co 2 G = 1268^11, 

R = l/(co 2 - co,)(7 = 8000 ohms, about. 
(7, = M/R 2 = 158/c/cF. 


High Frequency Tuned Circuits. Tuned circuits are very 
important in radio frequency work and much has been written 
about their properties.* Only a few of the more important 
properties will be discussed. 

* See Mallett, W.E., August, 1928; Editorial, W.E ., May, 1931; Wheeler 
and MacDonald, I.R.E ., May, 1931; M. Reed, W.E ., May and June, 1932; 
Callendar, I.R.E., July, 1932; Buffery, W.E ., September, 1932; Beatty, 
ibid., October, 1932; Oatley, ibid., November, 1932; Model, I.R.E., January, 
1933; Christopher, B.S.T.J., October, 1932; Runge, Telefunken Zeitung, 
October, 1927, page 55. 
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Suppose an E.M.F. e is injected into a circuit containing a 
condenser C and a coil of inductance L and resistance R. The 
current is i = e/(R -f- j coL -f l/jco(7) and the voltage across C is 

tr= »/] coC = jB+- joiL + if^OjwC' 

This voltage, v, has a maximum near co — 1 /^/(LC). 

If coL/R ~ Q is large, say 50 or more, the important fre¬ 
quencies are in the close neighbourhood of 1/2tt\/(LC), so that 
we may consider v as proportional to i. The current at 
co = a> 0 — l/y' (LC) is e/R, whilst at to = co 0 + Aco, the current is 

e 

1 — R ]co 0 L -f- jA coL + l/j(o* 0 + A m)G 

= e/[R -f 2jAcoIv] 

_ e/J R 

1 + 2 jA coL/R 

_ e /R _ 

“ 1 + 2jQAco/co 0 

where Q is the value of wL/R at co = co 0 . The selectivity is thus 
S = |1 + jQ2Aco/co 0 | 

- V[1 + (Q2Aco/co 0 ) 2 ] . . . (411) 

If Q is about 100 and Aco/co 0 == *02, the selectivity is given 
approximately by 

S = Q2Aco/co 0 . . . (412) 

Thus a good radio-frequency coil of Q = 100 has a selectivity 
of 4 (actually 4*1) against a frequency 20 kc. off the resonant 

frequency of 1000 kc. 

If the voltage v is applied to the 
grid of a valve, which is followed by 
another tuned circuit, the selectivity 
will be squared. By using a sufficient 
number of tuned circuits separated 

Fig. 293. Coupled Circuits % valves, we Can obtain as great a 

selectivity as we desire. It is expen¬ 
sive and inconvenient to isolate each circuit by valves and so the 
circuits are coupled, as shown in Fig. 293: j X is the coupling 
impedance, which is assumed a pure imaginary and is generally 
small compared with j coL or 1/j coC. The treatment given here 
follows the very clear treatment given by Reed ( loc . cit.), but 
differs in some definitions and results. 


LR LR 
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It is seen that the current in the second condenser is i where 
e/i = (Z* + X*)/jX = Z t! say ) 
and Z = R l/jco(7 -|- 

We consider j coC as appreciably constant over the range of 
frequencies that matters, so that the output voltage is propor¬ 
tional to i and inversely proportional to \Z t \. Let 
(coL ~ 1/coC -j- -X) 2 "i 

r = X* l . (414) 

and s = R 2 /X* J 

so that Z = R + ]X \Jr = X(\/s + j \/r) 
and Z 2 + X 2 = X 2 [- r + s + 1 + %]V( rs )]- 

Then \Z t \ 2 = X 2 [(- r + 8 + l) 2 + 4rs] 

= R 2 [(r + 5 - l) 2 + 4 s]/s . . . (415) 

The maxima and minima of i occur at the frequencies of the 
minima and maxima of \Z t \. We may differentiate by r 
instead of co to obtain the stationary values, which are obtained 
by putting d\Z t \ 2 jdr equal to zero. The resulting equation is 
d\Z t \ 2 /dr = 0 = 2 R 2 (r + s- 1), 
i.e. r = 1 -s, 

which gives coL - l/coC + X = i X\/(l - s) 

= ±\/(^ 2 -^ 2 )- • (416) 

There is also a stationary value at the frequency given by 
coL- 1/coC + X = 0 . . (417) 

which is the frequency of a maximum if R > X, of a point of 
inflexion if R = X, and of a minimum if R < X. 

Equation (416) gives two frequencies for the maxima, 
providing X > R. If we designate the frequency given by 
equation (417) as co 0 /27t, and the frequencies of equation (416) 
as (OJ27T and co 2 /27t, then, providing X and R are small compared 
with coL and l/coC, it can be shown that by Taylor’s theorem * 

V(X 2 -R*) 

ft>! C0 O - o> 0 co 2 - + Y j 0J 2 C + dXldoj 0 ) 

= V(^ 2 - -R 2 )/2 L 
= ( coJ2QW(X*/R 2 - 1), 
to a very close degree of approximation. 


* See page 13. 
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At these frequencies r + s - 1 == 0 and hence equation (415) 
gives 

\Z t \ 2 == RHs/s = ±R 2 , 
or | Z t \ = 2 R. 

The current at maximum is thus e/2R, independent of the 
coupling impedance jX, provided X > R. If X < R there is a 
maximum at co 0 , at which r = 0 and equation (415) gives 


\Z t \ 2 - R 2 [(s- l ) 2 + ±s]/s = R 2 (s + 1 f/s, 
so that \Z t \ = R(s + 1)/\A- 

The value X = R is the critical value for the coupling 
reactance. For values lower than this there is a maximum at 
co 0 only and the magnitude of the current is 

e^Js / e \ 2 


R(s + 1 ) 


(a*) 


R/X + X/R 


(418) 


When X 



R there is a maximum (or rather a point of 
inflexion) at co 0 , at which the cur¬ 
rent is e/2R. 

When X > R there are two 
maxima at co x and co 2 of equal 
values e/2R, whilst there is a min¬ 
imum at (D 0 of the value given in 
X>R equation ( 418 ). Fig. 294 shows 
the character of the response 
curves near the resonant fre¬ 
quency. 

Let us now consider the selec¬ 
tivity of the system for various degrees of coupling. 

In the critical case X = R and 8=1. Then the maximum 
occurs at co Q or r = 0, when \ Z t \ = 2R. At any other frequency 

Zt\ = RVH(r + e-l)* + 4sys\ 

= RV(r 2 + 4 ), 
so that the selectivity is 

S c = RV(r 2 + 4)/2B = + 1) . 


X=R 
A X<R 

Fig. 294. Response Curves of 
Coupled Circuits of Fig. 293 


(419) 


Let the frequency at which the selectivity is considered be 
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(co 0 + Aco)/27t, where A co/(o 0 is of the order of 2 per cent. Then 
equation (414) gives 

r = (coL - 1/coC + X) 2 /X 2 

_ [(ftJp + A (o)L- 1/K + Aco)C + X Mo + Aa) f 

"" X 2 

[Aco(L + l/coo 2 ^ + c2X/dco 0 )] 2 

- Z 2 


= [2AcoZ/X] 2 

= [2(Aco/co 0 )QR/X] 2 = s{2QAco/co 0 ) 2 . . (420) 

In the critical case s = 1 and r = (2QA co/co 0 ) 2 } so that the 
selectivity is, by equation (419), 

S c = V[i(2QAco/to 0 )^ + 1] . . . (419a) 

If Aa)/co 0 = -02 and Q = 100 about, r is about 4, and the 
selectivity is approximately given by 

S c = ¥ = i(2QAco/a) 0 ) 2 . . . (421) 

The error in selectivity is here 12 per cent, since we have 
taken \Z(^r 2 ) = \/4 in place of \/(i r2 + 1) = ^5, If Aco/co 0 
= 03, the error in equation (421) is only 5 per cent. 

If the coupling reactance X is greater than R , the maximum 
response occurs at co x and co 2 and is ej2R still. At co = co 0 -f- A co 
the transfer impedance Z t is given by equation (415) as 

\Z t \ = BV\[{r + s-l)* + 4sy8\, 

so that the selectivity is 

S=W\tir + *- 1) 2 + • . (422) 

as compared with S c = \\/{r 2 + 4). In (422) s is less than 
unity and r is given by equation (420). For a two or three 
per cent distuning, the selectivity is 

S = ir/y's = ^s(2QAco/co 0 ) 2 
= V^c = S C (R/X), .... (423) 
which is thus less than S c . 

If the couphng reactance X is less than R there is a maximum 
at r = 0, when 


21—(T.5782) 


\H =R(S + 1)1 Vs. 
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The selectivity is therefore 

S = VI Ur + 5 - l) 2 + 4*J/(* + l) 2 \ . (424) 

Suppose X = R/^/2 so that s = R 2 /X 2 = 2. Then 

S=Wl(r+ l) 2 + 8]. . 

When r = 8, S = ^\/S9 = 3-15. At the same frequency off 
tune the value of r for the critical coupling is r = 8/2 = 4 and 
S c = \/(i r2 + 4) = \IS = 2-83, which is less. Hence the 
selectivity increases as the coupling decreases. When r is large, 
the selectivity is, by equation (424), equal to 

S = r/(8 + 1 ) 

= (2QAco/co 0 ) 2 s/(s + 1) 

= (2QAft)/ft> 0 ) 2 /(l + X 2 /R 2 ) 

= s,m + ^ 2 ). 

Equations (425) confirm the statement just made, that the 
selectivity increases as X decreases. When X = R, S becomes 



(A). Mutual Coupling'. (B). Capacitance Coupling. (C) Mixed Coupling. 
Fig. 295. Various Types of Radio-frequency Band Pass Filter 


S c . When X = 0 the selectivity is (2QAco/a) 0 ) 2 > which is the 
square of the selectivity for a single tuned circuit and is the 
maximum possible. The selectivity with critical coupling is 
one half of this maximum value. 

The separation of the humps is given by 

o*-a> a = ^{X 2 -R 2 )/L. 

In order that there be constant peak-separation in a frequency 
range it is necessary that X 2 - R 2 be kept constant, since L is 
usually quite constant. 

If the coupling is by mutual inductance, as shown in Fig. 
295 (a), X = coM and the separation increases as the frequency 
increases, since X 2 - R 2 = co 2 (M 2 - R 2 /co 2 ) and R 2 /a> 2 is fairly 
constant. 

If the coupling is by a common capacitance as shown in Fig. 
295 (b), X = - l/coC c and the peak-separation decreases as the 
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frequency increases. In fact, the peaks coincide (at co 0 ) when 

oj = l/C c R. 

In order to achieve constancy of peak-separation use is made 
of mixed coupling, as shown in Fig. 295 (c). The mutual must 
be such that the coils L are series-aiding, so that there is an 
inductance - M in series with C in the equivalent network. 
Then X = - coM - 1/coC. In this expression the first term 
increases (numerically) and the second decreases (numerically) 
as the frequency increases and the peak-separation can be 
kept fairly constant. 

The analysis, given above, holds only when the two circuits 
have equal (or nearly equal) resistances. When the first circuit 
is fed by a valve, the system becomes unsymmetrical and the 
analysis does not apply. 


Fig. 296 shows the unsymmetrical case which is often met, 
for example, in the case of the _____ _ 


superheterodyne band pass filter. L 


Lx _ 


Superheterodyne Band Pass y r - 

L k 9 



Filter. This is shown in Fig. 296: 
r is the resistance of the valve 

- 

\ R ~ 



supplying the first circuit. The Fig 296 i:nsymmetrical 
exact theory is very long and so Coupled Circuits 

only an approximation will be 


given. In general the coupling is small, about 6 per cent, so 
that we may consider the load impedance as the impedance of 
the first tuned circuit, viz. 

(R + ja>L)/(l - co 2 LC + jcoCR) = jcoLftl - c o 2 LC + jcoCR). 

At resonance this impedance is L/CR and the voltage across 
the coil is 

e(L/CR) e 

L/CR + r ~~ 1 + CrR/L' 

At co = co 0 + Aco, the impedance is seen to be 

L/CR 

1 + jQ2Aco/co 0 

and the voltage across the coil is 


1 (CrR/L) (1 jQ2Aco/co 0 ) 

The selectivity of voltage and current in the first coil is thus 

1 + (CrR/L) (1 + jQ2Aco/o 0 ) 


1 + CrR/L 


= S l9 say. 
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There is then the selectivity due to the second coil, which 
introduces the factor 

S = V[1 + (Q2Aco/co 0 n 

from equation (411). The total selectivity is SS V It often 
happens in practice that r is small compared with L/Cr so that 
CrR/L is very small. Then S 1 is not much greater than unity 



Fig. 297. Response Curve of Wearite Superheterodyne Band 
Pass Filter 


for quite wide variations of frequency and the overall selectivity 
is S and is due to the secondary circuit alone. 

Fig. 297 gives the response curve of the Wearite B4 super¬ 
heterodyne filter, in which L = 6*84 mH., g) 0 /27t = 110 kc., 
and R = 123Q. At 10 per cent above co 0 the selectivity is 5, 
whilst 10 per cent below co 0 the selectivity is 10. The valve 
had an impedance r = 10,000 ohms about, so that CrR/L 
= rR/oo 0 2 L 2 = -068: also Q = 34. It follows that 

S x = |1 + -068(1 + j6-8)|/l-068 
= 1-07, 

S = VC 1 + (6-8) 2 ] = 6-84, and SS X = 7-3. 
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The values of 5 and 10 at 123 kc. and 00 ke. are good (con¬ 
sidering the wide range of frequencies involved) compared with 
the value of 7-'h which assumes a symmetrical response curve 



m 


Cjk 


i 


=r^ 


Fig, 2 OH* shows a photograph of the filler. The condensers C 
can be varied by turning the screws S ; which are accessible 
throtigIt small holes i n the cuse. The first £ k 

condenser does not affect the selectivity — i 

but only the sensitivity. ° ~L_ p _ j - [ 

Band Elimination Filters. This type of 
filter passes freely all frequencies bet ween 
0 and ( 0 J 277 and betw een vj.Jtt and » , 

The constant-i type has a series arm con¬ 
sisting of a parallel tuned circuit and a 
shunt arm consisting of a series tuned 
<“> f 8h0W ' n in ’’’jg- Th(? **iWB F]( , 2&0 . SVMaoMCFonai 

ol the elements are given by or Hash Elimination 

L lk = 2R(f^ - o) l )faj x m t 1 lfounat 

Lik — P !»{<»$ - oh) 

and C 2k — 2(cu a - 

The frequency of infinite attenuation is given by ^ 
— x^fcujWj), since \{L 2l C 2k — Tlie series-derived and 

* Uppnidiicotl lay kind jWmittfiori of Mprstr. Writ'll! marl Wrair*:. 






(J20) 
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shunt-derived ra-types can be found in the usual way; and 
the various properties investigated by the methods developed 
above. As band elimination filters are not used often, no more 
will be written about them except for a brief account of the 
piezo-crystal and magnetostriction filters. 

Piezo-crystal Band Elimination Filter.* If a crystal C is 
inserted in series with a generator of E.M.F. E and resistance 



Fig. 300. Quartz Crystal Band Elimination Filter 


R x and a load R 2 , the voltage across R 2 is fairly constant except 
in the neighbourhood of the resonance of the crystal. The cry¬ 
stal behaves like a series tuned circuit shunted by a capacitance, 
as shown in Fig. 126, so that its reactance curve is as shown in 
Fig. 301. Near the resonant frequency of L' and C' the react- 



Fig. 301. Reactance 
Curve of Crystal 




Fig. 302. Attenuation of Systems 
of Fig. 300 


ance changes rapidly. The resulting attenuation is shown in 
Fig. 302 (a) . There is a slight dip at / 0 , a rapid rise at , and a 
less rapid but still quite steep fall to the constant value. 

In a particular case the maximum attenuation was 25 db 
and the filter action was confined between the frequencies 
42,450 cycles and 42,600 cycles. 

If the crystal is used as in Fig. 300 (b) the type of attenuation 
curve is that shown in Fig. 302 (b). 

Reference should be made to the quoted paper for the effects 
of air-gap and resistance shunt across the crystal. 

* F. Ralph, “The Design of Filters for Carrier Programme Circuits,” 
Electrical Communication , April, 1933, page 304. 
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For recent developments in filters using quartz crystals, see 
Appendix IX. 

Magnetostriction Band Pass Filter.* The phenomenon of 
magnetostriction has been used to produce a band pass filter, 
100 cycles wide, mid-frequency 20,000 Cycles, the attenuation 
difference between pass and stop being 60 db. 

The principle employed is the following. “ A length of 
nickel tube was supported at its mid-point in a cylindrical 
shield, which was divided into two parts by a central partition. 
Each half of the shield contained a coil which fitted loosely 
over the nickel tube. A polarizing field was provided by a 
horseshoe magnet placed near the shield. When an alternating 
voltage was applied to one coil a similar voltage was found to 
be induced in the second due to the vibration of the nickel 
tube.” Monel rod was found to give the sharpest effect. 

Acoustic Gramophone as Band Pass Filter. The electrical 
analogue of the acoustic gramophone is shown in Fig. 69. The 
transformers can be eliminated by the methods already 
described: thus T x can be eliminated by replacing the'E.M.F. 
by r x times its value and C by C/r^, where r x is the turns ratio 
of T x \ similarly T 2 can be eliminated by replacing Z h by 
Z h /r 2 2 , where r 2 is the ratio of 2* 2 . It is then seen that the result¬ 
ing system is the tandem combination of three II-type sections 
of the filter section 311^, provided the elements are chosen 
according to the formulae given for type IV. 

Summary. Appendix III gives a summary of the design data 
and properties of the eight types of band bass filters. 

* H. H. Hall, “A Magnetostriction Filter,” I.R.E., September, 1933, 
page 1328. 



CHAPTER XI 

CALCULATION AND MEASUREMENT OP PERFORMANCE 

Introduction. It is, of course, necessary to be able to calculate 
and measure the attenuation and phase-shift of any network 
that is designed for a specific purpose. There are several 
methods available for the purposes of measurement and these 
methods will be described in this chapter. The calculation of 
the propagation constant is not easy and there are two methods. 
One method has been explained in Chapter III in the section 
on the general ladder network (pages 72-75): the procedure 
is given in the form of successive equations in equations (116). 
This method is rigorous and easy provided the propagation 
constant is required at one frequency only, otherwise the work 
becomes lengthy. The main disadvantage of the method is 
that the process must be performed again from the beginning 
if any alteration in the network is made, say, in the terminating 
impedances. 

A method which has great importance uses the formulae of 
equations (239) and (247). This method is specially useful for 
calculating the insertion loss due to a wave filter, and has been 
investigated in great detail by Zobel.* It would take too much 
space to include all the useful curves given by Zobel, so that 
only the most important will be shown. 

Equations (247) and (2476) show that the insertion loss of a 
given network is composed of a loss due to the inequality of 
the transmitting and receiving impedances (this loss is nega¬ 
tive), losses due to inequality of the terminating impedances 
and the image impedances of the network, the attenuation of 
the network, and a loss due to interaction of reflections at the 
ends of the network. 

The interaction loss will not be treated, as it is not often 
important. It becomes appreciable in circuits of very low 
dissipation. Zobel ( loc . cit.) treats this loss in detail. 

The attenuation can be calculated either by finding U -f- j V 
or K\(p and using Figs. 216-222, or by finding '\/(Z 1 /4:Z 2 ) and 
looking up Kennedy’s tables of inverse hyperbolic sines or 
tangents. 

* B.S.T.J ., Vol. 3, No. 3, October, 1924, pages 567-620. For a complete 
set of curves this paper should be consulted. 
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There remain the reflection losses, which will now be con¬ 
sidered. 

Reflection Losses. The total insertion loss of a network, 
whose image parameters are Z a , Z n , and 6 and terminating 
impedances are Z 2 and Z K , is given by equation (247) as 


L = - logh 


Z T -f- Z R 

V(*z*z*) 


+ logh 


4 V (ZjiZr) 


+ logh 


%i2 + Z R 

W&M 


+ A + logh 


Z J2 Z R _ 20 

x z l2 + z R x c 


(247) 


Filters generally operate between constant resistances, R 
say, so that Z T = Z R = R . The first term in equation (247) 
becomes zero and the reflection losses are 


logh 


R + j 

4 V ( Z n.R) | 


+ logh 


R ~h ^/2 
4 \/(^/2^) | 


The terminations generally used are the following— 

(i) Mid-shunt of a series derived m-type: K 21 (m). 

(ii) Mid-series of a shunt derived m-type: K 12 (m). 

(iii) #-shunt of the constant-^. 

(iv) ^-series of the constant-^. 


Terminations (iii) and (iv) are used, when there are comple¬ 
mentary filters in series or in parallel, as shown in Figs. 261 
and 259. It has been shown that each filter acts as an impe¬ 
dance that completes a half-section of m-type for the other 
filter in the neighbourhood of the cut-off frequency. The value 
of x for filters with the same cut-off frequency is *80 and the 
m-type has m = 2% - 1 = 0*60. Near the cut-off frequency, 
terminations (iii) and (iv) are therefore approximate cases of 
terminations (i) and (ii) for m = 2x - 1. In the pass and stop 
bands away from the cut-off frequencies the approximation 
does not hold. A simplification that helps is that the series or 
parallel filter has an impedance that is low or high respectively, 
and the loss for the filter under consideration can be calculated 
as though the complementary filter were absent. 

If the loss is calculated as though the complementary filter 
were absent there is likely to be an error near the cut-off 
frequencies. This error will not be shown up if the attenuation 
is measured with the complementary filter absent. 

Reflection Losses with Mid-M-type Termination. It follows 
immediately from the form of the reflection loss and the fact 
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that K 21 (m)K 12 (m) = R 2 that terminations (i) and (ii) have 
equal losses for derived types of equal m. For the loss caused 
by termination (i) is 


logh \[B + K 21 (m)]/W[HK 21 (m)]\ 

R + X 12(771) 


_i h X + R 2 /K 12 (m) 

g 4 V[R • X 2 /K 12 (m)] 


— logh 


W[ZK ± 2 (m)] 



Fig. 303. L m in Transmitting Band, V k Neglected 


which is the loss caused by termination (ii). This loss is 
written L m . 

From equation (326) we have 


K 2 i(m)!R = 


1 + (1 - m 2 )z lfc /4z 2fc 
+ Z lkl^ Z 2k) 

1 + (1 ~m 2 ) (U k + jF fc ) 

VU + U k + 3 F k ) 
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so that 



V (1 + Ujc, + ]V k) ~| 

1 + (1 -m 2 ) (U k + jF fc )J 
ri + (l-m 2 )(C/ fc +jF*m 
L V(i + u k + jv k ) J 


(427) 


Figs. 303, 304, 305, and 306 give the values of L m for different 
values of m, plotted against U k and | V k \, in the transmitting 



band, near the cut-off frequencies, in the attenuating band, 
and near the frequency of infinite (ideal) attenuation.* 
Reflection Losses with ^-termination of Constant-^ Type. 
The £-shunt termination of the constant-^ type is shown in 
Fig. 307 (a). If the shunt arm z 2k /x is replaced by the parallel 


* The author’s thanks are due to the Editors of the Bell System Technical 
Journal for permission to use this and much other useful and important 
information. 
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arms 2 z 21c and z 2k l(x - \), the equivalent arrangement of Fig. 
307 (b) is obtained. The filter to the left of ab has image impe- 



(A) (B) b 


Fig. 307. z-shunt Termination of Constant-A: Type 

dance K 2k and the impedance to the right of ab is 
Rz 2 kl[z 2 k + (x - |)i2] = There is a loss due to this mis¬ 
matching of 


l°gh | (^ 2 * + Z)/4:-y/(K 2k Z)\ nepers. 
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In addition, the current i in the terminating load, R , is a 
fraction only of the current 7, and is given by 

i = Iz 2k /[z 2k + ( x - 



Fig. 308. ^-series Termination of Constant-^ Type 



0-4 0-3 0-2 04 0 - 0-2 - 0-4 - 0-6 - 0-8 - 7-0 -2 ~3 ~4 -5 -6 ~7 S -9 -70 

■ v k -* - u k - - 

Fig. 309. L x for x = 0-8 


so that an additional loss is incurred of 

logh \ I/i\ = logh 11 + {x - i)R/z 2k \. 

The total loss is given by the sum of these two losses and is 
L x where 

L x = logh |if 1 + 4- Uu + ]V k ) + (2r - 1 )\Z(U k + jF fc )] 

[1 + U k + .... (428) 

Fig. 308 (a) shows the x-series termination of the constant-^ 
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type and 308 (b) shows an equivalent arrangement. The impe¬ 
dance to the left of ab is K lk and Z' = R -\- (x- to the 
right of ab. The total loss in this case is 

logh\(K lk + Z')IW(K lk Z')\ 

and it is found that this is equal to L x of equation (428). 



It is very helpful that the losses due to ^-series and #~shunt 
terminations are equal. It is very unusual that x have any 
value but 0*80: for other values of x reference should be made 
to charts 10, 11, and 12 in Zobel’s paper. The value of L x for 
x = 0*8 is given in Fig. 309. 

An example will be given of the use of the above curves. 
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Calculation and Measurement of Attenuation of the Filters.* * * § 

These calculations refer to the filters illustrated on page 301. 
Let us consider the attenuation of the carrier telegraph filters 
on pages 296-300, for mid-frequencies of 420 and 1740 cycles. 

Filter 1. 

fi = 360 ~, U = 480 ~, f m = 416 ~. 

The filter has two sections of constant-^ type, terminations 
are x = 0*5 at one end and x = 0*8 at the other, d = l/Q 
= *034 about. (It transpired that d was somewhat lower than 
this assumed value.) Table XVI given on page 323 illustrates 
the method and results. 

Fig. 310 shows the measured curve of attenuation and the 
calculated values are shown as crosses. It seems that d is less 
than *034 and the attenuation in the pass-band is less than the 
calculated value. 

Filter 2. 

ft = 1680 / 2 = 1800 f m = 1729 ~. 

Two sections of constant-^ type, terminations x = 0*5 and 
x = 0*8. d — *0125. (See page 325 for table of calculations.) 

Fig. 311 shows the measured and calculated curves. Owing 
to small errors of manufacture the measured curve is shifted 
to the right by approximately 5 cycles. 

Measurement of Attenuation and Phase-shift. Measurements 
of attenuation have long been a part of transmission main¬ 
tenance tests and the method has been described in various 
papers.f The filter test set enables us to measure attenuation 
and insertion loss with great accuracy. 

The measurement of phase-shift, or rather of its differential 
coefficient with respect to co(= 2rrf), is comparatively new and 
demands expensive apparatus. J 

A simple method of measuring attenuation and dB/dco has 
been devised by H. F. Mayer: it is straightforward and not 
very accurate, but is good enough for most cases.§ 

These three methods will be described briefly. In the next 

* The author wishes to thank Mr. W. N. Roseway and Mr. F. Ralph for 
the work of this section. 

t W. H. Harden, B.S.T.J., Vol. 3, page 353, and Vol. 4, page 26; also 
P. E. Erikson and R. A. Mack, I.E.E., August, 1924, pages 671-675. 

} Electrical Communication, Vol. 7, No. 4, pages 327-330. 

§ Elektrische Nachrichten Technik , Vol. 3, No. 4, 1926. 
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Z l]cl^ Z 2k 
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A per 
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A for 
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Sections 

Lx 

Lx 

Total 

Loss 

Nepers 
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1 Loss 
db 
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quency 

Mag. 

Angle 

V k 

GO 

6 

II 

00 

6 

II 

Freq. 

Loss in 
db 

262 

11-03 

4-4° - 180° 

- 110 

- -86 

3-74 

7-48 
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•40 

7*83 

68 
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7-2 
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1-40 

— 

•20 
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13-9 
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12-1 

490 

1-34 

11-7° + 180° 
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1-18 

2-36 

-•24 

•08 

2-2 

19-1 
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23-5 
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3-43 

7-5° -f 180° 
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+ -460 

2-45 

4-90 

-•3 

: -135 

4*735 

41*1 
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1 
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Frequenc y, (cycles). 


Fig. 311. Attenuation of Carrier Telegraph Band Pass Filter 
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-•180 

! *425 

*85 
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chapter, when transients are considered, the question of the 
phase-shift B and its differential coefficient dBjda >, called the 
time-delay , will be discussed and the measurement of actual 
phase-shift indicated. 

Filter Test Set. Fig. 312 shows the arrangement of the filter 
test set for measuring the insertion loss of a balanced filter. 
The filter is terminated at both ends by R (usually 600 ohms). 
The attenuator, which must be balanced, is varied until the 
voltmeter reads the same with the key in either position. The 
insertion loss of the filter is then equal to the attenuation of 
the attenuator. ‘The impedance of the source does not matter, 
as the E.M.F. across the filter and attenuator are the same. 
The voltmeter may be of the amplifier-detector type and need 
not be calibrated but only sensitive; its input capacitance must 
be low and its terminals balanced to earth. 

Balanced measurements are difficult and at high frequencies 
and high attenuation the method should be modified, otherwise 
large errors are met.* Fig. 312a shows a photograph of the 
filter test set (by permission of Standard Telephones and 
Cables). 

Impedance Method of Measuring Propagation Constant. 

This method involves the measurement of the open- and short- 
circuit impedances at one end or the other. Then by equations 
(233) 

6 — tanh _1 \/ (Z S JZ Q1 ) = tanh 1 '\/(Z s2 IZqA\ (233'! 

Also Z n = \/(^ 0 r^sl) an d Zj 2 = \/(^ 02 ^s 2 )' y 

By equation (30) it is seen that 
0 = A + jB = Unh.~W(Zsi/Z 01 ) 



1 + V(ZJZ 01 ) 1 
1 - V(ZsJZ Q1 ) J 

yz 01 yz sl i 
VZoi - vzj 


If Z sl (Z 0 L ) = r\0 , we have 


0 = 1 logh [(1 + r\6)/(l - r\ey] 


== J logh [(1 + r cos 6 + jr sin 0)f( 1 - r cos 6 - jr sin 0)], 


* See M. Reed, “Unbalance in Circuits,” Philosophical Magazine , Sep¬ 
tember, 1929, and A. T. Starr, “A New Theorem for Active Networks,” I.E.E ., 
September, 1933, pages 307 and 308. 
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so that 

A — i Inah V1X 1 +rcos 6>) 2 + (r sin fl) 2 ] 

2 iQ g n _ r cos 0)2 _|_ (r sin 0)2] 

= l logh [(1 + 2 r cos 0 + r 2 )/( 1 - 2r cos 0 + r 2 )] 
and J3 = J tan -1 [r sin 0/(l+r cos 0)]+J tan -1 [rsin 0/(l-r cos 0)] 
= J tan -1 [2 r sin 0/(1 - r 2 )]. 

This method produces accurate results provided A is not 
very high, otherwise Z sl and Z Q1 are nearly equal. The calcula¬ 
tions for A and B are very tedious, but the only apparatus 
required is an impedance bridge or measuring set. 

Loop Attenuation Method. This is the method due to Mayer 
and the arrangement is shown in Fig. 313. A source S supplies 



Fig. 313. Loop Attenuation Method 


the network, which is terminated in the correct resistance, and 
an attenuator which has its own termination R'. If the propa¬ 
gation constants of the network and attenuator are equal, the 
potential of a is that of c and the potential of b that of d. If 
then ac and bd are joined through transformers T, no current 
will flow in ac and bd and no sound will be heard in the tele¬ 
phones. For this condition the phase-shift of the network must 
be a multiple of 2tt. If the phase-shift is an odd multiple of it, 
a balance can be obtained with a connected to d and b to c. 
It is thus possible to measure the attenuation at certain 
frequencies only. 

It should be noticed that this method does not accurately 
measure the insertion loss of the network unless resistances 
%R are placed at the points X and %R' at the points Y. Unless 
these resistances are inserted there are errors due to reflection 
losses. 

Mayer has extended his methods so as to measure attenua¬ 
tion at any frequency by the insertion of an elementary form 
of phase-shifting network between R' and cd. This network is 
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shown in Fig. 314 and consists of a lattice section, branches 
jR 1} R v C, and C. The resistances R x are variable. It can be 
shown that, if ^V(^i 2 + l/co 2 (7 2 ) is high compared with R', 
the voltage across cd is equal in magnitude 
to that across R', but is shifted in phase by 
2 tan" 1 coCR r By varying R 1 the phase of 
the voltage across cd can be made to differ 
from that of the voltage across ab by a 
multiple of tt or 2rr , so that a balance is 
possible at any frequency. 

Method of Measuring Time-delay.* It will 
be shown in the next chapter that dB/dco, 
the time delay, is a quantity of importance and its measurement 
is sometimes required. If dB/dco is measured at various values 
at co and we find dB/dco = /(co), it is easy to find B by integra¬ 
tion : thus 

B=C + ff(co)d<x>, 
where C is a constant. 

Fig. 315 shows the arrangement for measuring dB/dco. O is 


#7 

Fig. 314. Simple 
Phase Shifter 



Fig. 315. Nyquist Method of Measuring Time-delay 


an oscillator generating a wave sin cot at A and O x generates a 
wave sin (Aco . t + y T ) at B. The former wave is of the 
frequency at which dB/dco is to be measured and the latter 
wave has a low frequency Aco/2tt. Both these waves pass into 
the modulator M, which produces a wave 
sin (cot -y) + m cos [(co - Aco)t - y_ - yj - m cos [(co + A co)t 

-y+ +Yii 

at its output D. Here m is the modulation ratio, and the 
second and third terms represent the lower and upper side¬ 
bands : y, y~, and y + are the phase-shifts introduced by M at 

* This method is due to H. Nyquist, see United States Patent No. 1,645,618; 
also E. K Sandeman and I. L. Turnbull, Electrical Communication , April, 
1929, pages 327-330. 
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pulsatances co, co - Aco, and co -f- Aco. Suppose that the system 
under test has equalized attenuation, so that the wave at E is 

sin (cot -y - B) + m cos [(co - Aco)t -y--y L - B_\ 

- m cos [(co +• Aco)£ -y + + y x - B + ] . (429) 

where B, B^, and B + are the phase-shifts at co, co - Aco, and 
co -f- Aco. 

These waves enter the demodulator D which produces at its 
output terminals F waves of various frequencies. The lowest 
frequency wave has frequency Aco/2tt and is obtained by 
multiplying the first and second and first and third terms of 
equation (429). It is found that the wave of lowest frequency 
is proportional to 
sin (A a>.t - y -f- + y x - B -f- B _) 

+ s i n (Acoi -\- y — y + + y± + B - B+) 

= 2 cos \ (2y -y_ -y + + 2B - B__ - B f ) 

sin [Aco.t + y 1 -f- -|(y_ - y+ + B _ - B + )] 

= constant X sin [Aco.t + y x + -J(y_ - y + + B- - 2? + )]. 

The wave sin (Aco . t + Yi) from O x passes through the phase- 
shifting network P so that the wave at G is 
sin (A co.t -f- y 1 - a). 

The phase-shift a due to P is varied until the currents at 
F and G are in quadrature, as indicated by the dynamometer. 
Then 

Vi + i (Y- ~ Y+ + B- - B+) — Yi ~ a zb 77 /% • * (430) 

The work is repeated using a pure resistance network in 
place of the network under test, and suppose that a is a 0 for 
this case. Then equation (430) becomes 

Yi + i(Y- ~ Y+) = Yi - a 0 ± ?r/ 2 - 
Subtracting this from equation (430) we get 
i(B- -B + ) = a 0 -a. 

But B_ - B + = B(co - Aco) - B(co + Aco) 

= [B(co) - Aco . dB/dco] 

- [B(co) -f- Aco . dB/dco] 

= - 2 Aco . dB/dco, 
so that dB/dco = - J(B_ - B + )/Aco 
= (a - a 0 )/ Aco. 
dB/dco has thus been measured. 
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The above method has assumed that both ends of the 
system are accessible. If the system is a long line, it may not 
be possible to pass the current sin (Aco . t + y x ) from Oj to P 
directly. This difficulty may be overcome by modulating the 
low-frequency wave and passing it over the system itself. It 
will then be possible to measure dB/doo except for an undeter¬ 
minable constant. (This is not the same statement as saying 
that when dB/dco is measured it is possible to find B except 
for a constant C.) It is fortunate that a constant in dB/dco 
does not affect transmission except where echoes are concerned. 
This matter will be explained in the next chapter. 



CHAPTER XII 

TRANSIENTS IN NETWORKS 


Introduction. In electrical technology it is generally agreed 
that by a steady E.M.F. is meant a sinusoidal E.M.F. of con¬ 
stant amplitude, E cos (cot -f- 0) say; a constant E.M.F. is a 
particular case, viz. when co = 0. When the E.M.F.’s and 
currents are steady , i.e. sinusoidal functions of time, the state 
is called a steady state . Since the latter part of Chapter II the 
work has been entirely about steady states. It should always 
be remembered that steady state theory deals with currents and 
potentials that may be varying rapidly. 

The theory of networks and wave filters has dealt with 
steady states only, and it is a matter of supreme importance 
to know how the various properties and theorems are altered 
when the state is not steady but changing. 

Suppose that a certain steady state exists up to a time t = 0 
and then the E.M.F.’s are altered suddenly to other sinusoidal 
values. The currents and voltages in the system will not 
assume instantaneously the steady-state values corresponding 
to the altered E.M.F.’s, but require some time to achieve these 
values. After some length of time the second steady state will 
be substantially reached. The state of the system between 
the two steady states is called a transient state ; the differences 
of the currents from their final steady values are called the 
transient currents . It will be found that the remarkable dis¬ 
criminating 'properties of wave filters do not hold for transient 
but for steady states only. 

It would seem that an entirely new theory of networks must 
be developed to deal with transient states. Fortunately this 
is not true; by means of Fourier analysis the transient state 
can be solved by the use of steady state theory.* This method 
only will be used in this chapter, although the reader who is 
interested in the theory of transients will be advised to study 
the method of the operational calculus,f which is a very 
powerful method in many important problems. 

* Fry, Physical Review , Second Series, 14, 1919, page 115; Carson, Electrical 
Circuit Theory and Operational Calctdus. 

f Carson, loc. cit .; Heaviside, Electromagnetic Theory ; Jeffreys, Operational 
Methods in Mathematical Physics (Cambridge University Press). 
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Periodic Waves. A periodic E.M.F. E of fundamental 
frequency co/27t can be expressed by the formula of equation 
(90), namely, 

CO 

E ~ a 0 -f- 27 (a n cos ncot + b n sin ncot) . . . (90) 

n = 1 

This is a Fourier series. As an example, let us find the 
Fourier series for the square wave of Fig. 316. The wave is 


+ 7 +7 



Fig. 316. Sqijabe Waves 


equal to + 1 between t = 0 and t = tt/cd, between t = 2i t/co 
and 3tt/co, and so on, and is equal to - 1 between t = irfco and 
t — 277 / 0 , between 37 t/co and 47 t/co, and so on. Let the wave 
be denoted by S(t) and its expansion by equation (90). The 
coefficients a and b are obtained by multiplying both sides of 
equation (90) by cos ncot or sin ncot and integrating between 0 
and 277 /ft), when it is found that 



r 2 jif(o 

a n = (co/77) / E cos ncot dt 

and 

do 

r 2 jz/a) 

b n = (co/77) / E sin ncot dt 

Also 

d 0 

r 2 njco 

a 0 = (ft)/ 277 ) / Edt 

do 

For the square wave of Fig. 316 


=( 0 / 77 ) r 

= (»W / 
•^0 


S(t) cos ncot dt 


+ (<*>/' 


1 . cos ncotdt 

r2ji/a> 
o/tt) / 

Jjtla) 


(- 1) cos ncot dt 
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rn/io 

and b n = (co/ 77 ) I (1) sin wco£ . dt 
d 0 

rZn/oj 

+ (w/tt) I (-1) sin ncot . dt 

. 'tt/oj 

— (2/n7r) (1 - COS Utt), 

which is zero when n is even and 4/^77 when n is odd. We 
therefore have 

8(i) = ( 4 / 77 ) (sin cot + \ sin Scot + i sin 5 cot + . . .) . (432) 

The square wave s(t) which is equal to + 1 between 0 and 
77 /co and zero between 77 /co and 277/co, and so on, is clearly equal 
to J[1 -f- S(t)], so that 

s(t) — \ + ( 2 / 77 ) (sin cot + l sin Scot + l sin 5 cot + . . .) (433) 

The waves S(t) and s(t) are very useful in that they help to 
find the Fourier series for many other important waves that 
occur in practice. Thus the wave of Fig. 317 (a) is that produced 



Fig. 317. Full- and Half-wave Rectified Currents 


by full-wave rectification and is clearly the product of a simple 
sine wave A sin cot and the wave S(t), so that it can be expressed 

b y 

4 

A sin cot . - (sin cot k sbl ^cot + . . .) 


= — (1 - cos 2 cot + J cos 2 cot - J cos 4co£ + . . .) 


2^4 4^4 


—— cos 2cot 
1 . 6 


cos 4co£ + 


The wave of Fig. 317 (b) is that produced by half-wave 
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rectification and is the product of A sin cot and s(t), so that its 
Fourier expansion is 


A 

71 


A . 2A 
+ ~ sin cot - — 
2 71 



cos 2a>t + 



cos 4 cot 



This method of expressing a wave as the product of some 
other simpler waves is often of help in finding the Fourier 
series. 

The coefficient a Q in equation (90) is the d.c. component of 
E. The fundamental is 


a x cos cot + W sin cot = c x cos (cot + QJ 
where c x = ^ (a x 2 + b^) and = - arc tan bja 1 

and ©! are the amplitude and phase of the fundamental. 
Similarly 

a n cos ncot + b n sin ncot = c n cos (ncot + 6 n ) ) .. . 

where c n = y/ (a n 2 + b n 2 ) and 6 n = - arc tan b n ja n ) 

c n and 6 n are the amplitude and phase of the nth. harmonic. 
The wave can thus be written 



E = a 0 + X c n cos (ncot + 0 n ). . . (436) 

n = 1 

If all the currents and E.M.F.’s are periodic expressions and 
the system is linear, the state is a superposition of the steady 
states corresponding to each wave c n cos (ncot + 6 n ). The 
steady state theory thus applies. 

If the system is not linear, the method described on pages 
60-63 must be applied. 

If we rewrite the expression for E in equation (90) in the 
form of equation (92), we obtain 


E= 2 A„£ 


j ncot 


(92) 


where 


d-n J^n) 


= (co/2tt) 
- (w/2n) 


l 

l 


E (cos ncot - j sin ncot) dt 
E£~ im>t dt . 


(437) 


Equation (437) combines the formulae for a Q , a w , and b n of 
equations (431) in one simple form. A n is complex and com¬ 
bines the information about the amplitude and phase. Thus 


C n =2\A n \ = 2^(A n A_ n ) 
6 n = angle of A n . 


and 
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Transient Waves.* Suppose that an E.M.F. E(t) is a non¬ 
periodic function of the time. Then, subject to certain con¬ 
ditions which are always satisfied in any physical system, the 
wave can be expressed as the Fourier integral 


/ GO 

[A(co) cos cot + B(co) sin cot]dco 

/ GO 

F(co) cos [cot + 6(co)]dco 

. 


where A{co) — (1 /it) 


B(co) = (1/- 


L 
w) X 


+ 00 


E(t ) cos cot . dt 


4- oo 


F(co) = VUA(co)f + [B(o)Y\ 
and d(co) = - arc tan [B(co)/A(co)] 


E(t) sin cot . dt 

I- 


(438) 

(439) 


(440) 


(441) 


Equation (438) corresponds to equation (90), (439) to (436), 
A(co) to a, B(co) to b, F(co) to c, and 6(co) to 6 . 

The forms corresponding to those in equations (92) and 
(437) are 

E(t) = f S(co) £* dco . . . . (442) 

J-00 

and S(co) = \[A{co) - jS(«))] = t f E{t) 8'^ dtf . (443) 


The form of equation (439) is illuminating; it says that any 
wave, whether periodic or non-periodic, can be considered as 
composed of sinusoidal waves or partial waves as they are 
sometimes called. If F(co) is finite for all values of co, there 
are no finite waves of any single frequency. For the wave 
between co and co + dco is F(co) cos [cot + 0(co)]dco and has 
amplitude F(co)dco , which is infinitely small when dco is small. 
We say that a non-periodic wave, as represented by equation 
(438) or (439) or (442), has a continuous frequency spectrum , the 
amplitude at a frequency co/Stt being F(co) and the phase 6(co). 
If F(co) becomes infinite for some values of co, there are finite 
components of discrete frequencies in the wave. The amplitude 


* For Fourier analysis, see Macrobert, Spherical Harmonics, Chapter I, 
(Macmillan); or Byerly, Fourier's Series and Spherical Harmonics (Ginn & Co.), 
t This form holds only for a wave that commences at a finite time. 
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of the component of frequency cdJ2i t, say, is the limiting value 
of 

J rcOi + <5 

' F(co)dco 

ah-S 

as <5 approaches zero. 

As an example we will find the Fourier integral of the wave 
shown in Fig. 318 (a). This wave is zero up to time t = 0 and 



H 

+1 


(A) 

( B) 



0 

0 


0 


t*0 t=0 t=r 

Fig. 318 . Unit Function and an Impulse Wave 

unity from t = 0 onwards: it is called Heaviside's unit function 
and is written “ 1 ” or better H(t ). For this wave 

A(co) = (1 /tt) /> cos cot dt 

/ QO 

cos cot dt = (I/ttco) [sin cot]™ = 0 

■ 

and B(co) = (I/ 7 r) f sin cot dt = (I/ 7 rco)[- cos cot]™ = 1/7 tco* 

^00 

so that the wave is {l/n) I (sin cot/co)dco. To this must be 

J 0 

added a d.c. component of since the average of H(t ) between 
t = - 00 and £ = -f- oo is We therefore have 


1 r 00 1 

“i”=m=i + -J -si 

*/0 


sin co£ . 


(444) 


The finite pulse of amplitude unity and duration r shown in 
Fig. 318 (b) is clearly equal to 


1 f™ 1 

H(t) - H(t - r) = — / — [sin co£ - sin eo(£ - t)]<2co 

IT %Jq TO 


2 r 
~ 77 


sin f cot 

CO 


cos co(t - |t)cZco 


(445) 


The unit function has a frequency spectrum as shown in 
Fig. 319 (a), whilst the pulse has the spectrum shown in Fig. 
319 (b). This latter wave has maxima and minima near co=37t/t, 
57r/r, etc., i.e. frequencies 3/r, 5/r, and so on. 

* This method is suggestive only, and not rigorous. 
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If a wave E cos (co^t + 0) is suddenly applied at time t = 0, 
the resulting wave is 
E cos (co x t + 0) . H(t) 




Cl) 


Fig. 319. Frequency Spectra of Unit Function and Impulse 
Function 


sin cot dco 


r 00 l 

= \E cos (cojt -f- 0) + (E/tt) cos (coj + 0) I — sir 

= \E cos {co x t + 0) + 

r 00 i _ _ 

(E/2tt) I ~[sin + OjJ + 0) + sin («> _ co id ~ Q]\dco 

= ^E cos (o)j£ *"j~ 0) -j- 

(EI2tt) f j -:-* sin (cot - 0) +-sin (o>£ + 0)1 dco 

J 0 Leo + coi ; co-co 1 J 

= 7 jrE cos ( co^t -j- 0) 

co x sin 0 


E r* r co cc 

+ -J. 


cos 0 


sin cot 


- COj 2 


cos cot dco 


u>i co“ 

so that F(co) — V(co 2 cos 2 0 + co ± 2 sin 2 0)/(co 2 - co j 2 ) 
and 0(a>) — - arc tan (co/co 1 tan 0). 

i 



LO t-T 

Fig. 320. Aperture Distortion 
in Television 



Fig. 321. Simple Case of 
Steady-state Method 
Applied to Transients 


A useful wave (that occurs in television*) is shown in Fig. 
320. The wave increases linearly from zero at t = 0 to unity 

* See Shea, loc. cit pages 427-432. 
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at t = r. This wave is equal to the integral of the pulse of 
Fig. 318 (b) divided by r, so that its form is 

- fat- f “"-fc? 

L IT J 0 CO 

, 1 r 00 sin Acor . / - , 7 

= ^ + ^ o 1^“ sm <t~lT)dco 

The constant of integration must be which is the d.c. 
component. 

Steady State Treatment of Transient Waves. The steady 
state theory applies to every component or partial wave 
F(co) cos [cot + 0(co)]dco and the solution is obtained by adding 
the separate solutions for the partial waves. 

As an example let us solve the problem of the application 
of a d.c. voltage E to a coil of inductance L and a resistance R 
in series. The ordinary method is to write down the equation 
for the circuit 

Ldijdt + Ri = E, 

of which the solution is 

i = E/R + A&~ m,L . 

At t = 0 the current is zero, so that A = - E/R and 
i = (E/R) (l-£- RtlL ). 

The steady state treatment is as follows. The E.M.F. is 

r™ i 

E . H(t) = \E -f ( Efir) I — sin cot dco. 

J 0 ^ 

The impedance of the circuit to a wave of pulsatance co is 
Z(co) = R + jcoLy 

so that an E.M.F. sin cot produces a current equal to the real 
part of 

pfotf/i 

- R + jo ^ = £lCOt ( R - wL)/){R 2 + oMJ) 

= [- j(i? cos cot + sin °rt) 

+ (R sin cot - coL cos (ot)H{R 2 + co 2 L 2 ), 
which is (R sin cot - coL cos cot)/(R 2 + co 2 L 2 ). The current is 
therefore 

%E/R + (E/tt) j [(i? sin cot - coL cos cot)jco{R 2 + co 2 L 2 )]dco. 

*-'o 

' 23—(T.5782) 


co(t - 


\r)dco 
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But 


/"• 0 O 

I [R sin cot/uo(R 2 + co 2 L 2 )]dw 

1 r sin (xRt/L) j 

R J x\ 

%/ 0 


x(l + x 2 ) “ 

where x = coL/R, and this integral is known to be equal to 
Jtt(1 - £- Rt,L ). 

The other integral is 

L cos cot/(R 2 + co 2 L 2 )duo 

cos (xRt/L) 


Jq 

r 


(1 + X*) 


dx 


= -^8 


-RtJL 


The total current is thus 

%E/R + (Eh t)[H. 1 - £_ia/i ) - ^ £~ m,L ] 
: (E/R) (1 - £r m,L ). 


The method of steady state is not as quick as the normal 
method for this simple problem; but there are some problems 
in which the normal method is useless and the steady state 
method produces the desired information, which may not 
necessitate a complete and explicit solution, in a very short 
while. 

The method of steady state is shortened considerably if 
complex algebra is used. The solution of the problem then 
runs as follows. 

f 00 x 

E . H(t) = %E + {E/7t) I — sin cot duo 



8 ia)t d(o/(o 


and the current is 

i 


i = (El‘2?r]) £ 
= (E{foR)£ 


cot 


+ JOO 

joo 


duo/co (R -f- j coL) 

g%RtfL _j_ x j 


x = ]coL/R. 


where 
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Singularities occur at x = 0 and x = - 1, at which the 
residues are 1 and - E~ m ^ L . The current is thus 
(E/27t]R) X 2tt] X residues 
= (EI2tt]R)2tt](\ - £- Rt,L ) 

= (E/E) (1 - £~ RtlL ). 

The General Problem of Transmission. Suppose that a 
signal wave of E.M.F. E s (t) is applied at the beginning of a 
transmission system and the received wave is a current I r (t ). 
In most cases it is impossible to calculate I r from E s and the 
constants of the system, but fortunately it is unnecessary to 
do so. We may, however, formulate the problem in the 
following way. Let the transfer impedance of the system at 
pulsatance co be 

Z(jco) = \Z(co)\ | B(a>) . . . . (446) 


The E.M.F. may be expressed as a Fourier integral 

E s (t) — f F(co) cos [cot + 0(co)]dco . 
do 

so that the received current is 

/ QO 

[F(a))/\Z(a>)\] cos [cot + 6(co) - B(co)]dco 


(439) 

(447) 


The received signal may be either proportional to I r (t) or to 
the voltage drop of I r (t) in some impedance. We may, without 
losing generality, consider the received signal as the voltage 
drop of I r (t) in a unit resistance, for all other conditions can be 
incorporated in the Z(]co). It is then clear that the propagation 
constant of the system is 

A(a>) + jB(co) = logh Z(]m) 

= logh l-ZM! \B(co) 

= logh | Z(co) | + j B(m), 
so that the attenuation and phase-shift are 

A(m) = logh|Z(w)| ) ^ - 448 . 

and B{co) = angle of Z(]co) ) 

The measurement of A{co) has been a part of maintenance 
practice for many years, but measurement of B(co) is only just 
coming into use. It is clear from equations (447) and (448) 
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that a knowledge of the attenuation and phase-shift is sufficient 
for all purposes. 

Conditions for Distortionless Transmission. Transmission is 
distortionless if the received wave I r (t) is a replica of the sent 
wave E s (t), although it may suffer a finite delay in time. The 
conditions for distortionless transmission can be expressed in 
terms of the attenuation and phase-shift constants and they are 

A(co) — constant or \Z\ = constant 
and B(co) = cot + 2m7T 



where r is a constant and m is an integer. The proof is as 
follows. 

The energy dissipated by the received wave is 



tt / [F(co)/\Z(co)\] 2 dco 


. (450) 


by a theorem due to Rayleigh.* The sent wave provides 
energy 


/ 00 /*00 

[E s {t)fdt = 77 / [F(a))fdo) 
J 0 


. ( 451 ) 


If the waves E s and I r are to be similar, it is necessary that 
their energy spectra be similar: as one has spectrum [Jy|Zj] 2 
and the other F 2 , it is necessary that | Z | be a constant for all 
frequencies; which is the first condition for distortionless 
transmission. Until recently this condition was considered 
sufficient for perfect transmission and was met by using 
attenuation equalizers in front of the repeaters. 

Assuming that this condition is met and putting \Z\ equal 
to R , the received wave is 


I r (t) = (I/R) j" F(co) cos [cot + 6(co) - B(co)]dco 
If B(co) = cot + 2ra7r, 


I F(co) cos [co(£ — t) + 6(co) - 2m7r]da) 

0 00 

= (I/R) J F(co) cos [co(t - r) f 6(co)]dco 
- (I/R)E° s (t — t), 

so that I r is an exact replica of E s delayed by a time r, which 
is called the time-delay. 


* Philosophical Magazine , Vol. 27, 1889, page 455; see also J. R. Carson, 
B.S.T.J ., July, 1923, page 6, and April, 1925, pages 268—269. 
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If B(co) = cot -f- (2m + 1)77 

it is seen that I r {t) = - (1 /R)E s (t - r), 
so that the received wave is a reversed replica of the sent wave. 
This case is trivial, as the replica is obtained by reversing the 
leads at the receiving end. If, however, 

B(co) = cor + R o> .... (452) 

where B 0 is called the linear-phase intercept , the received wave 
is far from being a replica of the sent wave. This will be 
considered later. 

We have the following theorem. If the attenuation and 
dB/dco are constant at all frequencies and the linear-phase intercept 
is a multiple of it, the received wave is a replica of the sent signal 
delayed by a time dB/dco. 

The need for a constant dB/dco was first felt in telephonic 
communication over very long lines and was satisfied by the 
insertion of phase-compensating networks. The procedure is 
thus: the line is equalized for attenuation by means of equaliz¬ 
ing networks of the types shown in Figs. 185, 186, and 187: 
then dB/dco is made constant by the insertion of networks of 
the types shown in Figs. 177 and 178, which introduce phase- 
shift but no attenuation. 

We have expanded the two conditions of equations (449) 
for distortionless transmission into three conditions, viz. a 
constant A, a constant dB/dco, and a linear-phase intercept 
equal to a multiple of 7 r. If any of these conditions is not met, 
distortion results, and it is important to know how much 
distortion is produced by departures from the conditions. 

Attenuation Distortion. Suppose there is a system in which 
the time-delay dB/dco is a constant and the linear-phase inter¬ 
cept is a multiple of tt, but the attenuation is not constant at 
all frequencies. Distortion will be present and is called the 
attenuation distortion. Such a system cannot be met practically, 
but some systems may be constructed to be close approxima¬ 
tions. An important and illuminating case is that of an ideal 
low pass filter, which allows all waves of pulsatance less than 
coq to pass freely and suppresses completely all waves of 
pulsatance greater than o> 0 .* We will assume that the phase 
conditions are those for distortionless transmission with a 
time-delay of r. 

* See K. Kupfmiiller, “On Relations between Frequency Characteristiqs 
and Transients in Linear Systems,” Elektrische Nachrichten Technik y January, 
1928. 
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D.C. applied to Ideal Low Pass Filter. If a unit E.M.F. is 
applied to the ideal low pass filter just described, the output 
wave is of the shape shown in Fig. 322. The wave is sym¬ 
metrical about the time t = r, shown by B, when the wave 
has reached half of its final value. At B the rate of increase of 
the wave can be shown to be equal to co o b- If the wave builds 



up at this rate, the time to grow from 0 to 1 is tt/co q = t 0 , say. 
A graphical interpretation is obtained by drawing a tangent 
to the curve at time r and finding the points where this tangent 
meets the lines corresponding to amplitudes zero and unity. 
The times corresponding to these points are shown as A and C, 
when t c - t A = r 0 , the time of build-up in this case. Actually 
at the time corresponding to A, viz. r - Jr 0 , the wave has 
reached approximately 10 per cent of its final value, whilst at 
t B = r + ^r 0 the wave has reached about 90 per cent. The 
time to grow from 10 per cent to 90 per cent is thus 

r 0 = tt/(Qq = l/2/ 0 , 

where f 0 is the cut-off frequency of the ideal low pass filter. 

If a pulse of duration greater than r 0 is sent, the received 
wave will be composed of an increasing portion abed, a sub¬ 
stantially flat part, and a decreasing portion similar in shape 
to abed. A telegraph relay will operate satisfactorily on this 
wave. If the duration is r 0 , the wave has no flat portion, but 
successive pulses may be separated at the receiving end. If 
the duration is less than t 0 , the build-up and decaying portions 
of the received wave interfere with one another, so that the 
pulses cannot be registered. Thus there is a maximum speed 
for signalling in a system with a definite cut-off frequency. 

The most usual telegraph system of to-day is the Baudot 
code, in which each letter is composed of five elements and 
each element is a pulse +1 or-1 (or +1 or 0) of a fixed 
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duration, r say. The speed of the system is said to be (1/r') 
bauds : thus if the duration of an element is 1/60 sec., the 
speed is 60 bauds. If the transmission 
system cuts off at / 0 , the minimum 
duration of a pulse is r 0 = 1 /2/ 0 , so 
that the maximum speed of signalling 
is 2f 0 bauds. 

The proof of the statements on the 
previous page is as follows. The applied 
wave is 



1 T 00 1 

Hit) = 14- - / —sin cotdco 

W * 7.T f CO 

Jo 

so that the received wave is 


Fig. 323. Equivalent Cut¬ 
off of Practical Low 
Pass Filter 


i o i 

f(t) = | + - / — sin (cot - cor)dco 

77 J 0 to 


since 

B{<o) = 

COT. 




1 f 

*tt>0 1 

Thus 

II 

Jo 

CO 


= 

<p(t - 0, 




l / 

’^o 1 

where 

9 P(t) = 

Jo 

CO 


sin (ot dco. 


At time t = 0 it is seen that cp(t) — so that f(t) = | at 
t = r. Moreover, since sin cot is an odd function of t , i.e. 
sin (- cot) = - sin cot, the wave f(t) is symmetrical about t = t, 
as stated. The rate of growth of f(t) is 

1 C™ o 

df(t)/dt = — / cos co(t - r)dco 
77 Jo 

which equals ( 1 / 77 ) / dco — co 0 /7t a t t = r. The exact evalua- 

tion of f(t) is found in terms of the function Si .* 

If the low pass filter is not ideal but has a response curve 
somewhat like that shown in Fig. 323, curve A, there is some 
room for doubt as to what value of co 0 should be taken. 
Kupfmiiller says that the value of co 0 is obtained by finding 
the area under the response curve and dividing by the response 
factor at co = 0 (here assumed unity). In other words, co 0 is 
the cut-off pulsatance of the ideal filter having the same area 

* See Jahnke and Emde, Funktionen Tafeln ; also Kupfmiiller, loc. cit. 
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under its response curve (shown as curve B). This work is 
only approximate but accurate enough for some cases. 

Attenuation Distortion in Band Pass Filter. This is a difficult 
subject and has received treatment by Kupfmuller. * Owing 
to doubt as to whether the treatment is accurate enough to 
apply to the practical cases of carrier telegraphy, no more 
than an outline of the theory will be given. 

An ideal band pass filter suppresses all frequencies between 
0 and cdJ2it and between co 2 j2 tt and infinity, whilst frequencies 
between coJ27t and coJ2 tt are passed freely. It is assumed that 
B(co) = cor -f- nrr. Suppose that a wave E cos (cot + 6) is 
suddenly applied at t = 0, where co — + co 2 ). The 

received wave is of the form f(t).E cos (cot -f 6), where f(t) is 
said to be the envelope. The envelope is similar in shape to 
the curve of Fig. 322. The time taken for the envelope to 
increase from zero unity at the maximum rate is 2tt/(co 2 - co ± ) 
and the time to go from 10 to 90 per cent is roughly 5-5/(co 2 - co x ) 
according to Kupfmuller. We may take the time of build-up 
as 2tt/(co 2 - co x ) ~ 1 / ( jf 2 — fi)y so that the maximum speed in 
bauds is (/ 2 -/i), the band width. The maximum speed in the 
low pass filter is twice the band width. The difference is due 
to the fact that in the case of the low pass filter only one side- 
bandf is transmitted, whereas in the case of the band pass 
filter an upper and a lower side-band are transmitted. 

When the response curve is not ideal, the cut-off frequencies are 
not definite. Kupfmuller (loc. cit. 1924) shows that, if the atten¬ 
uation curve can be assumed to be constant over a range and 
then parabolic on either side, the cut-off frequencies are those 
at which the attenuation is 0*5 neper above the constant value. 

Phase Distortion. If the attenuation is constant for all 
frequencies but the phase-shift is not of the form cor + nrr, 
phase distortion is present. The theory has been investigated 
by Carson, J who showed that, if a sinusoidal E.M.F. of frequency 

* Loc. cit.; also “Transient Processes in Wave Filters,” Elektrische Nach- 
richten Technik, November, 1924. 

t If an a.c. wave E cos ( cot -f- 6), called the carrier , is modulated by a signal 
wave (p(t) to produce the wave <p(t)E cos ( cot -f 6)> the resulting wave has com¬ 
ponents of frequencies above, at, and below the carrier frequency. The waves 
of frequencies above the carrier constitute the upper sideband , below the 
carrier the lower sideband . Usually the salient components of qp(t) have fre¬ 
quencies much lower than that of the carrier, so that the wave (p(t)E cos 
(cot + 6) appears to be the wave E cos ( cot + 6) with the amplitude varying 
according to <p(t). 

J “Building-up of Sinusoidal Currents in Long Periodically Loaded Lines,” 
B.S.T.J. , October, 1924. 
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co/2tt is suddenly applied at time t — 0 to the input of the 
system, the output wave builds up to 50 per cent of its steady- 
state value in a time dB(co)lda), provided [\d 2 B!doy 2 ]^ is large 
compared with [^d^B/dco 2 ]*, but to 33 per cent of its steady- 
state value in time dB/da >, if d 2 B/dco 2 is equal to zero and 



Fig. 324a. Envelope op Current in Response to an E.M.F. 
cos art Applied at I = 0, JQ- g) > g) 



Fig. 324b. Envelope in Response to an E.M.F. cos oyt Applied at 

IV 


d?B 

t — 0, WHEN ——- = 0 AND 
day 2 


/X d*B\i / 1 d*B\i 
\6 doy z ) ^^24 day*) 


[■ l^B/dco 3 ]^ is large compared with [l^B/dco 4 ]*. Figs. 324a 
and b show the envelopes of the received wave for the two 
cases. 

By the method of superposition it is now possible to see what 
happens when any wave is applied to a system. The wave can 
be expressed as a Fourier integral or series and each component 
travels along the system and is received in the manner described 
above. For a certain time nothing is received. This is the 
time that the heads of the waves take to travel along the 
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system : in a system of lumped impedances the velocity of the 
heads is infinite, but in a system with uniformly distributed 
constants the velocity is finite. Thus in a transmission line 
with series inductance per unit length equal to L and capaci¬ 
tance per unit length equal to C , the velocity is l/\/(LC). Let 
t x be the time for the heads to travel through the system: the 
heads of all the partial waves travel with the same velocity and 
arrive at the receiving end together. At the sending end the 
heads are rectangular, since the partial waves are suddenly 
applied at t = 0 . As the waves travel along the line, their 




Fig. 325. Graphical Illustration or Travelling Waves 

heads keep together but become flattened, some more than 
others, so that at the receiving end the heads arrive simultane¬ 
ously, but the partial waves build up to their steady-state 
values in unequal times. The received wave is thus distorted. 

A graphical representation of this idea is given in Fig. 325. 
At the left hand side of the figure are shown two waves, which 
are applied at t = 0 to the beginning of the system. We may 
consider a number of waves as a bunch of wavy ribbons tied 
at their heads, which have a rectangular shape. As the waves 
travel along the line, the heads flatten out so that, at the 
receiving end, the envelopes of the waves have different shapes. 

It is possible to design a network that has a negative dB/dco. 
This does not mean that a wave will be received before it is 
sent, but that the head, which arrives at time t X) has a surge 
value greater than the steady-state value.* 

Networks with negative values of dB/dco can be added to the 
system to give a constant dB/dco not less than t x . 

As has been stated, phase-distortion first showed itself on 
long telephone circuits, where each sound was preceded by a 
whistling noise. To overcome this distortion, phase-shifting 
networks were used to make dB/da) constant over the trans¬ 
mitted frequency range. 

* For an interesting example, see Zobel, B.S.T.J ., July, 1928, right-hand 
network of Fig. 8, page 470. 
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When dB/dco is Made Constant. The theory given in the 
last section is approximate and is meant to give a qualitative 
idea only of what happens. If the theory were exact, then one 
would expect that when dB/dco is made equal to a constant, r, 
the heads would arrive simultaneously at time t x and build up 
equally quickly to 50 per cent of the steady-state value at 
time t, viz. (r - t x ) seconds later. Carson’s analysis, however, 
does not apply to this important practical case, as it assumes 
that either d 2 B/dco 2 or d^B/dco* does not vanish. 

Actually, what happens when dB/dco is made constant and 
equal to r is that nothing is received until time t = r, when 
all the waves instantaneously assume their steady-state values. 
It can be shown by the method on page 345, that if a wave 
E cos (cot + 6) is suddenly applied at t = 0 the received wave 
is E cos ( cot + 6 - B 0 ) delayed by r seconds. Thus all the 
partial waves or components are received just as they were 
sent, except for the constant phase-shift B 0 . 

For telephony this is perfectly satisfactory, for von Helm¬ 
holtz has shown that the ear does not notice any difference 
when steady resonators undergo phase changes. Phase com¬ 
pensation is necessary in order that the different components 
of various frequencies in the wave may attain simultaneously 
their final values, to which final state alone the theorem of von 
Helmholtz applies. 

Distortion due to Linear-phase Intercept. If the partial waves 
or components of a wave suffer a constant phase-shift, B 0 say, 
the wave undergoes distortion, which may be considerable. 
For example, Fig. 326 (a) shows the square wave S(t), whose 
Fourier series is 

( 4 / 77 ) (sin cot + J sin 3cot + f sin Scot + • • •) • . (432) 

If all the component waves suffer a phase-shift ^ 77 , the 
resulting wave is that shown in Fig. 326 (b) and has the form 
( 4 / 77 ) [sin ( cot - ^ 77 ) + sin (Scot - J 77 ) + . . .] 

= - ( 4 / 77 ) (cos cot -f- J cos 3 cot + cos 5co£ +...]. 

This wave is infinite at t = 0, t ~ 77 /co, and so on. It does 
not seem probable that the waves of Figs. 326 (a) and (b) would 
affect an ear in the same way, since the latter wave would 
burst the ear-drum. If only frequencies up to mo /277 are 
transmitted, the wave of Fig. 326 (b) has a finite maximum of 
approximately 

2y/7T + ( 4 / 77 ) logh 2 + ( 2 / 77 ) logh n 
= 1*25 + 1-47 log n. 
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where y is Euler’s constant, -577. Thus if six waves are passed, 
the maximum is 

1-25 + 1*47 log 6 = 2-39. 

It is thus clear that in systems where the wave shape is 
important, say picture telegraphy or television, the linear- 
phase intercept must be an integral multiple of tt or considerable 
distortion may be encountered. 

Phase compensation networks are generally designed from 
dB/dco curves; for if dB/dco errs from the constant r by small 


+ 7 



Wave with iinear- 



Fig. 327. Method of Correcting the Linear-phase Intercept 


amounts, the B/co will not depart much from r. It is possible, 
but very difficult, to allow for the linear-phase intercept in the 
design. It is easier to disregard the linear-phase intercept, 
design for constant dB/dco , and then apply the method of 
correction shown in Fig. 327.* The wave, which has been 
equalized for attenuation and compensated for dB/dco , is fed 
to a modulator, which receives a carrier wave of frequency f c . 
The modulator produces two sidebands and some carrier: one 
sideband and the carrier are suppressed. The other sideband 
is fed into a demodulator which receives some of the original 
carrier, which has undergone a phase-shift - B 0 . The demodu¬ 
lator produces the components of the original wave, each 

* The author and Baird Television, Ltd., have filed a provisional specifica¬ 
tion, 18180/34, on this method and others arising therefrom. 
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advanced by - B 0 , so that the outgoing wave has the linear- 
phase intercept zero or multiple of tt. It is not necessary to 
suppress the carrier leaving the modulator, as this can be 
considered as part of the carrier entering the demodulator 
from the phase-shifter and allowed for. 

Measurement of Linear-phase Intercept. To find the linear- 
phase intercept we may proceed as shown in Fig. 328 . An 
oscillator produces a wave of frequency f ± = coj/ 277 -. The 
frequency doubler produces a wave of frequency 2/j, which is 



Fig. 328. Method of Measuring Linear-phase Intercept 


amplified and passes through a filter which allows only the 
frequency 2/ x to pass out on to the line.* The oscillator sends 
some current through a phase-shifter and a low pass filter, cut¬ 
off frequency / x , on to the line. The phase shift is varied until 
the waves of frequencies / x and / 2 are in phase, i.e. the wave of 
frequency 2/ x vanishes at the moments when the wave of 
frequency f x is zero. (The waves can then be represented by 
sin cojt and sin 2 cojt.) This phase condition is tested by a phase¬ 
meter, which may consist of some dynamometer arrangement, 
or a peak voltmeter (which reads equal positive and negative 
peaks in this case), or a valve rectifier whose characteristic is 
not parabolic (and which will give equal rectified currents on 
reversal of the leads only when this phase condition is met). 
These waves pass to the receiving end, where some of the wave 
is tapped to enter an amplifier, phase-shifter, and finally 
another phase-meter. The phase-shifter gives known phase 
shifts of <p x and 9to the waves until the waves are again in 

* The method can be carried out with frequencies 2 f x and 3 J v 
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phase. Suppose the received waves are proportional to 
sin (coj - B ± ) and sin [2^ - B 2 ), then the waves entering the 
phase-meter are sin {a) x t - B x — 9 ^) and sin (2w x t - B 2 - cp 2 ), 
which are in phase when 

<P2= 2 ( B i + <ft) or 2 B 1 -B 2 = <p 2 - 2(p v 

If phase-compensation has been carried out, dB/dco = r and 
B = B 0 + cor. Then 

B x — B 0 + co i T and B 2 = B 0 f- 200 ^, 
so that 2 B x - B 2 = B 0 ~ 9 o 2 - 2qo v 

The linear-phase intercept is thus given by cp 2 -2(p 1 . 

Transients in Actual Filters. The cases dealt with in this 


7-5 



(A) C t. 


Current in Fifth Section of a 
Constant-^, Low Pass Filter 
in Response to an E.M.F. 

SIN W„t 

Fig. 



Current in Fifth Section in 
Response to an E.M.F. sin 
1*25 w c t . Steady-state Ampli¬ 
tude is 0-0013 
329 


chapter have been ideal cases, in which either the attenuation 
curve was rectilinear or the phase shift curve was straight. 
In practical filters the attenuation varies gradually and con¬ 
tinuously, whilst the phase-shift characteristic is never linear. 
The transients in actual filters (without dissipation) have been 
calculated by Carson and Zobel.* The work is long and difficult, 
and only a few cases will be described. 

Fig. 329 gives the current in the fifth section of a constant-^ 
low pass filter in response to an E.M.F. sin co c t and an E.M.F. 
sin 1*25 co c t , suddenly applied at t = 0 . The steady-state value 
of the former is unity whilst the value for the latter is 0-0013. 
There is no need to emphasize how the filter properties are 
completely lost in transient conditions. A large number of 
cycles of the wave sin 1-25 co c t come through with a value 


B.S.T.J., July, 1923, pages 1-52. 
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200 times the steady-state value. It should be noticed also 
that the received wave for this case seems to have a frequency 
gjJZtt and not l-25o c /277 : the reason is this. A suddenly 
applied E.M.F. of sin l-25co c t has a continuous frequency 
spectrum, which is infinite at 1 -25co c but extends below co c 
with quite appreciable magnitude. It is this part of the wave 



0 4 6 12 16 20 24 28 32 <±> c t. - 

a> c t. -> 

Envelope op Current in Fifth Envelope of Current in Fifth 


Section in Response to an Section in Response to an 

E.M.F. of Frequency E.M.F. of Frequency 

± - O)i)] i ^ L ( co m ± IK - 0)0] 

Fig. 330 

which comes through the filter with considerable magnitude, 
so that the wave that emerges has an apparent frequency of 
cq c /2tt. 

Fig. 330 shows the envelopes of the waves received in the 
fifth section of a constant-^ band pass filter for applied waves 
of frequencies [o w ± (a> 2 - c>i)/8]/27t and [co m ± (co 2 - g> 1 )5/8]/2tt. 
The latter is in the attenuating band, and yet many cycles 
come through before the current dies down to the very small 
steady-state value. 



APPENDIX I 

LOW PASS FILTER 


Figs. 224, 228, and 229 give the symbolic forms of the constant- 
k and ra-types. In the constant-A; type the elements are given 

by L lk = 2 R/(o 1 and C 2k = 2 jco^R . . (355) 

Then K lk /R = R/K lk = ^(1 - o> 2 M 2 ) . . . (356) 

In the pass band 

A = 0 and B = 2 sin -1 (oj(jo 1 

and in the stop band \ • • (357) 

B = 7T and A = 2 cosh 1 co/co x 
In the series-derived m-type 

J 

= mL lk , L t = — L lk and C 2 = mC 2k , . (358) 

whilst in the shunt-derived m-type 
1 - m 2 

L x = mL lk , G x = ~ C 2k and C 2 = mC 2k . (359) 

If we put a = co^/co lt a = l/\/(l - m2 ) and m = y^(l - 1/a 2 ) 


24 —(T- 578 ?) 
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APPENDIX II 

HIGH PASS FILTER 

Figs. 250, 251, and 252 show the symbolic forms of the constant- 
k and m-types. In the constant-/!' section 

C lk = 1 /2co 1 E and L 2k = R/2^ . . (374) 

K lk fR = B/K 2k = V( l-V/® 2 ) • • • (375) 

In the series-derived ra-type 

C x = C lk lm , Z 2 = L 21c /m and C 2 = C lk 4m/(l - m 2 ) . (377) 

whilst in the shunt-derived m-type 

L x = i 2fc 4m/(l - m 2 ), G x = C lk /m and L 2 = L 2k jm . (378) 

We have a = coJoj^ = 1 /a/(1 - m 2 ) and m = \/{l - 1/a 2 ). 


356 
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BAND PASS FILTER 


Type I. Constant-/.. Form given in Fig. 265. 

L llc = 2R/(o) 2 - co j), G lk = (<w 2 - co 1 )/2Rco 1 co< s , 1 
and C 21c = L lk /R 2 . 

Type II. Mid-series Equivalent. Form given in 
Let g = V[(l - VcJM (1 - co lx Vw ,*)] ' 

and A = \/[(l - "i 2 /" 2 oo 2 ) (1 - " 2 2 /" 2 « 2 )]- 

Then = 

"loo Moo 2 
_ g.+ "loo 2 ^/"l"2 

^ l-"loo7"2oo 2 
a = (1 ~ rai 2 )"2oo 2 (l ~ "loo 2 /"2oo 2 ) 

4(/0) 1 <X> 2 

6 = ^lao 2 / C °i a, 2» 

d = ag/h, 

and c = da) 1 cD 2 fa> 2 x > 2 - 

Type m. Three-element Band Pass. a) lo0 = C 

Fig. 274. 

L x r — TTb^Ij^j c = 2R(cd 1 /cd 2 — co-l)co 2 , 

C ± = C\kl'W' 2 =Z (^2 (Oi)f2R(O x (0 2 
and L 2 = aL lk = (co x -f- co 2 )i?/2co 1 co 2 . 

Here co loo = 0. There is no o> 2a0 . 

Type IV. Three-element Band Pass Filter. co 2oo = 

in Fig. 275. 

L x = 2R/(co 2 - cOi), 

(7 X = (co 2 - co 1 )/2co 1 2 i?, 
and (7 2 = 2fR(co 1 + co 2 ). 

Here co 2oo = go . There is no co loo . 

357 


— ffiClJn 
Fig. 268. 


. (396) 


». Shown in 


go . Shown 
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Type V. Four-element Band Pass Filter. Arbitrary co la0 . 

Shown in Fig. 278. 


ai 2 = Vl( l “ ^lx 2 /^ 2 ) (i “ w ix 2 . ft> 2 2 )] 

= m 2 coJco 2 , 

Li = 

L 2 = (1 - 
C\ = C llc lm 2 , 

and C 2 = C u 4ra 2 /(1 -ra 2 2 )- 
co lao is arbitrary. There is no co 2oo . 


(400) 


Type VI. Four-element Band Pass Filter. Arbitrary co 2o0 . 
Shown in Fig. 278. 

*11 = Vt(l - </^2 x 2 )/( 1 - ^2>2x 2 )], 
m 2 = 

L ± = m ± L Vc , 

L 2 = (1 — 'ffl'i 2 )L 1 j c f 4wi 1? 

Ci = C lk jm 2 , 

and C 2 = C lfc 4ra 2 /(1 - m 2 2 ). 

Type VII. Five-element Band Pass Filter. Arbitrary o> 2a0 , 

co lx = 0. Shown in Fig. 281. 

h = VU 1 “ w i 2 Mao 2 ) (1 - ^ 2 2 /^2 x 2 )] 

= * + caicoa/co 2oo 2 , ra 2 = 1, 

and a = (1 - m 1 2 )co 2Q0 2 /4ft) 1 co 2 . 

= vfiiLifa Ci = Cifa L 2 = aLifa L 2 = Li k ( 1 — m 1 2 )/4A, 
and C 2 ' = CiJhja. 


Type Vm. Five-element Band Pass Filter. Arbitrary to loo , 

<*>200 = °°- 

A = I, flf = VK 1 - (! - «hx> 2 2 )] 

a*! = 1> ai 2 = 9 + ct>ix 2 M^2 J 
and d = (1 - m 2 2 )co 1 co 2 /4co lx 2 . 

Li = Li k , L 2 = Li k djg, C ± = ChJwi 29 C 2 = (7 lfc 4^/(l — w a 2 ), 
and C 2 = CiJd. 



APPENDIX IV 

A NOMOGRAM FOR THE BAND PASS FILTER 


It has been shown that the eight types of mid-series (or mid¬ 
shunt) equivalent filter sections of the band pass filter have 
propagation constants which are simple combinations of the 
propagation constants of the types 4L and 4U. It was then 
shown that the type 4U has a propagation constant which is 
related to that of the type 4L by a simple theorem. It is 
therefore necessary to know the propagation constant only of 
the type 4L. Equation (401) gives 


fl(4L) = 2 sinh- 1 



- p l00 2 ) (co 2 2 - co 2 ) " 
(C0 2 2 - 0 )*) (o l00 2 - co 2 )_ 


= A+ j B. 


There are four distinct frequency bands. 
Band 1. 0 < co < co l00 . 

In this band 


and 


B = 0 


A 


2 


sinh -1 



-ah*' 2 ) (ft) 2 2 -co 2 ) ~ 
-COi 2 ) (co lo0 2 - co ')_ 


Band 2 . co lao < co < (o x . 
In this band 


B = — 7T 


and 


A = 2 cosh -1 



(0) 2 2 - Wj 2 ) (CO 2 - OJ v J)_ 


Band 3. co 2 < co < co 2 . 

This is the pass band in which 


and 


^4 = 0 


B = - 2 sin -1 



((>h 2 - ft>lx 2 ) K 2 -co 2 ) ' 
(ft) 2 2 - CO] 2 ) (co 2 - C0 loo 2 )_ 


Band 4. o 2 < co < qo . 


* The author’s acknowledgments are due to Mr. H. C. Hall for his collabora¬ 
tion in the design of the nomogram. 
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In this band 
B - 


A = 2 sinh" 1 


/f K 2 -ft>i«, 2 ) («h 2 ~ to 2 ) ' 
V l-K 2 - W 1 2 ) ("loo 2 - w 2 )J‘ 


The form of the attenuation is the same in bands 1 and 4. 
Let x = (co/(o m ) 2 , y = (wjco^) 2 = coa/c^, and a = (eo^/coj 2 . 
Then in bands 1 and 4 


sinh 2 .U 


1 ~yz y - x y - x 

-= w-, 

y z - \ z - x z - x 


say. 



Fig. 331 Fig. 332 


The filter section is determined by y and z, so that for a 
given filter section u is a constant. 

log sinh 2 \A + log (z - x) = log u + log (y - x) = W> say. 
Two nomograms are prepared, one for 
W = log u + log {y - x) 
and one for W = log sinh 2 -[- log (z - x), 

with a common scale for W> which thus does not need separate 
evaluation. 

Consider the parallel line nomogram of Fig. 331. We have 
(2/2 - ViWi = O/3 - y-tWi, 

l-e - 2/2 = 2/3 sr+^2 + 2/1 

which is of the form W = log (y -x) -f log u , provided 

TT/ + d 2 , x + d 2 

y% = Vz = —^— log (?/ - »), and y x = —log -a. 

We keep the same scale and line for y% (= IT) and introduce 
new scales ?/ 4 and y 5 , as shown in Fig. 332. Here 

2/2 = 2/4 ~1Q 2/5 5 / 




riv.cuf*:*.* 


iJi);) 
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which is equivalent to 

W = log sinh 2 \A - log- 

if y t = W, y, = log sinh2 

and y^^z~x 

The following values were chosen for the d’ s: d x = 2 , 
d 2 = 4, d x r — 2 , d 2 ‘ = 1 . We get 

2/i = i log u, y z = 3 log (y - a;), 

== 3 log sinh 2 ±A = | log sinh JA, 

and y 5 = J log 

In order to avoid a calculation for curves have been drawn 
so that u can be found graphically. Fig. 333 shows the com¬ 
plete diagram. To find u we look for the point of intersection 
of the ordinate through z and the curve corresponding to y\ 
a horizontal line through this point meets the axis of u at the 
required value, which is unspecified on the w-axis since it need 
not be known. Thus the point on the 'it-axis, corresponding to 
y — 1*10 and z = 0-64, is shown as X at the end of the dotted 
line. This point, X, is fixed for the filter section that is deter¬ 
mined by the values of y and z given. 

To determine the attenuation at any frequency in band 1, 
in which x < z, we proceed as follows. We place a rule along 
the line joining X and the desired value of y - x. Suppose 
x ~ 0-4, then y-x — 0*70 and the line is as shown. The rule 
intersects the axis of W at P. We lay the rule along P and the 
point on the (z - x )-axis which corresponds to a value z-x 
= 0*64 - 0*4 = 0*24. The rule intersects the axis of A at a 
point which corresponds to the value 2*90 on the right-hand 
side. The attenuation is 2*90 nepers, which is correct to within 
0*05 nepers. At any frequency in band 1 , (z-x) and (y-x) 
are both positive; the numbers on the right-hand side of the 
axis of A give the attenuation in nepers. 

In band 4, (z - x) and (y - x) are both negative: but if we 
reverse the sign of both the expression for the attenuation is 
the same as in band 1 . We therefore find the attenuation as 
before, but we take the magnitudes of (z - x) and (y - x), 
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disregarding the negative signs. Thus at co = 1*5 co m we have 
x — 1*5 2 = 2*25, z-x 1*61, and y-x = - 1*15. The dotted 
lines for this case are shown and the attenuation is seen to be 
1-8 nepers: the actual value is 1*75 nepers and the accuracy 
is sufficient for all purposes. 

In band 2, (z-x) is negative and (y - x) is positive; also 



there is a cosh 2 in place of sinh 2 . By a method identical with 
that described above for bands 1 and 4, a nomogram is drawn 
using the same axes of u , W, and (y - x ), but the axis of (z - x) 
is replaced by an identical axis representing (x - z) or | z - x\, 
whilst the axis of A is marked anew on the left-hand side. 
Thus at co = 0*9 co w , x = 0-9 2 = 0*81, \z - x\ = 0*17, and 
(y-x) = 0*29. The dotted lines are shown for this case (the 
point on the W axis is here P") and the attenuation is 2*0 
nepers, which is correct. 

Resum6 of Instructions. The filter section is determined by 
co l9 co 2 , and co loo . We calculate y = co 2 /co l3 and z = co la0 2 /co 1 co 2 . 
The point X on the w-axis is obtained by finding the point of 
intersection of the curve with the given y and the ordinate 
through 2 , and then finding where the horizontal through this 
point meets the axis of u . The point X is marked, as it is used 
in every determination of attenuation for this filter section. 

We lay a rule along the line joining X and the point on the 
\y - :r|-axis, and the point P in which the rule meets the axis 
of W is noted. The rule is laid along the line joining P and the 
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point on the \z-x |-axis. The attenuation is read on the right- 
hand side of the .4-axis when (z - x) and ( y - x) have like signs, 
but on the left-hand side when (z - x) and (y - x ) have unlike 
signs. 

As an example, Fig. 334 shows the attenuation-frequency 
curve for the section 4i>, in which y = (o 2 la) x = 1*10, and 
2 — 0} lao 2 ‘l m 7n 2 = 0-8 2 = 0*64. 

The scale of A between 1*0 and 0 on the left-hand side is 
very crowded: this, however, is unimportant, because dissipa¬ 
tion is very active in this range and the attenuation in practice 
differs considerably from the ideal value, which alone is given 
by the nomogram. Dissipation causes attenuation with the 
result that the values from 1*5 or 1*0 nepers down to 0 nepers 
are widened out on the A-axis, the zero point going down to 
infinity. 

Similarly there is no point in putting values of A greater 
than 6 nepers, as dissipation usually limits the attenuation 
per section to a much lower value than this. The dotted curve 
in Fig. 334 shows the effect of dissipation on the attenuation. 



APPENDIX V 

DEVELOPMENT OF THE LATTICE-TYPE FILTER 

Introduction. The method of filter design described in the 
earlier part of this book is due to Zobel and is an admirable 
practical approach. During the last few years attention has 
been directed to a method of design based on the lattice-type 
network,* the reason being that a lattice-type network can 
always be found in a physically realizable form to represent 
any symmetrical network with lumped impedances. A 
general study of the lattice-type filter will give therefore the 
complete theory of filters, considered as a unit, and there is no 
need to build the filter up section by section. 

Some advantages of the new method are as follows. (1) For 
certain given requirements of attenuation the new method 
determines the minimum number of elements required. (2) 
Although the MM 7 type of section introduced by Zobel, and 
the correction devices of Payne and Bode,J enable the image 
impedance to be improved, the conventional method of filter 
design does not show mathematically how it can be made as 
constant as desired in the pass bands without the use of special 
terminations, which may cause the number of elements to be 
unnecessarily large. (3) In the new method the propagation 
constant and the image impedance are dealt with independently, 
so that a choice of one does not affect the other. 

The lattice section of Fig. 174 is very uneconomical, as it 
requires four impedances, and is more economically represented 

* Siebschaltungen , by W. Cauer, published by V. D. I. Verlag, Berlin; 
“New Theory and Design of Wave Filters,” by W. Cauer, Physics , Vol. 2, 
No. 4, April, 1932, page 242; “Die Siebschaltungen der Fernmeldtechnik,” 
Zeit.f. angew. Math. u. Mech ., Vol. 10,pages 425-433, 1930; H. W. Bode, U.S. 
Patent No. 1,828,454, 20th October, 1931; “A General Theory of Electric 
Wave Filters,” Journ. of Math, and Phys., Vol. 13, No. 3, pages 275-362, 
November, 1934, by H. W. Bode; “Ideal Wave Filters,” by H. W. Bode 
and R. L. Dietzold, B.S.T.J., Vol. XIV, pages 215-252, April, 1935; 
Communication Networks , by E. A. Guillemin, Vol. 2, Chapter X. 

t “Bber die Variabeln eines passiven Vierpols,” by W. Cauer, Sitzung- 
berichte der Preuss . Akad . der December, 1927; “Vierpole,” by W. 

Cauer, Electrische Nachrichtentechnik , 6, No. 7, 1929, page 279: Guillemin, 
loc. cit ., pages 380-381. 

% “A Method of Impedance Correction,” B.S.T.J. , Vol. IX, pages 770-835, 
October, 1930. See also Appendix VIII. 
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by the T-section equivalent of Figs. 175 or 176, which requires 
only three impedances. Moreover the economy of a network is 
not adequately represented by the number of elements in it. 
Thus it was found advantageous to replace the network of 
Fig. 287 by the network of Fig. 288 in order to avoid incon¬ 
venient magnitudes of the elements, although the latter form 
contains two elements more per section. In addition to this 
consideration, there is also the very important point that the 
tolerances of the capacitances and inductances in a lattice - 
network, which is a Wheatstone bridge network, are much 
stricter than in a ladder network. It is therefore an advantage 
to replace the lattice form by an equivalent ladder or other 
form whenever and as far as possible. 

Differential Forms of the Lattice Network. There are some 
very economical equivalents using differential transformers; 
for instance, the hybrid coil of Fig. 108. Fig. 335 shows a 
number of equivalents* of the symmetrical lattice section of 
Fig. 174. 

In (a) a hybrid coil is used with equal turns in AB, BC, and 
DF. ABC is series-aiding, and is denoted as having a ratio 
— 1 : 1. It is easy to prove that, if the hybrid coil is ideal, the 
network is equivalent to the lattice of Fig. 174. The simplest 
way, as often, is to find the open- and short-circuit impedances. 
Suppose D and F are unconnected; then no current goes 
through DF and therefore the current along AB must be equal 
to the current along CB, i say. Also the volt-drop from A to 
B is equal to that from B to C, e say. If E is the E.M.F. applied 
at the left, 

E = i2Z A + e = i2Z B - e 
= \{i2Z A + i2Z s ), 
so that the open-circuit impedance is 
E/2i = i Z A + \Z B 

If D and F are shorted, A, B, and C are at the same potential, 
so that the short-circuit impedance is the parallel combination 
of 2 Z A and 2 Z s , viz. 2Z A Z B j{Z A + Z B ) 

* See A. Jaumann, J ‘Uber die Eigenschaften und die Berechnang der 
mehrfachen Bruckenfilter,” Elektrische N achrichtentechnik, Band 9, Heft 7, 
1933, pp. 245-246; see also “Entwurf und Beispiele symmetrischer Siebschal- 
tungen nach der Methode von W. Cauer,” Elektrische Nachrichtentechnik. Band 
10, Heft 9, pp. 377-385, and Band 10, Heft 10, pp. 404-415; also “Variable 
und feste Rundfunkbandpasse,” Hochfrequenztechnik und Elektroakustik, Band 
43, Heft 2, Feb. 1934* by E. Glowatzki. 
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If the left-hand terminals are unconnected, the impedance 
between D and F is clearly J(2 Z A + 2 Z B ) = \{Z A + Z B ), as AC 



Fig. 335. Equivalents of the Symmetrical Lattice 
Network of Fig. 174 


has twice as many turns as DP. If the left-hand terminals are 
shorted, we find that the impedance between D and P is the 
same as the short-circuit impedance just found. The network 
of Pig. 335 (a) is thus symmetrical and has the same open- and 
short-circuit impedances as the lattice of Pig. 174, to which it 
must therefore be equivalent. 

Since AB and DP have an equal number of turns and are 
on the same core, they have the same potential difference. 
We may therefore dispense with the winding DF and connect 
the output terminals to A and B, thus achieving the network of 
Pig. 335 (6). 

The equivalence of Figs. 174 and 335 (c) is proved in the 
way shown above. The potential between D and P is equal tc 
that between B and C, so that these windings may be omitted 
and direct connections made, resulting in the network of Fig. 
335 (i d ). In this case, ABDE is series-aiding. In Fig. 335 ( e ) 
the windings AB and BC have equal numbers of turns and are 
series-aiding. Cauer uses the network of Fig. 335 (d) and 
ingeniously uses the coils of \Z A to replace the winding AB. The 
method is self-explanatory. 
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Thus, if Z A is represented by the network of Fig. 336 (a) and 
Z B by that in Fig. 336 (6), the differential equivalent represented 


z -< .-C^H »’ 

1 7 T _ T^ T 


Is 

Ci Ci 


LtjX 

Ck 


.-CSH® 

W ^7 r/ jf ri 


Vz V 3 


Fig. 336. General Forms op Z a and Z b 


by Fig. 335 (d) is given by 
Cauer as the network of Fig. 
337. It will be noted that the 
capacitance C x \ has been merged 
with a part of C v the case being 
that in which C 1 is greater than 
(7/.* When 0 X ' is the greater, 
the impedances Z A and Z B can 
be interchanged and the method 
is still possible. 

A further diminution in the 
number of elements is possible 
when Z A and Z B have a common 
frequency of anti-resonance. 
Thus if (L 2 , C 2 ) and (L 2 , C 2 ) 
have the same frequency of 
resonance we have 

Lz C 2 — L 2 C 2 

or LJL 2 = C 2 'IC 2 = p, say, 
where p is a constant. 

We can merge the ( L 2 , C 2 ) 
circuit with the (L 2 , C 2 ) circuit 
and the resulting network is 
shown in Fig. 338. The resonant 
circuit that remains is [J(L 2 + 

* This process can be considered as 
an application of the equivalence 
theorem given in Fig. 385. 



2^3 “T o 2^3 

iirr 

-L zCfCl 

X^EcL 


Hh 

c, 


c, 


Fig. 337. Differential Equiva¬ 
lent of Fig. 335 (d) 
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C, C, 


Fig. 338. Degenerate 
Form of Fig. 337 

Equations (277) give the i 
network as 


[Appen. V 

L 2 '), 2C 2 C'/(C 2 + C 2 ')l and an 
extra inductance ^L^p -j- 1) 
is required, so that only one 
condenser is saved. Any other 
common resonant circuits can 
be similarly merged and the 
coil at the top of Fig. 338 has 
the sum of inductances re¬ 
quired. Thus two elements 
per merged circuit (after the 
first) are saved. 

Ladder Equivalents of the 
Lattice Section. The ladder 
equivalents of Figs. 175 and 
176 are not physically realiz¬ 
able in general, since Z A and 
Z B will not have the same 
frequencies of resonance and 
anti-resonance and each case 
contains an impedance of the 
form - \Z A or - \Z B . 

Bode has shown, however, 
that if Cauer’s method of 
design is followed, it is pos¬ 
sible to transform the result¬ 
ing lattice network piece by 
piece into a ladder network. 
The method is explained in 
the following way. 
age parameters of the lattice 


z 7 = V(Z A Z B ) 
and 0 = 2 tanh -1 ^(Z/ A Z B ) 
These equations give 

Z A = Zj tanh (6/2) 
and Z B = Zj coth (0/2) 


(277) 

(453) 


In a general unsymmetrical network we have the relations 
of equations (233), viz. 


^i \— (Z oi Z si), Z J2 — \Z(Zo2^s2)’ 
and O' = tanh" 1 \/(Z s 1 /Z o1 ) = tanh- 1 i/(^ 2 /^ 02 ) 


( 233 ) 
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We have written d' to avoid confusion with the 6 of equations 
(453). From these we get 


Z sl = Z n tanh 6' ) 

and Z 01 = Z n coth 0' ) 


. (454) 


Comparing equations (453) and (454) we see that, if we imagined 
the lattice structure to be bisected into two equal halves which 
are placed back to back (as indicated in Fig. 339) and we put 



Fig. 339 


Z X1 = Z x and O' = \6 , then Z A is equal to the short-circuit 
impedance of a half of the network and Z B is the open-circuit 
impedance viewed from the original terminals. 

The key to the method is that if the open- and short-circuit 
impedances at one end of a network possess a common part, this 
part may be taken out of the network as a series branch as 
shown in Fig. 340 (in which Z c is the common part). These 



Fig. 340 


networks are clearly equivalent since they have the same open- 
and short-circuit impedances. (By saying that Z A and Z B have 
a common part Z c , we mean that Z c , Z A - Z c and Z B - Z c are 
physically realizable.) The residual network (1/, 2', 3, 4) has 
short- and open-circuit impedances Z A - Z c and Z B - Z c , 
which we will denote by Z A and Z B : this network is realizable. 

The inverse property is also true, viz. that if the open- and 
short-circuit admittances possess a common part, this may be 
taken out as a shunt admittance. Fig. 341 shows the case in 
which it is supposed that Y A = l/Z/ and Y B = 1 jZ B have a 
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common part Y c \ The residual network (1", 2", 3, 4) has short- 
and open-circuit admittances Y s " — Y A ' - Y/ and Y 0 " = 
Y' b - Y' c respectively. 


/' 


3 T f 


_ 3 

Ys;?a 


-O O-1-0- 

= Y' V^ r c 



yI°Yb 


C }Yo = Y3~Yc 



r 

[ i-w i i 


4 2 2 

4 


Fig. 341 



By a combination of these methods we see that the half of 
the lattice shown in Fig. 339 is equivalent to the network of 
Fig. 342; the short- and open-circuit impedances at (1", 2") 

looking to the right are Z s " = 
1/F/andZ/ = 1/ Y 0 ” respectively. 

This process is continued until 
either Z s or Y 0 vanish: in the 
former case we finish with a shunt 
branch and in the latter with a 
series branch. 

The possibility of the method 
depends upon the possession by 
Z A and Z B (and by Y/ and Y/) of a common part. The con¬ 
dition for the possession of a common part is that the impe¬ 
dances (or admittances) should have one or more common poles. 
This condition follows from the partial fraction expansion of 
Z (or 1/Z) given on pages 165 and 166. (See also page 374.) 

It might be more convenient in a particular case to convert 
Z A and Z B into admittances Y A = l/Z A and Y B — 1 /Z B , so 
that we start by taking out a common admittance and the 
first branch is a shunt branch. 

The following example illustrates the method. 


1 2c 

7" 


o—ww—^ 

o-J 

1—I— o- 


2 

2" 



Example. A low pass filter when designed by the lattice method has 


and 


^ 063 0*8ja; 

Za = ~jaT + 1*44 - x 2 

^ 0-60ja; 0*75j# 

7b = 0-64 - a 2 + 1-44 — x 2 ’ 


where x — co/a> v Show the lattice form, and obtain some ladder 
equivalents. 







Fig. 343. Reduction of a Lattice to a Ladder Network 


25—(T. 5782) 
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The impedances Z A and Z B have a common pole at x = 
^1*44 = 1*2, and we can remove a common part 

0*75jx 1 


Z, = 


1*44 - x 2 jl*333x + l/j0*521x 


The residual impedances are then 

, , 0*63 0*05jx 

~ jx 1*44 -x 2 ~ 

_ 0*680 (1*337 - x 2 ) 
jx (1*44 - x 2 ) 

and Z B = 0*6jx/(0*64 - x 2 ). 


0-906 -0*680x 2 
jx (1*44 - x 2 ) 


These give 7/ = 


jx (1*44 - x 2 ) 


jx (1*337 - x 2 + 0*103) 


0*680 (1*337 - x 2 ) 0*680 (1*337 - x 2 ) 

jx ( 0*103jx 


+ 


and Y/ 


0*680 
l*472jx -f- 

l*667jx + 


0*680 (1*337 - x 2 ) 

0*1515jx 
1*337 - x 2 
1 


0*937jx 


We could take out a common part 
7/ - l*472jx, 

leaving 7/ = or Z/ = + 6-60jx 

and Y b " = 0-195ja; + 

or Z B " = - T - U -— 

0-195ja; + l/0-937j:r. 


If we do this the remaining admittances have no common 
zero, so that Z A " and Z B " have no common pole and the method 
cannot be continued. The network resulting from this pro¬ 
cedure is shown in Fig. 343 (6). There are fourteen elements 
(eight condensers and six coils). 

We can, however, continue the method by taking out only 
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a fraction of the common admittance and still leave Y/ and 
Y b " with a common zero, when Z/ and Z B will have a common 
pole, and thus a common impedance. This is done by finding 
the positions (i.e. the values of x) at which Y/ and Y B are 
equal. If a value is x, and the value of Y/ and Y s ' is Y v at 
this frequency, we take out a common admittance jx(YJx t ); 
the values of the remaining Y/ and Y/ are clearly zero at 
x = x l3 and the method can be carried on. 

To find the values of x, we equate Y A ' and Y B and obtain a 
quadratic equation in x 2 . (It may be noted that when the 
admittances or the impedances of the lattice arms are equal, 
the bridge is balanced and there is infinite attenuation. Quite 
often the frequencies of infinite attenuation are given in the 
design, and thus we know the values of x v ) We find x 1 = 1*294 
or 2*083. Let us choose the larger value. We find Y 1 — j2*960 
and Y c — l*420j#, and obtain 


0*052j# + 


0*1515j# 
1*337 ~~x 2 


0*052j#(4*29 - x 2 ) 
1*337 - x 2 


Y 


H 


B 


0-247ja: + 


1 

0-937jx 


4-29 - a; 2 
4:'05]X 


From these we find 


Z 


1-337 -x 2 
0-052jx(4-29 - £C 2 ) 


1-337 

J-~29 


(4-29 - x 2 ) - x 2 



0-052ja;(4-29 - x 2 ) 


1-337 \ 
T29 / 


• (, 1 ' 387 \ 

1-337 )X V 4-29 ) 

= 4-29 X 0-052j» + 0-052(4-29-x 2 ) 

1 13-23jx 

— 0-167jx + 4-29 - x 2 ’ 

Z B " = 4-05jx/(4-29 - x 2 ). 


The common impedance is Z c " = Z B '\ and is 

„ 4-05jx _1_ 

4-29 - x 2 0-247jx+l/0-944jx 
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The remaining impedances are 


and Z”' = 0. 


zr 


1 9-18ja; 

0-167ja; + 4-29 - a; 2 
1 1 
0T67ja; + 0-109jx + l/2-14jx 


A lattice network with these elements is equivalent to a shunt 
of impedance \Z A ". 

The ladder development is thus complete, and the resulting 
structure is as shown in Fig. 343 (c). There are thirteen elements 
(five coils and eight condensers). 

If we choose the smaller value of x v we find that the ladder 
development can again be completed, but fourteen elements 
are required. 

Other developments are possible by starting with Y A and 
Y £ , which is equivalent to taking Z c as zero. It is then found 
possible to derive a ladder equivalent with only twelve 
elements. 


Realization of Two-terminal Impedances. Before proceeding 
to the theory of the lattice type filter we will show how the 
general two-terminal impedance can be realized physically. 

If the impedance is given in Foster’s form as 


_ (tO] 2 - co 2 ) (w 3 2 - ft) 8 ) . . . (co 2b _, 2 - co 2 ) 

~ j Co{c0 2 2 -CO 2 ) ... . (co 2n - 2 2 - CO 2 ) 


(216) 


where H is a positive constant and 


0 < toj < co 2 . . . . < co 2n _ x < go , . . . (217) 

the method is that outlined on page 165. We write 


Z = 



(«>1 2 - °-> 2 ) («>3 2 ~ W 2 ) ■ ■ ■ (<t) 2w -i 
(- CO 2 ) (CO 2 -CO 2 ) .. . (co 2w _ 2 2 - 


2 


-w 2 )! 

co 2 ) J 


We write the expression in the square brackets as a sum of 
partial fractions, with (- co 2 ) as the variable, so that 



&2n~2 I 

»2n-2 ~ <*> 2 J 


To find the value of any coefficient, say a 2 , we equate the 
expressions in the square brackets, multiply both sides by 
co 2 2 - co 2 and then put co 2 = co 2 2 . We get at once 
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so that a 0 


a 0 (W - « 2 ) , , a 4 ( w 2 2 - « 2 ) , 

-CO 2 + °2 + co 4 2 - CO 2 + - 

= (Wj 2 - CO 2 ) (g>3 2 - CO 2 ) ... . - co 2 ) 

— ( - co 2 ) (co 4 2 - CO 2 ) (co 6 2 - CO 2 ) ... (co 2n _ 2 2 - co 2 ), 

(c^ 2 - C0 2 2 ) (CO3 2 - C0 2 2 ) . . . (C0 2 n-1 2 “ 

= (-C0 2 2 ) «-0> 2 2 ) («>.■-a* 2 )T . . (co 2n _ 2 2 ~co 2 ) 


« 4 , a 6 , . . . a 2n _ 2 are found in the same way. a 0 is found by 
multiplying by - co 2 and putting co 2 = 0. This gives 


CO-i COo . . . (X) 9n — i 


o 2 2 co 4 2 . 


The expression for Z can now be written 
Ha 0 ' j mHa 2 


]0) C0 2 - (O* 


j<» + jf» , 1 

Ha q Hffi 2 j co (H(X 2 J (a)^ 1 ) 


Z is clearly represented by the structure shown in Fig. 344 as 
a series combination of parallel resonant circuits. 



Fig. 344. Foster’s General Reactance in Series Form 


An alternative form, generally of less practical value, is 
obtained by dealing with Y = 1/Z in the same way. We write 

Y 1 j«> (co 2 2 - co 2 ) ... . (co 2 „_ 2 2 - co 2 ) 

Z H (coj 2 - co 2 ) ... . (co 2n _ x 2 - co 2 ) 


where h x 
and so on. 


■ m [~ ^1 , ^3 

J H Lco x 2 — co 2 * co 3 2 - co 2 




(cO^-COx 2 ) (co 4 2 — C0 X 2 ) ■ ■ ■ (c0 2 n- 2 2 — CO x 2 ) 
(co 3 2 - co x 2 ) (a> 5 2 - co x 2 ) . . . (coa,,-! 2 - co x 2 )’ 
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Y — - jj -=-h (similar terms) 

. -O 1 

3<l> V x + MbJHtofi 

Y is represented by the structure shown in Fig. 345 as a 
parallel combination of series resonant circuits. 



Fig. 345. Foster’s General Reactance in Parallel Form 

No difficulties arise by the presence of multiple roots, for 
the relations of equation (217) forbid the occurrence of such 
roots. 

The general two-terminal impedance can be realized as a 
ladder network with reasonable ease.* We use in this case the 
formula of equation (121a) which expresses the impedance of 


*7 Zn-1 Zn 



Fig. 346. Ladder Form of General Reactance 


the ladder network of Fig. 346 in the form of a continued 
fraction. 


1 * Vl + z 2^~ Z n~\~ Vn 

The reciprocal of Z is 

■ J_ A 

Z z l + Vl+ z 2 + ' ’ ' ^ z n+ Vn 


. (121a) 

. (1216) 


* This was pointed out by W. Cauer, “Die Verwirklichung von Wechselstrom- 
widerstanden vorgeschriebener Frequenzabhangigkeit,” Archiv fur Elektro - 
technik, Vol. 17, page 355, 1927. 
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If the first series branch z x is omitted the expressions for Y 
and Z become 



Fig. 347. Ladder Form of General Reactance 


We have to express Z (or Y) of equation (216) in the form 
of a continued fraction. We first replace ]co by A, so that the 
expression for Z becomes 

K 2 + A 2 ) (co 3 2 + A 2 ) . . . . (co 2n -i 2 + A 2 ) 

A (ro 2 2 + A 2 ) . . . . (eo 2w _ 2 2 + A 2 ) 

. (455) 

where P and Q are polynomials in A. There are four cases, 
described on pages 377-380. The table shown on page 378 
summarises the properties of Z, P and Q in the four cases. 

It should be noted that when co 2n -i is infinite we treat 
H (co 2 2 n~i + A 2 ) as a combined product, so that the product is 
a finite constant, h say. 

The form of Z given in equation (455) can be transformed into 
the forms in equations (121a) and (121c) by simple division. 
Thus if we consider cases 1 and 4, we see that P is one degree 
higher than Q and we have 

Z = h (P/Q) = M + P'lQ , 

where P' is one degree lower than Q and is obtained by the 
usual method of algebraic division. We can write 

Z = U + QfP' = M + b x X + WfP' 





Case 1 

eOj = 0 , a) 2n ~i finite 

Case 2 

cox 7 ^ 0, ftA 2n _x infinite 

Case 3 

o>x = 0 , a> 2n -i infinite 

Case 4 

CO! ^ 0, C0 2n _! 
finite 

Behaviour at a> = 0 

Inductive 

Capacitive 

Inductive 

Capacitive 

„ CO = oo 

Inductive 

Capacitive 

Capacitive 

Inductive 

Degree of P in A 

2 »- 1 

2 n — 2 

2n — 3 

2 n 

„ Q in A 

2 n — 2 

2 n — 1 

2n- 2 

2n — 1 

Form of P 

A 2 ”" 1 + ^ 2 „_3 A 2 " -3 + ... + AJ 

A 2 " -2 + 4 2 »_ 4 A 2 "-* + ... + A 0 

A 2 ”- 3 + 4 2 „_ 8 A 2 »- 5 + ...^A 

A 2 " + ... + A, 

Form of Q 

A 2 ”" 2 + A, n _ 4 A 2 ”" 4 + . . . + A 0 

A 2 "' 1 + 4 2 n . 3 A 2 "- 3 + . .. + A,A 

A 2 ”" 2 + ... + A 0 

A 2n - 1 + ...+.4 1 A 
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where Q' is one degree lower than P'. Continuing this process 
we get 

Z = hX -f- u q , y~t l t i .... (456) 

6 1 A-f~ ^2^4“ 

Equation (456) is the same as equation (121a) provided we put 

%i = hX, z2 — Vz = V,. 

As the impedance of equation (121a) is represented by the 
ladder network of Fig. 346, that of equation (456) is repre¬ 
sented by the ladder networks of Fig. 348 (a) and 348 (6). 
Fig. 348 (a) represents case 1, when it is found that there is no 


h(=a 7 ) cl 2 a 3 
o —'W6 V ~ —|— Qfsy—p-' cnnp— 

^ “T" ^2 “T 


0JI-7 


o— r 5Y5 v 


(aO 


-W-1I 


^2 

>rrr 


■ —t—'TnsY'—| 
&n-7=|r_=j:&7i 


(b) 

Fig. 348. Special Cases op Ladder Forms 

remainder after the a n X term; and Fig. 348 (6) represents 
case 4, when it is found that there is no remainder after the 
b n X term. 

In cases 2 and 3 P is one degree lower than Q and we write 

- h P 1 1 

1 “ Q ~ Q/hP ” M + Q'lP* 

where Q' is one degree lower than P. We now proceed as before 
and obtain 


Z = 


1 


1 


1 


(457) 


b±X- f- a 2 A~h b 2 X- f- 

This is the same expression as that given in equation (456) 
except that the hX (or a x X) term is missing. The ladder networks 
corresponding to these cases are those in Figs. 348 (6) and 348 
(a) (respectively for cases 2 and 3), except that the coil a is 
shorted out. 
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The forms just found all have coils in the series arms and 
condensers in the shunt arms. There is an equivalent ladder 
development for the four cases, in which the series arms are 
condensers and the shunt arms are coils. We will consider only 
case 1, as the others are treated in the same way. We write 


A 2 - 1 + A 2n - 3 A 2 ”- 3 + . . . + A r X 
A 2 ”- 2 + A 2n ^-± +.. m + A 0 

1 + A 2n ^l~* + . . . + AJ-^-v 

A" 1 + A 2n .^ + . . . + ^M“ (2w_1) 

by dividing numerator and denominator by l 2n ~ x . We can now 
expand this as a continued fraction in A" 1 so that 


Z = qA- 1 


1 1 1 

d 1 X~ 1 + c 2 A _1 + d 2 X~ x -{- 


.(457a) 


c x is seen to be zero in this case and in case 3, whilst it is not 
zero in cases 2 and 4. The ladder network is shown in Fig. 349. 


I/Ci I lc 2 I lc n 



Fig. 349. Special Case of Ladder Form 


In case 1, is zero (i.e. short-circuited) but d n is finite; in 
case 2, c x is finite but l/d n is zero ; in case 3, c t is short-circuited 
and l/d n is zero ; in case 4, and d n are both finite. These con¬ 
ditions agree with the behaviour of Z at co = o and co = 00 as 
given in the table on page 378. 

Design oi the Lattice-type Filter. We take as the basic or 
general network that shown in Fig. 174. The image impedance 
and propagation constant are given in equations (277) as 

^ = V(ZaZb) ) ( 277 ) 

and 0=2 tanh- 1 V(ZJZ B )) . K * 

The latter equation can be written 

V(ZJZ £ ) = tanh (0/2) - (8 V 2 - &- 9 / 2 )/(8 9 / 2 + 8~ 9 / 2 ) 

= (8 9 - l)/(8 9 + 1), 
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so that £ e 


V(ZJZ B ) + i a /(Z B /Z A ) + i 


(458) 


1 -V(ZJZ a ) V(Z B /Z A ) - 1 
In a pass band Zj is real, so that 
Z a Z b — Z 2 = positive. 

In an ideal filter the image impedance would be constant in 
a pass band, R say, so that 

Z a Z b = R 2 .(459) 


In an attenuating band the ideal filter would have infinite 
attenuation, and the condition for this is seen from equation 
(458) to be 

ZJZ A = 1 .(460) 

Following Cauer we write 

= ZJR , z 6 = Z b IR, .(461) 

so that an ideal filter has 

z a z b = 1 in a pass band 
z b /z a = 1 in an attenuating band 



It is of course impossible to achieve an ideal filter, but the 
degree of excellence of any practical filter is the degree of 
accuracy to which the conditions of equations (462) are 
approached. 

The way in which we choose 2 a and z b for given pass and 
attenuating bands has already been outlined in pages 207-212. 
Table XIII gives the quality of a frequency at which z a and z b 
have a pole or zero. The following remarks enable us to 
construct the most general impedances z a and z b for any 
desired filter action. 

(i) In a pass band z a z b is positive, so that the signs of z a and 
z b are opposite. In an attenuating band their signs are alike. 

(ii) At a pole or zero of both z a and z b we have a confluent 
frequency in an attenuating band. 

(iii) At a pole of one which is a zero of the other we have a 
confluent frequency in a pass band. 

(iv) A pole or zero of one impedance which is not a pole or 
zero of the other is at a cut-off frequency, i.e. a frequency 
separating a pass band from an attenuating band. 
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Thus Fig. 350 shows the locations of the poles and zeros of 
z a and z b for a high-pass filter with cut-off frequency coJ^tt. 
The poles are shown marked with crosses and the zeros with 
noughts. We have chosen consecutive poles and zeros of z b 



Fig. 350. Locations of Zeros and Poles for a High-pass 
Filter with Cut-off Frequency co x /2tc 

at random from co = 0 to co = oo . Between co e and co d z b has a 
negative sign (going from - j oo to 0); as this range is to be in a 
stop band, z a must have the same sign and must therefore 
have the same pole and zero. This coincidence of poles and 
zeros obtains until co x is reached. At co 1 z a must remain finite, 
as this is a cut-off. The remaining zeros and poles are then as 
shown. The values of z a and z b for this case are seen to be 

(cOg 2 - CO 2 ) (cp b 2 - CO 2 ) (C0 a 2 - CO 2 ) (cQ y 2 - CO 2 ) 

Za ~ j co (co c 2 - co 2 ) {to 2 - to 2 ) (cop 2 - co 2 ) (co d 2 - CO 2 ) 
and 

_ {C0g 2 ~ CO 2 ) (C0 b 2 ~ CO 2 ) (ft^ 2 - CO 2 ) (cQp 2 - CO 2 ) (cO d 2 - CO 2 ) 

Zb ~ j CO (co 2 - CO 2 ) (cO a 2 - CO 2 ) (to 2 - CO 2 ) (cOy 2 - CO 2 ) 

where A and B are constants which make z a and z b nearly 
equal to unity in the pass band co x < co < qc . If we write 

A = j <o,.(463) 

the expressions for z a and z b become 

_ A (A 2 + cog 2 ) (A 2 + co & 2 ) (A 2 + co a 2 ) (A 2 + COy 2 ) 
z ° - A X (A« + co/) (A* + co/) (A 2 + co/) (A 2 + co/) 

. p (A 2 + co/) (A 2 + co/) (A 2 + co/) (A 2 + co/) (A 2 + co/) 
ana z b -v A(A 2 + co/) (A 2 + co/) (A 2 + co/) (A 2 + co/) 
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so that 

V M = V( AB ) 

and 


(A 2 + co/) (A 2 + «> 6 2 ). VU 2 + O 


V( z bl z a) = V( B / A ) 


A (A 2 + co c 2 ) (A 2 + o» 0 2 ) 


V(A 2 + ft)! 2 ) • (A 2 + to,} 2 ) (A 2 + Wa 2 ) 
(A 2 + coj) (A 2 + ftjj, 2 ) 


. (464) 


Two very important facts follow from the forms of equation 
(464). (i) the impedance function depends only on the locations 
of the poles and zeros of z a and z b in the attenuation range, 
(ii) The propagation constant depends only on the locations 
of the poles and zeros of 2 a and z b in the pass range. We can 
therefore choose the impedance and propagation constants 
independently, provided they are of the forms of equation 
(464), and the resultant z a and z b will give a high pass filter 
with a cut-off frequency . The complexity of the expres¬ 
sions chosen depends on the requirements of constancy of 
impedance in the pass band, or the attenuation requirements 
in the attenuation band. The methods of deciding which are 
the least complex functions necessary for given requirements of 
impedance and attenuation will be discussed later. The work 
of Cauer enables us to choose the least complex filter for a 
given performance of a certain kind. 

Propagation and Impedance Functions of the Common 
Classes of Filters. Tables XVIII-XXI give the impedance and 
propagation functions for the low pass, high pass, band pass 
and band elimination filters. 


TABLE XVIII 

y/(Z b jZ a ) FOR A Low PASS FILTER OR (Z a Z b ) FOR A HlGH PASS FILTER 
with Cut-off Frequency wJZn 


1 

m 

X 

V(P + <V) 

2 

m 

(A 2 + co„ 2 ) 


A.Vtf 2 + <V) 

o 

m 

A (A 2 + a> 0 2 ) 

u 

(A 2 + to 6 2 )v'(A 2 + t»i 2 ) 

4 

m 

(A 2 + co c 2 ) (A 2 + co 0 2 ) 


A(A 2 + wJW (A 2 + o>i 2 ) 

5 


A(A 2 + co/) (A 2 + w„ 2 ) 


(A 2 + co, 2 ) (A 2 + o)t 2 )V (A 2 + <V) 
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TABLE XIX 

^/(Z a Z b ) for a Low Pass Filter or ^{Z b jZ a ) for a High Pass Filter 
with Cut-off Frequency ojJZti 


a 

IX 

1 

va 2 + <v) 

p 

V 

{X 2 + C Oa 2 ). 

va 2 + c»i 2 ) 


V 

(A 2 + (Oa 2 ) 

y 

v'iX 2 + w x 2 ).(A 2 + cop 2 ) 

s 

fX 

(X 2 + COa 2 ) (X 2 + COy 2 ) 

V(X 2 + a)! 2 ). (A 2 + cop 2 ) 


IX 

(X 2 + (Oa 2 ) (X 2 + COy 2 ) 

S 

V(X 2 -h co^-iX 2 + cop 2 ) (X 2 + cod 2 ) 


In these tables 

0< .... <OJ c <W b <CO a <C0 1 <(O a <(Dp <OJ y < ... <oo , 

and m and fx are constants ..... (465) 

It is seen that the impedance and propagation functions of 
equations (464) are the reciprocals of the values given in 
Tables XVIII and XIX as number 5 and Greek letter £. It is 
easily proved from equations (459) and (460), or from equations 
(277), that a lattice-filter with impedances 1 /Z a and 1 /Z b has 
the same pass and attenuation bands as a lattice-filter with 
impedances Z a and Z b ; for if Z a Z b is positive so also is l/(Z a Z b ), 
and if Z a Z b is negative so also is 1 f(Z a Z b ). 

A very convenient way of specifying a class of filter is to 
write down the position of the propagation function first, the 
impedance function second, and an asterisk if the reciprocals 
of Z a and Z b are required. Thus the high pass filter represented 
by equation (464) is written as 85*. 

There are as yet no restrictions on co a , co b , co c . . ., co a , cop, co Y . . . 
except the relations given in equation (465), which are necessary 
if the impedances are to be physically realizable in accordance 
with Foster’s Theorem. Cauer’s method of determining these 
frequencies, and also m and jli , will be discussed later. 

Tables XX and XXI represent only those classes of filters in 
which the poles and zeros are symmetrically situated with 
respect to the cut-off frequencies co and co 1? as these are the 
most important. 
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TABLE XX 


^/(Z B /Z A ) for Band Pass Filter or ^(Z a Z £ ) for a Band Elimination 
Filter with Cut-off Frequencies C0-J2JI and coJ27t 


1 

2 

3 

4 

5 


m 


m 


m 


m 


m 


VW + co-, 2 ) 

va 2 + 

(A 2 + co 0 2 ) 

VO* 2 + co-SWtt 2 + CO, 2 ) 

V(A 2 + co -, 2 ).^ 2 + CO, 2 ) 

(A 2 + co_„ 2 )Vtt 2 + co, 2 ) 

_ (A 2 + co-,, 2 ) (A 2 + co„ 2 ) 

VU 2 + to_i 2 ).(A 2 + co„ 2 )V(A 2 + ^i 2 ) 
V(A 2 + w-! 2 ).(A 2 + w-, 2 ) (A 2 + co. 2 ) 
(A 2 + co_ 0 2 ) (A 2 + cOb 2 )V(A 2 + co, 2 ) 


TABLE XXI 

y/(Z A Z B ) for Band Pass Filter or \/(Z b /Z a ) for Band Elimination Filter 


a 


b 


c 


d 

e 


V(A 2 + «m 2 ) 

1 AV(A 2 + o>x 2 ) 

A 

** V(A 2 + co-, 2 ) VW 2 + co, 2 ) 

AVW 2 + CO- 1 2 ). (A 2 + COa 2 ) 

,l (A 2 + co-« 2 )V(A 2 + co, 2 ) 

(A 2 + 0)~a 2 ) (A 2 + COa 2 ) 

M AV (A 2 + co_, 2 ) V(* 2 + <o, 2 ) 

(A 2 + CO-/? 2 )'/(A 2 + CO-x 2 ) (A + COa 2 ) 
>l A (A 2 + co_a 2 ) v (A 2 + co, 2 ). (A 2 + co/? 2 ) 


The frequencies are interlaced according to the following 
scheme— 


0< . . . <CO-p <Ct)_a <^-a <«>-& • • • <CO 0 < . . . <0> & 

<co a <co 1 <co a <cop < ... <00 . . . . ( 466 ) 

As before we specify a filter by the position of the propaga¬ 
tion function, then that of the impedance function, and finally 
an asterisk if the reciprocals of Z a and Z h are to be taken. 
Thus 2 d represents a band pass filter in which 



and V(Z a Z b ) = p 


a 2 + o 

V (^ 2 + c °-i 2 )a/ (A 2 +V) 

(A 2 + to_ fl 2 ) (A 2 + co a 2 ) 

AV(^ 2 + a>-i 2 ) V(^ 2 + <V) 
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so that 
and 


,U (A 2 + CO-a 2 ) (A 2 + CO 2 ) 

Aa ~ m 2(A 2 + co 0 2 ) 

„ (A 2 + co_ a 2 ) (A 2 + co 0 2 ) (A 2 + a> a 2 ) 

_ mfl X(I 2 + w-i 2 ) (A 2 + <V) 


(467) 


The conditions of interlacing of the co’s given in equation (466) 
are just those required by Foster’s Theorem that the Z A and Z B 
of equation (467) be physically realizable. Thus if we consider 
Z A , we see that co = 0 is a pole, co_ a a zero, co 0 a pole, and co a a zero, 
and these are co’s in ascending order of magnitude. It can be 
seen that the poles and zeros of Z B alternate similarly . 

Tschebyscheff Behaviour of Approximation. The values of 
the parameters co ±a , co ±6 , . . o>± a , (*)±{h m and /z are chosen by 

Cauer in such a way that the following behaviour of the filters 
is obtained. (The approximation is known as the Tscheby- 
scheff approximation.) Fig. 351 shows the Tschebyscheff 



approximation of 2 = y/(^ 2 2 ) for a low or high pass filter in the 
pass band. The abscissa is taken as Q = co/cq or odJod. It is 
impossible to make 2 equal to unity in the whole of the pass 
band, but we can make z as near to unity as we wish in any 
band which falls short of the cut-off frequency. We choose a 
band, say 

0 ^ iQ ^ Ji. 

In Fig. 351 h was taken as 0-95, but we could take 0*99 or even 
0*999. By choosing the parameters in Cauer’s manner, with 
this value of h in view, the impedance 2 will vary on either side 
of unity in the way shown in Fig. 351. Curve A shows the 
value of z for the impedance function which occurs fifth in the 
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tables, and Curve B for the sixth. For a given class of impedance 
function, the value of z varies on either side of unity, but has 
the same maxima and minima, viz. 1 + 8 and 1/(1 + 8), 
where 8 depends upon the class. Thus for the fifth class the 
maxima are 1*03 and the minima 1/1*03, and for the sixth 
1*015 and 1/1*015 respectively. The curve of z wanders 
between a pair of parallel lines (shown dotted) until the fre¬ 
quency is reached at which Q = A. Outside this range 2 
increases rapidly. 

If we are given a value of A, we can get an impedance 
function z to be as close to unity as we wish in the range 
0 < Q < h by taking a sufficiently complicated function, i.e. 
of a sufficiently high class. The parameters must be chosen in 
a way given by Tsehebyscheff. As h approaches unity, i.e. as 
the range of approximation covers more of the pass band, the 
class of the impedance function for a given approximation of 
z to unity in this band becomes higher; the main problem is to 
find the lowest class that suffices. 

Exactly the same solution applies to the requirements of 
attenuation. For if we imagine the ordinate of Fig. 351 to be 
V( z b/z a )> the attenuation by equation (458) is 


6 = logh 


Vfa/Zq) + 1 
V (Zb/Za) ~ 1 


and if \Z(z b /z a ) varies between 1 + 8 and 1/(1 + 8), the 
attenuation never falls below 


logh 


2 + 8 
8 


nepers. 


In Fig. 352 Curve A shows the attenuation curve for a 
class 4 propagation function for which the minimum attenua¬ 
tion was chosen to be 3*7 nepers. This fixes the value of 8, and 
hence the value of Q at which the minimum value of atten¬ 
uation is reached for a given class. This value is written 
Q = &, and for class 4 is 1*09. Curve B shows the class 3 
attenuation curve which has the same minimum value of 3*7 
nepers. The value of k for this class, for minimum attenuation 
of 3*7 nepers, is 1*32. The minimum value of 3*7 nepers can 
be reached as soon after the cut-off frequency as we desire by 
taking a sufficiently high class of attenuation function. If we 
require a higher value of minimum attenuation, then for a 

26—(T.5782) 
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given k the class is higher. The problem is to find the lowest 
class that fits the requirements. 

We will call the behaviour of a filter “ simple ” if it is like 



Fig. 352 . Tschebyscheff Behaviour of Attenuation 


that just described. Sometimes this simple behaviour is not 
required, and a cheaper filter can be designed in which the 



Behaviour of Attenuation 


Tschebyscheff behaviour 
is not required over the 
whole of the pass or 
attenuation ranges. 

Thus it may be suffic¬ 
ient for the attenuation to 
be greater than a certain 
minimum only in the 
range k x < Q < k 2 as 
shown in Fig. 353, in¬ 
stead of in the range k 
< Q < qo as shown in 
Fig. 352. We will call the 
behaviour illustrated in 
Fig. 353 “ restricted .” It 
is seen from Fig. 230 that 
the constant k L.P. and 
H.P. filters and those with 
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m less than unity exhibit simple behaviour, whilst the m- 
type with m greater than unity exhibits restricted behaviour as 
regards attenuation. 

Similarly restricted behaviour in the pass band means that 
the impedance is made to approximate to R only in the range 
h 2 < Q < h x instead of in the range 0 < Q < ft as shown in 
Fig. 351. 

Frequency Transformations. In order to tabulate the values 
of the parameters for filters with any pass bands, it is very 
convenient to use certain frequency transformations, which 
have the property of making the cut-off frequencies appear as 
constants in our new functions. An elementary form of such 
transformations has already been used in this book, when we 
wrote Q = co/co x or co x /co in place of co for the low and high pass 
filters. With this transformation the cut-off frequency becomes 
Q = 1, and the attenuation curves for low and high pass filters 
of any cut-off frequency can be represented on one graph 
such as Fig. 230. 

This procedure is particularly useful in, and is in fact 
essential for, Cauer’s method, as it makes the parameters 
independent constants when expressed in terms of the trans¬ 
formed quantities. Unless this happened to be so, the difficulty 
of determining the parameters would make the method 
impossible in practice. 

Frequency Transformations for Low and High Pass Filters. 

For filters with simple behaviour the transformations are 
Q — co/cq for Table XVIII, 
the range being co k < co < oo , where co x < co k , 
and Q ~ cofco x for Table XIX, 

the range being 0 < co < co h , where co h < co v 

For filters with restricted behaviour the transformations are* 
Q = (co/oi)V[(fc>fc 2 2 ~ <V)/(<*>fc2 2 ~ ^ 2 )] for Table XVIII, 
the range being co kl < co < co k2 , where co x < co kl < co k2i 

and Q — (a>/ft) 1 )v / [(^ 2 -2 ~ co_2 }/( a ^ 2 -2 ~ f° r Table XIX, 

the range being co h2 < co < co hv where co h2 < oo hl < co v 

Tables XVIII and XIX transform into Tables XVIIIa and 
XIXa. The old constants co ai co b , . . . . , co a , cop, .... m, p, 

* It should be noted that this is a homographic transformation of Q 2 in 
terms of co 2 such that the values of co = 0, co x , and co k2 correspond to Q = 0, 
1 , oo . The same principle is used for all transformations. 
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are expressed in these tables in terms of the new constants 
a, b, . . ., a, H , ®, and i?. The ranges of Q and Q are 

given here for ease of reference. 


TABLE XVIIIa 

Normalized Forms oe ^/(Z b /Z a ) tor Low Pass Filter and ^/(Z a Z b ) tor 
High Pass Filter 



m for L.P. and L.P. # 



m/R for H.P. 

Functions 


wR for H.P.* 


Simple Behaviour 

Restricted behaviour 

1 Q 



1 

H _1 

zr 1 

H V(£ 2 - 1 ) 



9 „ ( Q2 ~ « 2 > 

H 

H 

nv(n 2 - i) 



1 D(Q> - a*) 

H ~ 1 

H _1 

H V(^ 2 - 1 ).(I 2 2 - 6 2 ) 



1 H (n 2 - a 2 )(n 2 - c 2 ) 

H 

H 

nv(n 2 - i).(i 3 2 — b 2 ) 



1 Q (D 2 - a 2 ) (i2 2 - c 2 > 

H 1 

H ' 1 

H V(n 2 - l).(£ 2 - 6 2 ) (Q* - d 2 ) 



w a 2 ~ . 

a 2 o>i 2 

a*®* 1 / [1 - (1 - a 2 ) (cojVw*,**)] 

= • 


6 2 o>i 2 / [1 - (1 - 6 2 ) (eoxV^fca 2 )] 

Range of co 

< CO fc ^ <0 < QO 

Oij. < co fcl ^ CO ^ 

Q = .... 

Co/cOj 

(co/coj) V [(^a 2 - <Oi 2 )/(£O fc2 2 - CO 2 )] 

Range of n 

l < & < n < qo 

Where A; = 

°> k l°>i 

(%M)V [(«&2 2 - a>i a )/(w*2 2 - co fc i 2 )] 


It is seen that if we put Q = 1/Q the functions of Table 
XVIIIa become those of Table XIXa, the relations between 
the constants being merely H = ®, a = 1/a, b = 1/p , . . . etc. 
The Tschebyscheff problem is thus required only for the 
functions of Table XIXa, (page 391). 

Tschebyscheff Parameters for Low and High Pass Filters. We 
have shown how the propagation and impedance functions of 
the low and high pass filters with any cut-off frequency can be 
reduced to the comparatively simple functions of Table XIXa, 
and the Tschebyscheff method is applied to these. The para¬ 
meters, a, b, c, . . . . a, P, y, . . . are found to be expressed 
in terms of elliptic functions, which are tabulated (see Jahnke 
u Emde, Funhtion entafeln or Mathematical Tables , by J. B. 
Dale). Tables XVIIIb and XIXb give the values of a, 6, c, 
. . . and a, p, y, . . . of Tables XVIIIa and XIXa. 
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TABLE XIXa 


Normalized Forms of ^/( Z a Z b ) for Low Pass Filter and ^/(Z b jZ a ) for 

High Pass Filter 


Functions 


//R' 1 for L.P. 
juR for L.P.* 
for H.P. and H.P.* 

Simple behaviour 

Restricted behaviour 


"l/® 

®/a 2 ce>i 

0 2 "i/a 2 ® 

i /8 2 <S 2 a> 1 /a 2 y 2 (B) 

"lV(l - "ft2 2 /"! 2 )/® 

®/a 2 w 1 V(l - "fta 2 /"i 2 ) 

[PoiVa ~ "ft2 2 /"i 2 )]/a 2 ® 

®/S 2 /a 2 ya> 1 \/(l - "ft2 2 /"i 2 ) 

[Waiv'd - "ft2 2 /"i 2 )3/a*y 2 ® 

® V(1 — fi ! ) 

P ® a’V(l - Q‘) 
tn,-. p <° 2 - ^ 

' aV(l 

f (/»*<«■ - 6 s ) (y ! - &) 

a ! y’V(l - 3*) 

. e -i ^’(a* - 3 2 ) (y 2 - G‘) 

ct 2 y 2 \/(l - £ 2 ) (/? 2 - 3 2 ) (<S 2 - 3 2 ) 

<°a = - • • 

a 2 ^ 2 

a2 "i 2 - (a 2 - l)co A2 2 

V • 

£ 2 "i 2 

/8*"X 8 - - D"ft2 2 

Range of o> 

0 5$ a) ^ < co x 

a> A 2 < w < to ftl < 

i? = .... 

aj/cttj 

([("*»' 2 - "" 2 )/("as‘ 2 - "i" 2 X 

Range of 

0 ^ 0 < A < 1 

where & = 

"ft/" 1 

("fti/"i) v/[("ft2~ 2 - "fti" 2 )/("ft2' 2 - " 1 ' 2 ) 


TABLE XVIIIb 

Tschebyscheff Parameters for Table XVIIIa 


(Propagation Function for L.P.F., Impedance Function for H.P.F.) 


Class 

a 

* 6 

c 

d 

e 

vu- 1 /H 4 ) 

1 

I 





1 Jk 

2 

sn(K/2) 

— 

— 

— 

— ■ 

cfijk 2 

3 

sn{2K/3) 

sn(KJ3) 

—- 

— 

— 

b*lk* 

4 

sn(3K/±) 

sn(2K/4) 

sn(K/4:) 

*— 

— 

a A c*lk* 

5 

sn(4i£/5) 

sn3Kj5) 

sn(2K/5) 

sn(K/5) 

- 

bW/k 5 


The range of approximation is k < Q < oo. 

C n l% da> 

K is given by K = / —77-- - - r~. : 

Jo V (1 — *- a smV) 

The impedance of the H.P.F. lies between RH and R/H for values of O > k. 

The attenuation of the L.P.F is greater than logh [(H + 1 )I(H — 1 )] for values of Q > k. 

For any given value of k or A, K is given as the complete 
elliptic integral of the first kind, denoted by F k~\ 7 r(/2) or 
F ( h , 77 / 2 ). The values of m (if/2), sn (2i£/3), etc. . . which 






392 


ELECTRIC CIRCUITS 


[Appen. V 


TABLE XIXb 

Tschebyscheff Parameters for Table XIXa 
(I mpedance Function for L.P.F., Propagation Function for H.P.F.) 


Class 

i 

a- 1 

p- 1 

y - 1 

61 


1 

> 

a 

fi 

sn{K/ 2) 

— 

— 

— 

— 

h 

h*la 4 

x 

sn(2X/3) 

sn{K/ 3) 

■— 

— 

— 

k\p i 

6 

sn(3K/4) 

sn(2K/ 4) 

sn(K/ 4) 

— 

-— 

W/aty* 

E 

sn(4K/5) 

sn(3K/5) 

sn(2K/5) 

sn(K/5) 




The range of approximation is 0 < 8 < h. 

K is given by K = f ^ d<p . 

J o V(1 - h* sinty) 

The impedance of the L.P.F. lies between R ® and RJ®, and the attenuation of the H.P.F. 
is greater than logh [((g) + 1 )/((0) — 1)] in the range of approximation. 

are all with respect to the modulus k~ r or h , are then found 
from the tables, so that a, b, c, ... a, ft, y, ... . are immediately 
given. For any given class the value of H or y^l - 1/H 4 is 
found from a, b, c, . . . k, or the value of ® or y"(l - l/® 4 
from a, /?, y, . . . h. From H and ® the variation of the im¬ 
pedance or the minimum value of the attenuation is found 
at once. 

If we are given a minimum value of attenuation, A min nepers, 
we have 

A min = logh [(H + l)/(H-l)] or logh [(® + l)/(® - 1)], 
so that H or ® — -|- 1 ~ l) 

Thus if A min = 2 nepers, 

H or ® = (8 2 + l)/(£ 2 - 1) = 8-39/6-39 = 1-313. 

If A min = 3 nepers, 

H or <b> = (£ 3 + l)/(£ 3 - 1) = 21-09/19-09 = 1-102 

The two scales on the left of Fig. 354 give the values of A min 
and H or ® which correspond to one another. 

The fractional deviation, s, of the impedance in the pass 
band from the nominal value R is clearly given by 

s — H — 1 or ® — 1 
so that H or ® = 1 + s 



APPENDIX V 


393 


Appen. F] 

If we are given A min or the deviation s, one of the equations 
of the previous page gives the value of H or ®. It is now 
necessary to find k or h for a given class of filter. The value 
for class 1 or a is found very easily as 

h~ x = \/(l - H ~ 4 ) and h — \/(l - ®~ 4 ). 

The values for the higher classes are more difficult to find. 
Thus for class 2 

V(1 - H ~ 4 ) - a 4 /F - sn*(K/ 2, k)/k 2 , 

pi 2 dtp 

where K = / —r- - , „ : 

Jo \/(J - k~ 2 sm 2 cp) 

The equation for k is transcendental and can be solved only 
by trial and error. The simplest procedure in preparing values 
for design data is that outlined just after Table XIXb. We 
assume any values of k , and find K and a from tables of elliptic 
integrals and functions. We then have H from the equation 
above. For example, let us take k~ x — 0*90. Then 

K — F (sin- 1 0*90, tt/2) 

= F (64° 10', 90°) -= 2*281, 
and X/2 - 1*140 - F (64° 10', 56° 36'), 
so that a — sin (K/ 2) = sin 56° 36' = 0*835. 

We then have 

V(1 - H ~ 4 ) = 0-835 4 x 0-90 2 = 0*394, 
and H = 1*043; 

for which value A min = 3*86 nepers. 

It is thus a straightforward, but laborious, task to construct 
scales for k, a, b, ... h, a, ft, ... . for the various classes. 
Fig. 354 gives the scales for k~ x or h , a 2 or a -2 , 6 2 or /? -2 , .... 
up to classes 4 and d. For any requirement of minimum 
attenuation or impedance deviation, the parameters for these 
classes can be read straight off. 

Determination of the Class of Low and High Pass Filters for 
a Desired Performance. The required performance of a low 
pass filter is usually set out in the following way. 

(1) The attenuation shall exceed a certain value, A min say, in a 
given stop range co s < co < oo . 
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(2) The impedance variation shall not exceed a certain value, s say, 
in the pass range 0 < a> < <o p . (It is necessary of course that co p < co s .) 

(3) The loss shall be less than a certain value, a max say, in the pass 
range 0 < co < co v . 

(4) The nominal value of the impedance shall be R. 

Conditions (1) and (2) determine the class of the low pass 
filter. Let us consider condition (1). We look to see whether 
a low class will suffice. Choosing a low class, the value of A min 
fixes the value of k (by Fig. 354). Corresponding to this class 
the theoretical cut-off frequency is given by co s /co/ = k 

or co / = co s fk . . . . . (468) 

Any value of co l5 less than co /, may be chosen for this class. 

Let us now consider the impedance condition, (2). Choosing 
a class, the value of s determines a value of h by Fig. 354. 
We now have a cut-off frequency given by cojco / = h 

or co/ = cojh ....... (469) 

Any value of co x , greater than co/, may be chosen for this class. 
The condition for solubility is thus 

co/ < co/,.(470a) 

and this is represented in Fig. 355 (a ); we may then choose our 
theoretical cut-off, co x , between co/' and co/. For it is clearly 



(b)H.PF with simple behaviour 
Fig. 355 

impossible to obtain a solution when co/' > co s or when co/ < co p ; 
moreover we must choose co 1 > co/' and co 1 < co/, so that 
equation (470) represents the only possibility of solution. 

The procedure is to choose the lowest impedance class for 
which co/' is less than co s , and the lowest propagation class for 




0 


(T.5782) 


Fig. 354 . Line Chart fob the Tschebyscheff Parameters 
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which co/ is greater than co P . We then raise the class of one or 
both until condition (470a) is satisfied. 

For a high pass filter of simple Tschebyscheff behaviour the 
conditions of solubility are represented in Fig. 355 (6). In this 
case h is the 44 coverage 5 ’ factor for the propagation function 
(see Table XIXa) and we have co/ = co s /h ; whilst k is the 
“coverage” factor for the impedance function (see Table 
XVIIIa) and we have c o/' == cojk, whilst the theoretical 
cut-off frequency is given by the equation 

co/ = co s /h < co x < co/ ~ cojk . . . . (4706) 

If the required performance is the restricted Tschebyscheff 
behaviour, we reduce it to simple behaviour by the homo¬ 
graphic frequency transformations given on page 389. 

Let us consider a low pass filter with restricted behaviour 
for impedance and propagation functions, as shown in Fig. 356 
(a) (p. 400). The frequency transformation for the propagation 
function is given by Table XVIIIa as 

Q - (ft)/ft) 1 )V'[(« s2 2 - ft>l 2 )/(««2 2 - «> 2 )]» 
for we put co sl = co kl and co s2 = co k2 . 

Given a value of A min and choosing a certain, low class, the 
value of k is found from Fig. 354. This value of k must cor¬ 
respond to the lower frequency of the stop range, viz. a> sl , 
so that 

* = (« S l/«l) V[(«S2 2 - ~ <« sl ) 2 ]. 

This equation gives a value of co v which we call co/ to correspond 
with the method used above; this value is 

< = (cosjlc) x [1 - (1 - k - 2 ) (co 8 //co s2 2 )]^ . . (471a) 

Similarly the transformation for the impedance function is 
given by Table XIXa as 

Q = Ho h W[(co m -z - 0 >- a )/K 2 - 2 - cor 2 )]. 

For a given value of s max and a certain class we have h as the 
value of the last expression, provided co is put equal to co Pl 
This gives us a value for co/, viz. 

co/ = (co Pl /h) X [1 - (1 ~h 2 ) (co P //co p /)] + *. . . (4716) 

The condition of solubility is now 

CO^ ^ CO ± , . 


. (471c) 
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where 0 / and eu/ are given by equations (471a) and (4716). 
This condition is represented by Fig. 356 (a). 

In the same way the conditions of solubility for the high 
pass filter with restricted behaviour is shown in Fig. 356 (6). 
In this case 

< = (cosi/h) X [1 - (1 - h 2 ) (co s2 2 /co sl 2 )] + * . 

< = (cojlc) X [1 ~ (1 — Ic~ z ) (c\ (472) 

and o\ < coj < to/. J 

Example. Design a low pass filter with the following requirements. 

(1) Loss to be greater than 40 db. above 2900 cycles per second. 

(2) The impedance variation to be less than 5 per cent up to 2500 
cycles per second. 

(3) The loss to be less than 1 db. up to 2500 cycles per second. 

(4) The nominal impedance to be 600 ohms in the pass band and 
low at high frequencies in the stop band. 

It should be noted here and in all examples that A min must be equal 
to the loss plus 0-69 nepers, to allow for reflection effects.* Thus here 
A min — 4-6 -j- 0*69 = 5-3 nepers. Also s — 0 05, so that H — 105. 

fp = = 2500 

and f s — coj2rt — 2900. 

To make the method of choice quite clear, we construct the 
following tables. 


A min = 5-3 nepers 



Propagation Class 


1 

2 

3 

4 

Ar 1 . 

small 

0-73 

0-943 

0-988 

fi • j 

small 

2120 

2730 

2860 


® = 1*05 



Impedance Class 


a 

P 

1 

r 

d 

h 

small 

0-913 

0-9907 

> 0-998 

fi • 

large 

2740 

2520 

1 

< 2505 

1 


It appears that class 3 y will certainly suffice; and in fact it 


* See pages 180-182 
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would not be necessary to go quite so high as the class 3/3 
appears to be good enough, since we have allowed the maximum 
amount for reflections that is possible, and moreover it is not 
possible to read the nomogram to within 5 parts in 2700, i.e. 
1 part in 500. We should therefore choose the class 3/? and 
take f x = 2735. Condition (4) demands that the impedance be 
low at high frequencies in the stop band, and it is seen from 
Table XIX that class j3 has a high impedance (= p\f\ = 
pV(jco) ) i n stop band. It is therefore necessary to choose 
the type 3/?*. We have thus 

IZ, __ (A 2 + co h 2 W{X 2 + O 


and V( Z aZb) 


mA(A 2 + co 2 ) 
V(A 2 + co 2 ) 


p(X 2 -|- co a 2 ), 

giving, by multiplication and division, 
A(A 2 + co 2 ) 


Z n = 


and Z h — 


m 


p (A 2 + co b 2) (A 2 + co a Z) 

1 (A 2 + co b 2 ) (A 2 + co 2 ) 

mp A(A 2 + (o 2 ) (A 2 + co 2 ) 


We have now to find the parameters m, p , co 6 , co a and co a . We 
have already 

(o x = 2 tt X 2735. 

From Fig. 354 we have for an attenuation of 5*3 nepers and 
class 3 the values 

k~ l = 0*943 
a 2 = 0*907 
5 2 = 0*481 
H = 1*010 


whilst for (0) = Hs = 1*05 and class we have 

h = 0*913 
a- 2 = 0*71. 

Tables XVIIIa and XIXa give for a L.P.* filter 
m = H- 1 = 0*990, 
co 2 = - a 2 co x 2 = 0*907 c^ 2 , 
co b 2 = b 2 a> x = 0*481 co x 2 , 
pR = ®la 2 co x = 1*05 X 0-71/co! = 0-7455/eoj, 
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so that ft = 0-755/60C )( 0 y = 1/795^ 

co a 2 = cfo)] 2 = <70-715 = 1-400CO, 2 . 

Substituting these values in the formula for Z a and Z b , and 
putting A x = X/ojy — j(oj/co 1 ), we get 

2 a = (0-990 X 795 toy) X 

A(A 2 + 0-907W! 2 ) 


and 


= 787 


(A 2 + 0-481ft) x 2 ) (A 2 + 1-400CO! 2 ) 
Ai(Ai 2 + 0-907) 


Z b = (1-01 X 795(0]) 


(A x 2 + 0-481) (A x 2 + 1-400) ' 

(A 2 + 0-481co x 2 ) (A 2 + co x 2 ) 


(473) 


803 


A(A 2 + 0-907ft) x 2 ) (A 2 + 1-400ft)! 2 ) 
(A x 2 + 0-481) (A x 2 + 1) 


A^ 2 + 0-907) (A x 2 + 1-400) 


(474) 


As a check let us find the impedance of the filter at zero 
frequency, which is in the pass band. 

z = V(Z a z b ) 

/r „ 0-907 „„ 0-481 1 

L 787 X °' 48 l x 1-400 x 803 x 0-907 X 1-400J 

=J[lS7 X 803 X Y^j = 568 ohms. 

This should be within 5 per cent of 600, viz. 570 to 630 ohms, 
so that the agreement is good. This is a check on m, and co a . 

There are now many ways in which the filter can be realized, 
viz. in the lattice form of Fig. 174 or 334, the differential form 
of Fig. 337, the ladder form of Fig. 343 (c), and the semi¬ 
ladder form of Fig. 343 (a). The lattice form itself permits of a 
large number of equivalent networks, by using the series or 
parallel form of the Foster expression as in Fig. 344 and 345, 
or by using the continuous fraction forms of Fig. 348 and 349. 

It is one of the difficulties of the Cauer theory that one 
cannot obtain easily the requirements to be met by the coil 
resistances in order that condition (3) may be satisfied, i.e. 
that the loss be less than 1 db. within the pass band. It should 
be noted in fairness that this difficulty is also met in other 
methods of filter design. Probably the best guide in this 
matter is practical experience; thus the low pass filter of pages 
257-259 has approximately the same performance as the filter 
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given here, and approximately the same requirements of 
resistance are needed, viz. a d of about 0*01. 

It is not difficult to get a correspondence between a filter 
of the Cauer lattice-type and the composite filter of the Zobel 
ladder-type, by finding the frequencies of (ideal) infinite 
attenuation of the lattice-type. This means solving the 
equation 

ZilZa = 

which can be solved graphically quite quickly. To each fre¬ 
quency of infinite attenuation there corresponds an m-type 
section of the Zobel type, and then Table XIV can be used to 
find the resistance requirements of the coils. Condenser 
resistances are usually negligible. 

There is a general theorem due to Mayer* which helps in 
making an approximate calculation fairly accessible provided 
curves of phase-shift are available. The theorem states that the 
attenuation in a pass-band is given by the approximate 
formula 

A = \{a + ft) (dB/dco), 

where a is the ratio of resistance to inductance of every coil 
and /3 is the ratio of conductance to capacitance of every 
condenser, and B is the phase-shift. 

Cauer gives in “Siebschaltungen 55 curves of phase shift for 
his types of filter, and the calculated A for different decre¬ 
ments. The question of resistance will be dealt with no further 
as it is laborious and lengthy. 

The reader is advised to work out the forms of Z a and 
given in equations (473) and (474), and find the lattice form 
of the filter corresponding to Fig. 343 (a ); and then to find the 
lattice equivalent of Fig. 343 (c) by Bode’s method. Finally 
he should find the differential network corresponding to 
Fig. 338. 

A copy of C£ Siebschalt ungen 5 ? is well worth acquiring for 
the numerous sheets of data apart from the description of the 
theory. 

Example. Design a high pass filter with the following requirements. 

(1) Loss to be greater than 35 db. in the stop band from 200 to 2800 
cycles per second. 

* “Uber die Dampfung von Siebketten im Durchlassigkeitsbereich,” 
E.N.T., Vol. 2, No. 10, 1925. 
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(2) The impedance variation to be less than 2 per cent in the pass 
band from 3200 to 6000 cycles per second. 

(3) The loss to be less than 3 db. in the band 3200 to 6000 cycles per 
second. 

(4) The nominal impedance to be 600 ohms in the pass band and low 
in the stop band. 



(ol)L PF with restricted be ho viour 



(b)M.P.Fwith restricted behaviour 
Fig. 356. Conditions of Solubility 


We have here restricted Tschebyscheff behaviour of the type 
shown in Fig. 356 (6), with the following values of the co’s. 

fsi = co s1 /2tt = 2800,/ s2 = co s2 /277 = 200, 
fvi — ft>©i/27r = 3200, f v2 = co v2 /2tt = 6000. 

We construct tables for //, and as before, but we must 
use equations (472) for their calculation. 

A min — 4-04 + 0*69 = 4*73 nepers 


Propagation Class 



a 

p 

y 

d 

h 

— 

0*811 

0*966 

0*9942 

K • 

— 

3450 

2900 

2817 


It is seen that for // the restricted behaviour makes no 
appreciable difference. 

H — 1*02 


Impedance Class 



1 

2 

3 

4 

k- 1 . 

— 

0*826 

0*971 

0*9954 

A' • 

— 

2770 

1 

3133 

3190 
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The condition co/ < co x < co/' is satisfied if we take the class 
y3, and then A may be taken midway between 2900 and 3133; 
let us choose 

A = 3015. 


In the stop band X is small, and Table XVIII shows that the 
impedance of class y3 is proportional to X at low values. We 
therefore take class y3 and not y3*. We have thus 


V(ZaZ b ) 



giving Z a 
and Z h 


A(A 2 + «>« 2 ) 

w (A 2 + «> 6 2 )-v/(A 2 + o 
(A 2 + <0 

11 V(A 2 + «>i 2 )-(A 2 + co, 2 ) 
m A(A 2 + w„ 2 ) (A 2 + co, 2 ) 

(i (A 2 + o> 6 2 ) (A 2 + ft>„ 2 ) 

A(A 2 + a> 0 2 ) (A 2 + o> a 2 ) 

Wfl (A 2 + <V) (A 2 + (A 2 + a,, 2 ) 


We have already 

(»! = 277 X 3015. 


We have now a choice of the ways in which our filter per¬ 
formance can be chosen, in ways that are more stringent than 
the performance demanded. Since it is sufficient to choose 
A = 2900 so far as the attenuation condition (1) is concerned, 
our choice of A — 3015 enables us (a) to make the loss 
greater than 35 db. in a range extending above 2800 cycles or 
below 200 cycles by a small amount, or (6) to make the loss in the 
range 200 to 2800 cycles greater than 35 db. by a small amount. 
The simpler choice is to keep the value of attenuation at 35 db. 
and let the range be somewhat wider than that stated. We 
have to see how this extension of range affects the calculation. 
From Table XIXa it is seen that 

h = (cOfti/wiMKs -2 - «w“ 2 )/(«A2~ 2 - ®l" 2 )] 

= vVai 2 - o>hz 2 )J(oi I 2 - <*>A2 2 )]. 

o) a 2 = a 2 ^ 2 - (a 2 - 1) co h2 2 , etc. 

It is necessary to know co h2 to calculate the values of co a 2 , 
co^ 2 , etc., but it is not really necessary to know co hl . It is thus 
a great convenience to keep co h2 — co s2 = 2™ X 200, in this 
case, and let o) hl assume the value determined by the value of 
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h corresponding to the minimum loss according to Fig. 354. 
By the method of choosing co v it is clear that co 1 lies above ca sl 
but below co v and thus corresponds to a real filter problem. 
If we had fixed co hl = co sV co h2 might have assumed an imaginary 
value. In the present example 

«4i = hco^i 1 + (h~ 2 - 1) K 2 VO] 

= hco v to within one part in 10,000, 

= 2912 X 2tt. 

The loss is thus greater than 35 db. from 200 to 2912 cycles, 
instead of up to 2800 cycles as postulated. 

Similarly for the co kl and co k2 , we fix co k2 = co s2 and let co kl 
assume its value from the value of k. The same sort of remarks 
hold good as for the case of h. 

Corresponding remarks hold for the low pass filter. We fix 
the outer frequencies and let the inner frequencies take up 
values corresponding to h and k. 

There is a hint here that even the Cauer method is not the 
most economical for a fixed performance. Similar remarks 
apply to the condition of impedance, and to the cases of simple 
Tschebyscheff behaviour. 

From Fig 354 we have for an attenuation of 4*73 nepers 
and class y the values 

h = 0*966 
a- 2 = 0*928 
£-2 = 0*537 
® = 1*018, 

and for H = 1*02 and class 3 

k- 1 = 0*971 
a 2 = 0*933 
b 2 = 0*550. 

We have also = 2tt X 3015 

a) h2 = 2n X 200 = co s2 

and a ) k2 = 2tt X 6000 = co p2 , 

by what has been said above. 
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Tables 
class y3 


XVIIIa and XIXa give for a high pass filter of 


mJR 


H~ x = 1-02 -1 , so that m = 588, 




co 


■ [1 - (1 -a 2 )K 2 /«>* 2 2 )] 
co h 2 — 0-6206W! 2 . 


= 0-949 coj 2 


Thus 


and 


co a 2 

cof 

Z„ 


^HV( 1 - w^/ft.! 2 ) 0-928 X 0-998 

“ a 2 ® - 0-537 X 1-018 0>l 

= 1-695 w v 

= cPcOj 2 [1 - (1 - a ~ 2 ) (co^/coj 2 )] = 1-078OJJ 2 , 

= 1-866CO] 2 . 

588 A(A 2 + o) a 2 ) (A 2 + co/) 

1*6950^ (A 2 4- (Ob 2 ) (^ 2 + <o a 2 ) 

A X (V + 0-949) (A x 2 + 1-866) 


= 347 


= 


(V + 

588 x l-695co x 


0-6206) (V + 1-078) 

j- co a 2 ) (A 2 -|- a> a 2 ) 

(A 2 + co/) (A 2 + co x 2 ) (A 2 + co/) 


= 997 


A4V + 0-949)(A 2 + 1-078) 


(V + 0-6206) (V + 1) (V + 1-866) 

The various forms of the filter network can be found from 
these expressions in the ways described earlier. Condition (3) 
is likely to be met with d = 0-01 or even higher, say 0-015. 

Normalized Forms for Band Pass and Band Elimination 
Filters. The propagation and impedance functions for band 
pass and band elimination filters of symmetrical type are given 
in tables XX and XXI. It is necessary to have frequency 
transformations to convert them into normalized (or canonical) 
forms, so that they are of universal use. Tables XXa and XXIa 
give the normalized forms and the appropriate frequency 
transformations. A few remarks on the transformations may 
add to their easier comprehension. 

Let us consider the transformation for restricted behaviour of 
Table XXa. The transformation is, in fact, a double one. 
First there is the transformation from co to v, where 
(or l)co 2 — crct)—] 2 - co x 2 


and 


(<r - l)co 2 - crco-/ + co x 2 
(«m«l 2 - 0J 1 2 ) («> 


A 


(£O fcl 2 - CO—] 2 ) (co. 


■] 2 - CO- kl 2 ) 

’-x 2 - 


27— (T.5782) 




TABLE XXa 

Normalized Forms of \Z(Z a /Z £ ) for Band Pass Filters and \/(Z a Z b ) for Band Elimination Filters 

m for B.P F and B.P.F.* 

(m/R) for B.E.F. 
mR for B.E.F.* 


Functions j Simple behaviour Restricted behaviour 


Vo 

O + 1 

mvo 

V a [t7 + 1 — a(a — 1 )] 
a + 1 + a(o — 1) 

H[(o + l) 8 - aHo- l) 2 ] 

2 V o. (o + 1) 

V o [ O + 1 - a(O - 1)] [o' + 1 + b(O - 1)] 

1 + d{0 — 1)] [ CT + 1 — b(0 — 1)] 
(<y + l)[(o+ l) 2 — a 2 (a — l) 2 ] 

2 HVo[(o + l) 2 - 6 2 (a- m 



«> ± a = 

ct(1 =F a) a>_i 2 + (1 ± a)o>i 2 


o(l a) + 1 i a 


II 

3 

Similar expression with b 


Ranges of eo 

0 < to < to_ fc < co.x < < (o k < to < oo 

CO_ fc2 < tO < t 0 _ fcl < £ 0 _x <tOj < co kl < to < tOfcj < 00 


VW + 1) 
V(Q- 1) 

Q 


H V(& - 1) 

V H- 1).(^2— <f) 

(O + a)V(Q~ 1) 

(fl 2 - a 2 ) 

QV(Q 2 - 1 ) 

V(£2 + !).(& + b)(Q- a ) 
(Q + a)(Q- b)V(&~ 1) 

1 Q (Q* - a 2 ) 

H V(^ 2 ~ l).(^ a - b 2 ) 



_; 

Q = 

where a = 

(O + 1)<W 8 — (TO).! 2 — ft)j 2 

= v \/[^^ - f° r classes 2 , 4 6, only 

/[ («fci 2 - OK- w.fci 2 ) 1 

(a — 1) to 2 — ato.! 2 + toi 2 

/V (Wfc 2 - «h 2 )(«i 8 - «J-fc 2 )n 

V L(a> fc 2 -a>. l 8 )(a)_ 1 2 - to. fc 2 )J 

V L(«>jfci 2 - «>_i 2 ) («>.i 2 - «>.*i 2 )J 

(cr + 1) Wfca 2 — fTW.! 2 — 0 > x 2 
(<r— l)co fcB 2 — aw.x 2 -f 

(a + 1) (JO 2 - <7CO_! 2 — toi* 

(a — 1) to 2 - aa>.! 2 + a)! 2 


Ranges of Q . 

— QO < Q < - 

-k<k<S)<co 






where k = 

l±p 

1 - p 



and p = 

/Hwfc 2 - V) («>-i 2 - w -fc 2 )“| 

/f(o> fc i 8 - ft>i 8 ) (a>_! 2 — £o. fcl 2 )"| 


V L(a>fc 2 - w_! 2 ) (Wi 2 - 0>. fc 2 )J 

V L(co fcl 2 - co_! 2 ) (ah 2 — w_ fca 2 )J 


__ ... , co, 4 — a 2 co, 4 4- (< 7 2 co _ i 2 — to, 2 ) to. 

For restricted behaviour there is the condition co fc2 2 = --- , . , / . - — - „ 

a>! 2 — o*(q_S + (a 2 — l)to. fc2 2 




TABLE XXIa 

Normalized Forms or y/(Z B Z A ) for Band Pass Filter and * s /(Z B jZ A ) for Band Elimination Filter 


[aR' 1 for B.P.F. 
fiR for B.P.F.* 
fi for B.E.F. and B.E.F.* 


Simple behaviour only 


Functions 

Classes a, c , e 

Classes 6, d, / 

i 

a 

1 + 

80S SOS 

l_1 

co 0 

— 

b 

1 


coj — co_j 

®V(i - £ 2 ) 


® 


V(1 +S).(a-fl) 

1 



(a + S)V(l-S) 

ft) 0 



®(a 2 - £ 2 ) 


(8) 

Cl 

a 2 V( 1- S 2 ) 


(a>i - o>_,)a 2 


<j8-5)V( 1 + S).(a-S) 



6 

(a+ Sj-s/U-£)•(£-£) 

a> 0 


f 

/S 2 (a 2 - S 2 ) 


(a>i~ cu-JiS 2 

a 2 ®V(l - & 2 ).(£ 2 - i2 2 ) 


®a 2 



CO ±a 2 = 

i t(0)i 2 + a>-i 2 )±a(«>i 2 — to.! 2 )] 

«>-i) 2 [± X +V( 1+ a2(c0l _ a,.,) 2 )] 

Range of co 

< co_ 

ft < CO < CD h < (D 1 

a = 

(2C0 2 — W_! 2 — ^i 2 )/(ft>i 2 — 

j {to 2 — co_ 1 co 1 )jto{to 1 — CO^) 

Condition of solution 

(ct>! — 0 )-x)Icoq 1, where 

co 0 = V + <^i 2 )] 

CO.ftCOft = 

Range of £2 

-1 

< — h < Q <h < 1 

/i = 

(<V - «>-» 2 )/(g>i 2 - co_! 2 ) 

(cOft - 0)_ h )l(c0 1 - (J)_i ) 
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It is seen that when co = co_ 1; v = - 1, for 

_ (g + 1 - gft)-! 2 - ft^ 2 ft)-! 2 - ft> x 2 

V 0>1 (g - 1 )co_ x 2 - get)-! 2 + a^ 2 — oj_j 2 + aij 2 

Similarly when co = co v v = 1. 

Let us now find t> when co = co kl . 

_ (g + 1)C0 W 2 - gCO-! 2 - O^ 2 

{0Jkl) ~(o- 1 )co* 1 2 - geo-! 2 + oV 
from which we have 


j%i) - 1 = Wm 2 ~ ft>i 2 

v(o>«) + 1 g(«w 2 - «-l 2 ) 


-VC 


(co kl 2 - (O-J 2 ) (ca-! 2 -©-. 


(cgfci 2 - CD-! 2 ) (w fcl 2 


-ft>-*l 2 n _ 

-«-l 2 )J 


so that v (co fcl ) = (1 + p)l (1 - p )• 

In the same way we find 

*«>-») =- a + P )/(i - P ). 

The transformation from co to v is thus the homographic 
transformation represented by 

/ x ^14’P 1 . I l + p\ 

(o_ fcl , co_ 1? co 1? a) kl , co) = ^ - y— ■ , - 1, 1, y — , ^ j 

It is obvious that when co — co k2 , v = r. We now have the 
second transformation 


Q = vV[(r 2 -l)/(r 2 ~v 2 )l 


When v = ± 1, ^ = ± 1; «> = ± (1 + p)/(l - p), £2 = ± & 


When v = r, Q =oo . 


where k = 


1 +P 


L- - (^)'J 


There now remains the condition that Q = - qo when co = 
co-fcg. It is clear that this will occur only if v = - r at co = co-^. 
This condition is 


, , __ (gjhjjj (0-k2 2 ~ <*Q-i a ~ °H 2 _ = _ (<T + l)c0jfea a - - <V 

' ~* 2 (cr - 1) co_ k2 2 - o'ct)_ 1 2 + coj 2 (cr - l)ai fc2 2 - crai^ 2 + co^ 
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or, solving for co* 2 2 in terms of the rest, 


oj k2 = 


a >! 4 - d 2 co_i 4 + co _* 2 2 (a 2 co _! 2 - CO! 2 ) 


CO x * - <7 CO_ x 

Subject to this condition we have finally the transformation 
represented by 

(C0_* 2 , CO-*!, C 0 _ 1 , C0 V CO*!, <*>* 2 , CO) = ~ 00 , - lc, ~ 1, 1, 1c, <*> , Q), 

It is interesting to note the value of co corresponding to 
Q = 0, which corresponds to v = 0. We have then co = co 0 

(or + 1) co 0 2 - crco_! 2 - co x 2 


(o' 2 -!) co _* 2 2 


where 


^ (d - 1) co 0 2 - o-co-! 2 + co x 2 
= V[(^i 2 + ^-i 2 )/! 1 + <*)]• 


giving co 0 

In most cases it is convenient to take a = 1. The functions 
m, m/i? and mi? then take the simple values 1, i/ -1 , 1, H in 
cyclic order. 

There are then simple relations between the various fre¬ 
quencies. For 


(co *! 2 - COi 2 ) (CO ! 2 - C 0 _ 


fcl 


= 1 


(C0*i 2 - (C0_i 2 - CO_*! 2 ) 

or CO*i 2 CO! 2 - CO*! 2 CO_*! 2 - C0 X 4 + COi 2 CO_*! 2 = CO^CO-j 2 - CO*! 2 CO_*i 2 
- C0_i 4 + CO_! 2 CO_*! 2 , 

giving (co*! 2 + M-ki) H 2 - co- 1 2 ) = co x 4 -co_! 4 = (co x 2 + co_ x 2 ) 
(co x 2 - C 0 _ 1 2 ), 

and finally co* x 2 + co_*i 2 = co x 2 + co_! 2 . 

The relation for co* 2 in terms of the rest becomes 

C0 X 4 - CO_i 4 + 0_* 2 2 (C0_j 2 - C0 X 2 ) 

W * 2 _ V - eo-i 2 

We may write the last two relations as 


= OJj 2 + ft)-! 2 - C0-J2 2 


ft > l 2 + ft )-! 2 = ft )*! 2 + ft )-*! 2 = 


J fc2 


+ W -A2 2 


We then have 


co 


fci 


C0_1 - co_ 


or 


fci 


^fcl 2 ~ 0>_i 2 
CO * 2 2 - CO_ * 2 2 


CO- 


fcl 


COi * - co_ 


2 
1 J 


T — 
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(O k2 2 - CO,fc 2 2 
CO] 2 - CO-] 2 

ft>*2 2 - a>-*2 2 

COfci 2 - co-^1 2 

It is to be noted that, when the behaviour is restricted, there 
are no frequency transformations for the odd classes in Table 
XXa nor for any of the classes in Table XXIa. 

The transformations in Table XXIa, for classes a, b, c . . . 
of band pass and band elimination filters, are approximate 
even when the behaviour is simple. The conditions of solution, 
when the approximations are satisfactory, are 

(co x - co-^/coq < 1 for classes a , c, e 
where co 0 = vTi( w -i 2 + <V)]> 
and co- h co h = co^ 1 co 1 for classes b , d,/. 

The first condition is that the band shall be small compared 
with the mid-frequency, and the second that the approximation 
range shall be symmetrical. Thus when a broad band filter is 
desired, classes a , c, e cannot be considered. 

Tschebyscheff Parameters for Band Pass and Band Elimina¬ 
tion Filters. Tables XXb and XXIb give the parameters for 
the various classes. 

TABLE XXb 

Tschebyscheff Parameters fob Table XXa 
(P ropagation Function for Band Pass Filter, Impedance Function 
for Band Elimination Filter) 


Class 

a 

b 

c 

. 

d 

(fl* - i) 
(H* + 1) 

VH -H-*] 

1 

_ 

— 

.—. 

! 

1 jk 


2 

3 

sn(K/ 3) 

. _ 

— 

— 

a 4 /F 

1 jfc 

4 

sn(K/2) 

— 

— 

— 

— 

a A /k 2 

5 

sn(3K/5) 

sn{K/ 5) 

— 

— 

a 4 6 4 /& 5 

— 

6 

sn(2K/3) 

sn(K/ 3) 

— 

— 

— 

6 4 /& 2 

8 1 

sn(3X/4) 

sw(2X/4) 

sn(K/ 4) 

— 

— 

a 4 c 4 /fc 4 

10 

sn(4K/5) 

sn(3K/5) 

sn(2K/5) 

sn(Kj 5) 


b*d*/k 5 


The range of approximation is - <x> < .Q ^ - & < * < *2 < ao , i.e. 1 < A* < *2 2 < qo. 
C31J2 (j[(p 

K is given by K = V(1 _ £ 55 ^ 

The impedance of the B.E.F. lies between RH and R/H. 

The attenuation of the B.P.F. is greater than logh [(H + l)/(Jff - 1)]. 
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TABLE XXIb 

Tschebyscheff Parameters for Table XXa 

(Propagation Function for Band Elimination Filter, Impedance 
Function for Band Pass Filter) 


Class 

a -1 

r 1 

y- 1 

! 

d- 1 

(<e> 2 -i) 
(<8> 2 + 1) 

! 

V[l-l/® 4 ] 

a 

b 

c 

d 

e 

f 

h 

k 

sn(K/ 3) 

sn(K/ 2) 

sn(3K/5) 

sn(2K/3) 

sn(3X/4) 

«n(4X/5) 

sn(K/5) 
sn(K/3 ) 
sn(2K/4) 
sn(3K/5 ) 

sn(K/4) 

sn(2K/5) 

sn[Kj 5) 

ii 

* 3t 

h 

h*la* 

hW 

^ 4 /a 4 y 4 

/i 5 /£M 4 


The range of approximation is 0 < 0 2 < h 2 < 1. 
fnf'2 

K is given by K = J d<p/^(l - A 2 sinV) 

The impedance of the B.P.F. lies between R(fi) and Rf®. 

The attenuation of the B.E.F. is greater than logh [((h) + 1 )/((R) - 1)]. 


It is seen that the parameters of classes 2, 4, 6, 8, 10 of 
Table XXb are identical with those of classes 1, 2, 8, 4, 5 
respectively of Table XVIIIb, whilst those of classes b, d,f, h, k 
of Table XXIb are identical with those of classes a , ft, y, 6, s 
respectively of Table XIXb. The line chart, Fig. 354, thus gives 
the design data for the even classes of the B.P.F. and B.E.F. 

Fig. 354 gives also the design data for the odd functions for 
B.P.F. and B.E.F. 

Determination of the Class of Band Pass and Band Elimina¬ 
tion Filters for a Desired Performance. The requirements of a 
band pass filter are usually specified as follows— 

(1) The attenuation shall exceed a certain minimum value, 
A min say, in the stop ranges 0 < co < co_ s and co s < co < oo . 
(This is simple Tschebyscheff behaviour, but restricted 
behaviour is possible for even classes.) 

(2) The impedance variation shall not exceed a certain 
value, s say, in the pass range a)- v < a) < c o p . (This again is 
simple behaviour, and is essential for all classes.) 

(3) The nominal value of the impedance in the pass range 
is i2. 

(4) The loss shall be less than a certain value in the pass 
range. 



412 


ELECTRIC CIRCUITS 


[Appen. V 


It is seen from Table XXIa that there are normalized forms 
for the impedance function of B.P.F. and the propagation 
function of B.E.F. for simple behaviour only. The letter class 
is therefore always chosen first: in this case the letter class 
gives the impedance function. 

Corresponding to an impedance deviation s there is a value 
of ® = 1 + s. Fig. 354 then gives the values of h for the 
classes a , b, c, d. . . . If the band is not narrow, classes 
a , c, e are ruled out. For classes b, d , / we have, on putting 
co- h = co- p and co h = co p , 


CO- p (O p = C0- 1 (0 1 

and h — (cd v - co- P )/(w 1 - oo /, 

which give 


00 „ - CD— 


~ 2 h 

and co-/ — co- p (o p /(d 1 


Dl 


. (475a) 


putting a dash to indicate that these values are only tentative. 
If the band is narrow we may use classes a, c, e. . . . Then 


CO-/ + co/ = CD-/ + m 2 
and h = (oo/ - co-/)/(co/ ~ oo-/) 

giving co/ 2 = (i/ 2A ) U 1 + *)*»/ - (1 - h)(o- P 2 ] 1 

and co-/ 2 = (1/2 h) [(1 + h)co - 2 - (1 - h)m 2 ). I . (4756) 

= cx> 2 + co—jj 2 - co/ 2 . J 

Any values of co less than co-/ and co 1 greater than co / may 
be chosen, so far as the condition in the pass band is concerned, 
provided 

CO-s < CO- ± < CO-/ < CD- V < co v < co/ < co 1 < co s . (475c) 


We have now to consider the condition in the stop bands. 
Fig. 354 gives the values of k~ x for the different classes for the 
given minimum attenuation. There are now several methods of 
approach of which we shall choose the easiest. Assuming 
values of oo- x and co x given by equations (475a) or (4756), we 
calculate 


-ji 


(co s 2 ~ a)/) ( co-/ - co- 
(co 2 - (O-J 2 ) (co/ - CO- 2 ) 


J (simple behaviour) 
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or 


/ similar expression \ 
\with co sl and co~ sl / 

and then we calculate 

l/k' = (1 -/»)/(! + /.) 


/ 


1 


or 


1 + W 




! -l 


(restricted behaviour), 


(simple behaviour) 


(restricted behaviour) 


where r is given in Table XXa. The lowest class suffices in 
which 


(l/k) > l/k' .(476 


For a band elimination filter the stop range is co- s < co < co 8 . 
For a given minimum attenuation Fig. 354 gives the values 
of h for classes a , 6, c, d. . . . Subject to the remarks given 
above, we have in place of equations (475a) and (4756) the 
following— 




4 h 2 co- s co s )~ 1 

{co s - (0- s ) 2 ) J l 


and oj-i = ( 0 - s co s lco v 


. (477a) 


<2 = (i /2 h) [(1 + h) co* - (1 - h) a>- s 2 ] ) 

and CoS 2 = (1/2 h) [1 + h) co. 2 - (1 - h) o>, 2 ] ) 

We must have in this case 

CO- p < CO-i < cd_i < co_ s < co s < CO! < co/ < co p 


. (4776) 

. (477c) 


We now calculate p and k' as before, except that we use co v 
and co- v in place of co s and co_ s , and the conditions of solubility 
are given by equation (476) and (477c). 


Example. Design a band pass filter with the following performance. 

(1) The loss shall be greater than 35 db. in the stop ranges 0 < / < 
1620 and 1860 < / < go. 

(2) The impedance variation shall not exceed 4 per cent in the pass 
range 1700 < / < 1780. 

(3) The nominal value of the impedance in the pass range is to be 
600 ohms. 

(4) The loss at 1700 and 1780 cycles per second to exceed that at 
1740 cycles per second by not more than 2-5 db. 


This is approximately the performance of a filter given on 
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pages 296-300 and 322-325. Let us see first whether this 
filter may be termed a narrow band pass filter. We have 

= 1820 X 2t t, (D- ± = 1660 X 2tt, cd 0 = 1740 X 2n y 
so that (to x - Gz-iJ/cDo = 160/1740 = 0*092. 

This may be termed narrow, and to make sure of the perform¬ 
ance we will take 40 db. in place of 35 db., so that 

A min = (40/8*7) + 0*69 = 5*3 nepers. 

We will also take s = 0*03 in place of 0*04, and all letter classes 
will be considered eligible for choice. We construct a table 
of class, h y cd-i an d ; the values of h for the different classes 
a, 6, c, . . . for ® = 1*03 being given by Fig. 354. 


® — 1-03. a)_j, = 2ti X 1700, (o P = 2n X 1780. 



Impedance Class 


a 

b 

c 

d 

h 

small 

<0-4 

0-671 

0-863 

C1^71 

— 

— 

1680 

1694 


— 

_ 

1799 

1786 


It is clear we need not go farther than class d at the most, 
and it may even be good enough to take class c. Taking 
(o- s =27r X 1620 and co s = 2rr X 1860, we now find p and ¥ 
for the classes 1, 2, 3, 4, . . . first with cd- ± = 2tt X 1680 
and cd 1 = 2tt X 1799, and then with cd- x = 2u X 1694 and 
co 1 = 277 X 1786. 



Class c 

Class d 

P 

0-3378 

0-4455 

1 /k . 

0-495 

0-384 


From Fig. 354 we see that for A min = 5*3 nepers, and the 
values of & -1 for classes 1, 2, 3, 4 . . . are small, small, 0*505, 0*74 
respectively. By equation (476) we see that the filter type 3c 
will do. As no impedance requirements are given in the stop 
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ranges, we choose the type 3c. From Tables XX and XXI we 
have 


/Z* _ V(P + OJ-S) . (P + (Q a *) 
V Z, “ ™ (A 2 + CO _ a ») V (A 2 + O^ 2 ) 

and 


a/ (2A) — A 6 


A V(A 2 + ft>-i 2 ) . (P+ co a 2 ) 

(2 2 + O-a 2 ) * V(^ 2 + ^l 2 )? 


so that = 

I 


^(A 2 j- co_ a 2 ) (^. 2 4~ co a 2 ) 
m (P + <*>_ a 2 ) (2 2 + co 2 ) 


, „ ^ 2 + co-1 2 ) (^ 2 + w fl 2 )(l 2 + <o a 2 ) 

ana (p + ^ (A , + ^ 2 ) (A . + 

Also co_ x = 277 X 1680, co x = 277 X 1799, and 
Fig. 354 gives for class c, a -1 == 0*557, so that 

M ±a = i[(ft > 1 2 + a )_! 2 ) ± a ((Oj 2 - W-! 2 )] 


• (478) 

h - 0-671. 


= (2tt) 2 X 3-400 X 10 6 , (2tt) 2 X 2-658 X 10«. 

It is convenient, in order to avoid large numbers, to express 
all frequencies in terms of a reference frequency just as in the 
case of the low and high pass filters. In this case the reference 
frequency is taken as co 0 /27t where 


2 = |( 60_ x 2 + CO 2 ) = |(co_ a 2 + CO 2 ) = (2t7) 2 X 3*0290 X 10 6 , 


so that co 0 = 2n X 1740; 

and we put A 0 = A/co 0 = ](co/co 0 ). 


(479) 


We have in this case 

co a 2 = 1*122 co 2 and co. 2 = 0*8775 co 2 , 
cOj 2 = 1*068 co 0 2 and co_ x 2 = 0*932 co 0 2 . 

From Table XXIa we have for a B.P.F. of class c 
juR~ l — l/co 0 or n — 600/co 0 . 

From Fig. 354 we have for a B.P.F. of class 3 and A min — 
5*3 nepers, 

k _1 = 0*505, H — 1*010, and a = 0*528. 

We have now to find a in order to calculate m, co a and co- a 
from Table XXa, but we cannot proceed straight away to 
calculate a from the formula given in the table. For if we put 
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co- k = co- s and co k = co s we get p = 0*3378 and k~ x = 0*495, 
whereas we know that with the postulated conditions k~ x — 
0*505. We have here two choices. We can either keep A min = 
5*3 nepers, &- 1 = 0*505, etc., and then recalculate co- k and a> k 
from the formulae for p in terms of k and a?- k and a> k in terms 
of p : there is here a degree of freedom, for we can fix one of the 
a/s, say, and then the formula for p gives the value of the 
other a>, co k say. This method is laborious. The alternative is 
to keep co- k = co- s = 2 tt X 1620 and co k = co s = 2tt X 1860. 
In this case we have shown that k~ x = 0*495. We now take the 
corresponding values of A min , H and a from Fig. 354. We will 
take the latter choice, as it is much the easier. What it amounts 
to is that, for reasons of ease, we choose to keep the given stop 
ranges and have a (slightly) higher attenuation, rather than 
keep the stipulated attenuation and extend the stop ranges. 
We have then 


k- 1 = 0*495, A min = 5*36 nepers, H = 1*0095, a = 0*526. 


a = 



(CQj*-(Ol 2 ) - CO_ ft 2 ) 

(0) k 2 - CO_! 2 ) (CO—! 2 - CO_ fc 2 


*W[ 


(I860 2 - 1799 2 ) (1799 2 - 1620 2 )1 

(I860 2 - 1680 2 ) (1680 2 - 1620 2 ) J 


= 1*036, 


which indicates a nearly symmetrical filter. Table XXa gives 
for a B.P.F. of class 3 


m = 


=. 0*9989 = 0*999. 




__ \/a [q + 1 - a (ff-1)] 
a + 1 + a(a - 1) 

■7(1 T o)o^i 2 + ( ' j= , a K! = (2^)2 X 3-135 x 10«,(2 ji) 2 X 2-917 x 10« 


(y(l T a ) + 1 i 
= l*035co o 2 , 0*963 co 0 2 

Substituting these values, equations (478) become 

7 _ finl jojV + 0-963) (V+ M22) 

A (V + 0-8775) (V + 1-035) 

_ ^ (V + 0-932) (V + 1-035) (V + 1-122) 

* (V + 0-8775) (V + 0-963) (V + 1-068) 


(478a) 


Z A is realizable, by Foster’s method, as an inductance in series 
with two tuned circuits, and Z B by an inductance in parallel 
with three tuned circuits. As a matter of interest we will 
find the precise form of Z A . 
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7 _ miJ (V + 0-963) (V + 1-122) 

A - DUi/ o + 0-8775) (V + 1-035) 

= 601^ [A, + ~ 0 . 8775 + _|_ 1.035 

where 

A l __|_ ^2 _ 

^ ^ V + 0-8775 V + 1*035 

_ (V + 0-963) (V + 1-122) 

(V + 0-8775) (V + 1-035) 


the left side being the partial-fraction form of the right side, 
being considered the variable. Putting = oo on both 
sides we get at once 

Aq = 1. 


Multiplying both sides by (Aq 2 + 0-8775) and putting 
Aq 2 = - 0-8775 we get 


a 


(- 0-8775 + 0-963) (- 0-8775 + 1-122) 
(-0-8775 + 1-035) 


0-1330. 


Similarly A 2 
Thus 


(- 1-035 + 0-963) (- 1-035 + 1-122) 
(- 1-035 + 0-8775) 


0-0398. 


- Am 1 i 79 ' 8 i 23 ' 9A » 

A a = 6014 + , , , n onnK + 


= 601^ + 


v + 0-8775 ' V + 1-035 
1 1 


+ 


0-8775 ^ 1-035 

' rrr\ o 0 00 r* ' 


79-8 1 79-8Aq 23-9 ' 23-9^ 

= jco(601/co 0 ) H -7--~ 4 1 


jco 0-8775co 0 jco 1-O35co 0 

‘ • nf\ o no I. _ 4” • 


= jco (0-0550) + 


79-8co 0 jco 79-8 23-9co 0 jco 23-9 

_1_ 

(jco X M46 X 10 6 ) + j w x 0-00832 


+ 


(jco X 3-82 X 10- 6 ) + r 


jco X 0-00211 
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The resulting impedance is shown in Fig. 357. It is seen that 
a condenser of 3*82 /uF. is required, which for the reasons given 
on page 297 is very inconvenient. It is of small use in practice 
to obtain a network with the least number of elements, if 
some of the elements in the network are costly. An equivalent 
network with more elements of convenient magnitudes is 
much more desirable, and some such method as that given on 

8:32 mH 211 mR 



1-146 pT 3-82pF 

Fig. 357 


pages 298-299 may be employed to find such an equivalent. 
Bode’s method of obtaining a ladder equivalent can be used 
for this purpose. 

Determination of the Tschebyscheff Parameters. The method 
of finding the Tschebyscheff parameters is difficult and was 
given by Cauer,* whilst an illuminating and elementary 
discussion of the Tschebyscheff method has been given by 
M. le Corbeiller.f 

We will show that the solution is correct in one case and the 
reader can read the general proof in Cauer’s paper. Fairly 
elementary considerations, such as are given in le Corbeiller’s 
paper, show that the Tschebyscheff problem for a rational 
function, i.e. a quotient of two polynomials, leads inevitably 
to a solution in terms of elliptic functions. We will therefore 
seek a transformation of our variable Q or Q in terms of an 
elliptic function into a new variable u , so that a variation of 
our normalized impedance or propagation function from one 
maximum through a minimum to the next maximum will 
correspond to a period of u. 

Let us consider an even function of Table XIXA, i.e. of class 
f$ or 6. . . . We have 

' . . . (a 2 - Q 2 ) (y 2 -&) . . . 

“ ® a 2 y 2 . . . V(1 -0 2 ).(^ 2 -£2 2 )(d 2 -Q 2 ) - - - 

* “ Ein interpolationsproblem mit Funktionen mit positivem Realteil,” 
Math. Zeitsch, Bd. 38, Heft 1, S. 1-44, 1933. 

t Revue Generate de VElectricite, Tome XL, No. 21, 21 Novembre, 1936, 
page 651. 
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, ® 2 (1 -fP) (1 - Q 2 /8 2 )*( 1 - Q 2 IS 2 ) 2 . . . 

SO that ^ — c: ^ 

F 2 (1 - Qya 2 ) 2 (l-Q 2 /y 2 ) 2 . . . 

there being an equal number of factors, n say, above and below. 
The range of approximation is 0 < Q < A, and so we try the 
transformation 

Q = h sn u, 

where sn u is the Jacobian elliptic function of u. The values 
of the parameters (given in Table XIXb) take the highly 
probable forms 

1/a = sn [(2 n - 1) K/2n), 

1/p = sn [(2 n - 2) K/2n\ 
l/y = sn [(2 n - 3) K/2n), etc., 

and we get 


_ [1 - frWVj [1 - h 2 sn*2n - 2 . K/2n] 2 [1 - h 2 sn 2 2n - 4 . K/2nf . . . 
F2 ~ [1 - h 2 sm*2^1. K/2nY [1 - h 2 an 2 2n^S . K/2n ] 2 . . . 


The function sn u resembles in many ways the simpler 
function sin u, having a real period 4 K (corresponding to 2tt for 
the sine function), and satisfying relations such as the 
following— 

sn 0 = 0, sn K = 1, sn (- u) = - sn u , sn 2 K = 0, 
sn (2 K - u) = sn u, 
sn (2 K + u) = - sn u, 
sn (4 K - u) = - sn u. 

Considering u as the variable in F, the range of approximation 
is now 

0 < sn u < 1 
or 0 < u < K. 


In this range F is to have n equal maxima and n equal minima, 
and this condition will be met if we can prove that F or ® 2 /F 2 
is periodic in u with period K/n. Using the above formulae 
for the sn function we get 


® 2 

F 2 


2 n / 2 r 

Illl- A 2 sn 2 w sn 2 

r — 1 \ _ 2W 

2r-l 

1 - hhnhi sn 2 ~^-K 




= f(u), say. 


28—(T.5782) 
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To prove the required periodicity we will prove that f(u) = f 
(u + Kin). We have 

/(«*) 

f(u + Kjn) 


2 n / 

2 r > 

. 2 n 

/ 

{ K\ 

2^ — 1 \ 

n( 

r = 1 ' 

1 - h 2 sn 2 u sn 2 7 p K 
2n j 

! n 

s = : 

y 

-h*m\u + -) 

2n K ) 


2r — 1 

\ 

2 n 

( ( 

K\ 2s \ 

n ( 
r— 1' 

l-^ 2 sn 2 wsn 2 0 

2 n 

K ) 

n 

s = : 

^ 1 ~h 2 sn 2 yu -}- 

n) Bn *^ K ) 


There is a theurem, called Liouville’s Theorem,* which states 
that if a holomorphic function has no poles for any values of 
the variable it must be a constant. The function just written 
down will have a pole either when the numerator becomes 
infinite or the denominator has a zero factor. Now sn u becomes 
infinite when u is jK' plus a multiple of 2K plus a multiple of 
2 K', where K' is the same function of ^(l-k 2 ) as K is of k. 
But when u has such a value, the function just written down is 
finite as is seen by dividing top and bottom by sn * n u. Similarly 
the function is finite when sn (u + Kjn) is infinite. We have 
therefore to consider only the zeros of the denominator. 

The formula for sn (u -f- v) on rearrangement gives 

_ _ . sn u cn v dn v + sn v cn u dn u 

1 - h 2 sn 2 u sn 2 v —- 7—:—7 - 

sn (u + v) 

The left hand side is zero either when the numerator of the right 
hand side is zero or the denominator infinite. The numerator is 
zero either when u ~ 4 K - v or u = 2 K - v, but in either case 
the left hand side is clearly not zero (there being a zero in the 
denominator also). The left hand side thus has two zeros in 
the period parallelogram which occur at values of u , at which 
sn (u + v) = 00 , viz. 

u + V = ]K' or ]K' + 2 K. 

The bottom r factors thus have zeros at 

u + ~ K = j K’ or j K’ + 2 K. 

But these are the zeros of the top s factors, viz., 

u + - + 1 K = j K’ or j K’ + 2 K 

n 2 n J J 

* Modern Analysis, by Whittaker and Watson, Third Edition, § 5-63. 
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provided r = s -j- 1. For s = n we have r = 1, and not (n -f- 1), 
since sn 2 (u + K) = sn%. 

The bottom r factors can thus give no poles. In exactly the 
same way the bottom s factors can give no poles, as the top r 
factors have the same zeros. 

Thus / (u)/f(u + K/n) has no poles and must be a constant. 
Putting u - K/n we get the value of unity for the ratio, so 
that 

f(u)=f(u + k/2n). 

This proves the required periodicity and F exhibits the 
Tschebyscheff behaviour. 
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CONSTANT-RESISTANCE NETWORKS WITH APPLICATIONS 
TO FILTER GROUPS 


This work, which is due to E. L. Norton ( loc . cit. y page 273), is 
suggested by Figs. 263 and 264. We consider only the case of 
filter sections in parallel, as shown in Fig. 264, since the 
analysis for the other case is identical. 

First we need to prove the following theorem, quoted on 
page 167. 

THEOREM . Any finite network of linear elements having a 
constant conductance at all frequencies , and no purely reactive 
shunt across its terminals , has zero susceptance. 

The admittance of such a network* can be written as 


Y _ ~l~ ^1% + . . . + A m X m 

B 0 + B x X + . . . + B n X n 

where m — n - 1, n y or n + 1 


and X = j (co/coq). 

The A’ s and B’ s are positive constants. If the real part of Y y 
i.e. the conductance G , is to be constant and not zero, A 0 cannot 
be zero (otherwise G = 0 at X = 0) and m cannot be less than 
n (otherwise G = 0 at X — oo). If there is no reactance shunt 
across the terminals, B 0 cannot be zero (otherwise Y ~ A -1 at 
X = 0 , which corresponds to an inductive shunt) and m cannot 
be greater than n (otherwise Y ~ X at X = qo , which corresponds 
to a capacitive shunt). The admittance thus has the form 

y_ p 1 -|- A x X -f- . . . j- A n X n 

1 + B x X -)-•••+ B n X n 

It is easy to show that, if the real part of Y is to be constant 
(equal to G) at all frequencies, it is necessary that A x = B v 
A 2 = B 2) . . . A n = B n . For if we take a very low frequency, 
only the terms in X° and X 1 need be considered. Then 


P.P.7. = R.P. G 


G 


1 + ^ij(w/ft) 0 ) 

1 + Bjico/to',) 

1 + AjB^oj/ojQ) 2 

1 + B^coM ' 


* See “Synthesis of a finite Two-terminal Network . . .” by Otto Brune, 
M.I.T. Journal of Math, and Physics , Vol. X, No. 3, 1931. 
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As this is to be equal to 0 , which is the value of Y at 1 — 0, 
the numerator and denominator must be equal and thus 
A x — B v Successive approximations prove the rest. It then 
follows that Y = G at all frequencies, which is the theorem. 

Filters in Parallel. A solution is now sought for the problem 
of designing two networks in parallel so that they have a 
constant conductance. By the theorem just proved, the 
resultant impedance is a constant resistance at all frequencies. 
To simplify the algebra it is assumed that the constant 
conductance is unity. 

The conductance of one network may be written as 

Qi = m + mi .( 480 ) 

where F(X) is the ratio of two polynomials in even powers of A. 
(For example, the admittance of the simple network of Fig. 
358 is 


L 



Fig. 358 


. n , 1 ' n i ^ j 

+ j c»L + R = + E 2 + oj 2 L 2 ~ W+ c» 2 L 2 ' 

so that its conductance is 

E l 1 

E 2 + co 2 !, 2 _ E 1 + (co 2 L 2 /E 2 ) 

F being here, the simple function ( co 2 L 2 /E 2 ) = - a) 0 2 L 2 /E 2 )P.) 
The conductance of the other network must be 


G 2 ~ 1 —G 1 


m 

1 + F{X) 


1 

i + ipw 


(481) 


There is no need to investigate all the conditions that must 
be obeyed by F{X ); it must be noted however that G x and G 2 
must each be less than unity, otherwise one or other must be 
negative and active network elements would be required. 

In order to obtain filter networks, it is necessary that the 
networks contain each only one resistance, as termination, and 
these resistances are taken as 1 ohm; for any other termination 
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a simple multiplication and division of the inductances and 
capacitances suffice. 

It has been stated that X — ^co/coq). Any other function of 
j(oa/a> 0 ) may be taken as X, in a way analogous to the frequency 
transformation method of Cauer. It is assumed that when 

X = 0, F(X) = 0, so that G x = 1 and G 2 = 0. 

This implies a certain choice of X. 

Insertion Losses of the Networks. It is easy to find the 
insertion losses, i.e. the sum of the attenuations, reflection and 
interaction losses, in the following way. Let a voltage E be 
applied to the networks. The powers absorbed by them are 
E 0 2 G 1 and E ( 2 G 2 respectively. These powers can be dissipated 
only in the terminating resistances, whose values are 1 ohm. 
Thus if the currents are I 1 and / 2 we have 

h 2 = and I 2 = E 2 G 2 . 

The current in each termination, if there were no preceding 
reactive network, would be E 0 . The insertion losses are thus 
and a 2 , respectively, where 

e-2«! = G x and e- 2a * = G 2 .(482) 

The phase shifts are found in the following way. F(X) is the 
ratio of two polynomials in even powers of X. The poles of 
equation (1), i.e. the zeros of 1 + F(X ), must occur in groups 
of four such as c m + j d m , c m - j d m , - c m + j d m and - c m - 
j d m ; in the particular case when d m = 0 there is one group of 
two. We then have 

[ (m - 1)/2 1 

(X + c 0 )(X - c 0 ) n (X ± c w ± j d m ) . (483) 

m = 1 J 

where the degree of F(X) is 2n and D 2 is the denominator of 
F(X) : the <£ minus one” is required, as is seen by putting 
X = 0. If n is even, we omit the factors (X -f G 0 ) and (X - c 0 ) 
and take the upper value of m as nfi. Now 

g—__ g—(cti + j^i) g— (cti — j^i)^ 

which is a product of conjugate quantities. The factors on the 
right-hand side of equation (483) consist of conjugate pairs, 

X being a pure imaginary, and so we get 
e - (ai + ift) = D [(A + c 0 ) TI (A + c m ± j d m ) 

= D -h [(A + c 0 ) II (A 2 + 2c J. + cj + dj)] (484) 
The factors chosen here are of the correct form for a physically 
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realizable, passive network; for in a passive network the 
natural oscillations must be of the form e ~ at . e ± a being 
positive, so that the equation giving the natural oscillations 
must have roots X = - a i jco and factors (X + a jco). 

Taking logarithms of both sides of equation (484) and 
equating imaginary parts we get 


i(n — 1 ) 

— tan - * 1 -h X 

^0 m = 1 


tan - 


2 c m x 


2 c^x 


+ dr* 


. {n odd) 


(n even) 


(485) 


in 

S tan ~ 1 c 2 ~ I d 2 1,2 

where X = ]x. 

The network can be designed from equation (484) or 
equations (480), (482), and (485). 

Very Simple Cases. We will take two very simple cases to 
illustrate the method, and then we will merely quote the 
results for more difficult solutions. 

Case (1). ¥(X) = (.X/j)*. 

The zeros of 1 + EW are given by 

1-A 2 = 0, orA = 1,-1. 

Equation (484) becomes at once 

e -( ai + j&) = + l), or e° l + ^ = X + I- 

Now e ax + is the ratio of the input voltage to that across the 
terminating resistance, i.e. EJE^ and the network which has 
this ratio is clearly that shown in Fig. 359. A is any imaginary 

r 



Fig. 359 

function of frequency, and in fact represents any reactive 
impedance of the Foster form. We have thus the first network. 
The second is obtained at once from the first by putting (1/A) 
in place of X, for 

Q \ _ 

2 “ 1 + 1/F(A) 1 + (j/A)* 

The two networks in parallel thus give the second figure of 
Fig. 153, which is one of Zobel’s constant resistance structures. 
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If we choose A = j(a>/a> 0 ), one filter is a low pass and the other 
a high pass, the cut-off frequency being cq 0 /2ti and the networks 
are shown in Fig. 360. 



Fig. 360 Fig. 361 


If we choose 


* = j 


(o)/cg w - co m /co) 
[0J2/ (x> m — co m /co 2 ) 


. (486) 


the filters are band pass and band elimination, and the networks 
are shown in Fig. 361. 


Case (2). F(A) = (A/j) 4 . 

The zeros of 1 -f F(A) are given by 

1 4 - A 4 = 0 , or X = (- 1)1 = e j7r / 4 , e j371 / 4 , e j5 */ 4 , e j7?r / 4 
r cos (tt/ 4) + j sin (n/i) = 1 /V 2 + j/V^ 

I cos (3rc/4) + j sin (3w/4) = - 1 /V 2 + j/V 2 

i e * cos (5 tt/ 4) + j sin (5 tt/4) = - 1 /V 2 ~ j/V 2 

- cos (7?z/4) + j sin (7^/4) = 1 /V 2 - j/V 2 


We get at once 

EJE X = e ai + j/?1 = (A + 1/V 2 + J/V 2 ) + 1/V 2 _ j/V 2 ) 

= i + V 2 H A 2 . 



Fig. 362 


The required network is of the form shown in Fig. 362 for 
which 
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E x [ M+ l+v]/[l +aj 

= 1 + a 2 A + a x a 2 A 2 , 

so that a 2 — \/2 and a Y = l/a 2 = l/V^- 

The two networks in parallel thus give the first of Norton’s 
constant-resistance networks shown in Fig. 263, the Z x being 
replaced by A and R by 1. 

G-enebal Case cobbesponding to the “ Constant-^” Type 
oe Filteb. 

The method is that given just above, but we take 

m = m 2n - 

The zeros of 1 + F{X) are then found to be 
for n odd, ^ cos {mir/n) ^ j sin ( rmr/n ), m = 0, 1, ... \ (n - 1) 
and for n even, ^ cos (2 m ~ 1. ?r/2w) ± j sin (2m - 1. nf’ln) 
m = 1, 2, . . . \n. 

We then find 

K!E X = + = l + A, A + A 2 A 2 + . . . + (487) 

in the same way as above, and the networks required to give 
the required values of E i) /E 1 and E 0 /E 2 are those shown in 
Fig. 363. The value of E 0 /E 1 can be worked out from the 



ladder network of Fig. 363, and is found to be of the required 
form of equation (487). The coefficients are equated, and the 
equations then enable one to find the a v a 2 , . . . a n of the 
networks. The method is long, although elementary, and the 
results are 
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a x = sin (jr/2n), a 2 = sin (3^/2n) sm(7i/2n)/a 1 cos 2 (jr/2n) 

a m = sin [(2m— l)7r/2n] sin [(2m — 3 )nl2ri]ja m _ x cos 2 [(m— l)jr/2n], (488) 

a n =n sin (ji/2n). 


We must note that if n is even we end at a shunt branch: this 
is seen if we note that the first branch is always a series branch 
of a n X (in the upper network) and the branches are then shunt, 
series, etc., to the end. 

If we put X = j (cd/cdq), the filters are low and high pass of 
constant-/: type, for the attenuations are 

«x = \ logh (1/Oj) = \ logh [1 + (co/oj 0 Y‘] 
and a 2 = \ logh [1 + (w 0 /w) n ]. 

The former increases to infinity with co just as in a constant 
low pass filter, and the latter becomes infinite at co = 0 as in a 
constant-/: high pass filter. At co — - co 0 each filter has a loss 
of 3 db. 

If X is given the value of equation (486), we get constant-/: 
types B.P. and B.E. filters. 

M-Type Filters. We put 


F(X) = A 0 X 2 


1 + A,X 2 + . . . + A n X 2 ”~ 2 
1 + R x X 2 + . . . + B n X 2n ~ 2 


It is clear from equations (480) and (482) that cq is infinite 
when the denominator of F is zero; (481) and (482) show that 
a 2 is infinite when the numerator of F is zero. Let the peaks of 
oq occur at X/j — 1 fS v 1/S 2 , etc., and the peaks of a 2 at X/j = 
Pi, p »• • . Since G ± and G 2 each must be less than unity, 
F(X) must be positive always, and thus must have coincident 
roots in pairs. F(X) can thus be written 


F(X) = A 0 X 2 


{P 2 + X 2 ) 2 . . . (P Un ^ 2 + X 2 ) 2 
(1 + Sl 2 X 2 ) 2 . . . (1 + S Un . X) 2 X 2 ) 2 


The method of finding the networks from F(X) is very 
laborious. A very brief indication will be given of the method 
of solution in a special case; for further work Norton’s paper 
should be read. 

Let X = j (co/co 0 ) and restrict the P’s and S 's to be less than 
unity; let also the cross-over occur at co = a> 0 , i.e. X = j, and 
let P m = S m , i.e. the second filter be the same function of 
X~ x as the first is of X. 

Since the cross-over is to occur at X 2 = - 1, at which F(X) 
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must be unity so that and G., are equal, it follows that A 0 
must be - 1. 


1 + P(A) = 1 - 


A 2 


(P x 2 A- A 2 ) 2 . . . 
(1 + P^A 2 ) 2 . . . 



(PI + A 2 ).. ■ ] r 

(1 + Px 2 A 2 ). . .J L 


- A 


P x 2 + A 2 ) . . .1 
(1 + P X 2 A 2 . . J 


It is seen that the zeros of the second expression are the 
negatives of those of the first, and thus it is sufficient to find 
the zeros of the first expression and reverse the signs when 
necessary to produce negative real parts. The equation 


. , , (PI + A 2 ) ■ ■ ■ + ?) _ 

+ A (\ +P X 2 A 2 ) . . . (1 +P i( „. 1) 2 A 2 ) 


(489) 


has a root A = - 1. Moreover every other root has a magnitude 
of unity: this is proved by putting A = pe id and finding the 
magnitude of 


P m 2 + A 2 2 (. P m - 2 -PJ)(p 2 -p - 2 ) 

1 + P m 2 A 2 - + (Pp + P-y- 1 ) 2 - 4 sin 2 e 

The right-hand expression must be greater than unity for all 
values of p greater than unity, since P m < 1, and less than 
unity if p < 1. As the magnitude of the products of these 
magnitudes is to be 1 , p must be 1 . Dividing equation (489) by 
(1 + A) we get a reciprocal equation, i.e. one in which the 
coefficients are equal at the same distances from the ends. 
It is convenient to transform the equation by writing 

p = A + A -1 = e j0 = 2 cos 6. 


The resulting equation is found to be 

p- (1 - Si) — 0 OT cos (30/2) + s ± cos (0/2) = 0 for ±{n - 1) = 1 

50 30 0 

P 2 - (1 ~ s 2 ) p - (1 - + s 2 ) = 0 or cos — + s 2 cos — + cos - =0 

for £(n - 1 ) = 2 , 

P* ~ (1 ~ «s) P 2 ~ (2 - 4- « 8 ) P + (! - s i + 5 2 - s s) = 0 or 

70 50 30 0 

cos — + s 3 cos -y + Sj cos — + s 2 cos — = 0 for 4(w - 1) = 3, 

P A ~ (1 — — (3 — 4- $4 )p 2 + (2—^4- s 3 —2 s 4 ) p + (1 — 4- s 2 ~ s 3 4- s *) — 0 

or cos (90/2) 4- S 4 COS (70/2) + s x cos (50/2) + s 3 cos (30/2) -(- s 2 cos (0/2) = 0 

for £(n - 1) - 4. 
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When these roots are found, the networks can be found in the 
way given above, or by another method (Norton loc. cit .). 

Several Filters in Parallel. We put 

Gh = l/[l + F x (X)l 

so that 6? 2 + G 3 -(- Cr 4 . . . = l Ip i jp 

We continue to spht up the remaining conductances in the 
same way, so that 

1 w 1 
2 ~ i + mx ) x i+ f^x) 

and G z + G i . . . = x + 1/F^X) X 1 + ifFjk) 

If there are four filters we have finally 

1 11 

3 ~ i + i mx) x i + mx) x i+ f z {X) 

, 1 1 1 
and O t - 1+ l/Fi{k) x j + i/F 2 (X) X 1 + 1 /F Z {X) 

The method of dealing with the F’s is as before. We can make 
one filter a L.P.F., another a B.P.F., and the third a H.P.F. 




Fio. 364. Comparison of the Elements of Typical Standard 
and Constant-Resistance Filters 

By this way, or by other ways, we can avoid having only a 
3 db. loss at cross-over: the B.P.F. can take the power at the 
cross-over. 

Examples. Fig. 364 shows a standard design for filters in 
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parallel with a cross-over at 1000 cycles, and the constant 
resistance types with the same frequencies of infinite attenua¬ 
tion; the latter has - 1) = 3. Fig. 365 shows the insertion 



Frequency, in cycles per second 

Fig. 365. Loss Characteristic obtained by the Filters in 
Fig. 364 


losses for the two types of low pass filters. It is seen that the 
standard type has a minimum loss of about 56 db. compared 
with 35 db. of the constant-resistance type. It is stated by 
Norton that <e the difference would not be as great for filters 
of less sharp discrimination,” i.e. when the attenuation does 
not rise so steeply from the cut-off frequency. 




APPENDIX VII 

CONSTANT-RESISTANCE FILTER 

The work in the last Appendix shows how filter groups can 
be designed so that the impedance of the combination is a 
constant resistance. It has been found recently* that a form 
of the bridged-T network enables one to find a network of 
constant-resistance which exhibits filter characteristics. In 
addition the work throws much light on the bridged-T network. 

The General Bridged-T Network. This is shown in Fig. 366, 
the upper terminal of the impedance RPjZ being connected to a 

central point of the nuclear four- 
terminal network, which has a con¬ 
stant image impedance R and 
image transfer constant 0 Q . It will 
be shown that the resulting net¬ 
work has a constant image im¬ 
pedance R, but the transfer con¬ 
stant differs from 6 0 by an amount 
depending on Z. The quickest and 
most easily understood way of 
deriving the characteristics of the 
new network is to use Bartlett’s 
“ bisection theorem.” This theorem states that if a network 
“ has within it n terminals T 1 T 2 . . . T n such that, if these ter¬ 
minals are open, the network is cut into two exactly similar 



Fig. 366. General 
Bridged-T Network 



Fig. 367. Bartlett’s Bisection Theorem 

halves, the impedance of one half measured at the input with 
T x T 2 . . . T n free is Zj coth \Q, and with T t T 2 . . . T n all 


* “Zur Theorie der Schaltungen mit konstantem Wellenwiderstand,” by 
R. Feldtkeller, Veroffentlichungen aus den Siemens-Werken, XIV, 3, 1935. 
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connected together is Z t tanh J0.”* Fig. 367 shows the 
geometry of the theorem. 

The general network of Fig. 366 can be replaced by that of 
Fig. 368. Let the image impedance of the total network be 



Z } and transfer constant be 0. Then applying Bartlett’s 
Theorem we get 

Zj coth \Q — R coth J0 O 2 R 2 /Z 
and [1/Zj tanh |0] = [1 /R tanh |0 O ] -f- 2/Z, 
for in the first case the impedance consists of the impedance of 
an open half of the nuclear network in series with 2 R 2 /Z, and 
in the second case it consists of the impedance of a closed half 
in parallel with \Z. These two equations give by division 
Zi = R, and by multiplication 

coth |0 = coth J0 O + 2 R/Z .... (490) 

Putting e 6 = N and remembering that 

coth ±0 - (e e + l)/(e° - 1 ) = (N + 1 )/(N - 1), 
we have a simple equation for N in terms of N 0 and R/Z. The 
result is 


N = 


1 + 


1 + 


£ 

N 0 - 1 R 
1 Z 
N 0 - 1 R 


We note that when Z = qo , N = N 0 , as it should be. 


(491) 


* The Theory of Electrical Artificial Lines and Filters , by A. C. Bartlett, 
pages 28-31. 
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Examples of the Bridged-T Network. By putting different 
networks for the nuclear network we get a variety of forms of 
constant-resistance, bridged-T network. Some cases are shown 
in Figs. 369 to 373 with comments. 


R R 

-VWV—T—VWW' 


{a) Nuclear network. 

( b ) Bridged-T (Stevenson). N 


N a = oo 

1 + Z/R 
1 -ZfR 


Ideal centre- 
tapped coil 


z 




\n?/z 


-o O— 

Fig. 370 

(а) Nuclear network. N 0 

(б) The network of Fig. 335 ( e ). N 


Ideal, centre- 
tapped coil 


Fig. 371 

(a) Nuclear network. 

(b) N = 1 


N n = 1 




Filters with Constant Image Impedance. The bridged-T 
network of Fig. 370* has 

Z, = R 

. 1 + Z/2R 

and N = e» = j- ^ 

When Z is a pure imaginary, the modulus of e 6 is unity so that 
the attenuation, i.e. the real part of 0, is zero; when Z is real 

* This network is the same as that shown in Fig. 335 (e), and any equivalent 
of the constant-resistance lattice of Fig. 174 will do. 




Appen. VII ] 


APPENDIX VII 


435 


R/c 

o—vww- 


o 



R/c 

A/WW-O 



3- 1 —mw—< 

r — 0 

L* i 

>—t--: 

tcR 

i-c 


(a) 



(а) Nuclear networks. 

(б) Bridged-T networks (Zobel). 


N 0 =(C+ 1)/(C -1), C 
C + 1 z 
R 


1 + - 


N - • 


1 + 


( 7-1 Z 

2 


, C>1 



(a) (b) 

Fig. 373 

(a) Nuclear networks. N a = - (C + 1)/(C - 1) = (C " 1 + 1)/(CT 1 -1), C 1 < 

1 + g 

(&) Bridged-T networks. A 7 = - 77 ——C " 1 < 

1 + C i - 

+ 2 R 


29—(T.5782) 
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and nearly equal to 2 R, N is very large and real, and the 
attenuation is large. The problem is then to make Z imaginary 
in the pass bands and equal to 2 R in the stop bands. 

Now we know that a properly terminated filter of the Zobel 
or Cauer type has a real (and nearly constant) impedance in its 
pass bands and an imaginary impedance in its stop bands; if 
we choose the impedance in the pass band of the standard filter 
as 2 R, then the input impedance of the standard filter will be 
very satisfactory as the required impedance Z, provided the 
pass and stop bands of the standard filter correspond to the 
stop and pass bands respectively, of our desired filter. Feldt- 
keller gives an example using a Zobel filter for the impedance 
Z, and this concludes his work.* 

The general problem can, however, be reduced to a problem 
of the Cauer type with precision in the following way. 

A stop range in the constant-resistance filter corresponds to 
a pass range in the filter for Z. Let the minimum attenuation 
in the former be A 0 . Then in the pass range of the Z-filter Z 
is real and must be such that 


1 + Z/2R 
1 - Z/2R * 

which gives 

2 ^ Z ^ n 2 

1 “ e A ° + 1 < 2R < 1 + e A ° - 
so that the maximum impedance variation is 
5 = 2/(e^° - 1). 


1 


(492) 


A pass range in the constant-resistance filter is a stop range 
in the Z-filter, and the condition is 
1 + Z/2R 
.1 - Z/2R ** 

where a 0 is the maximum attenuation in the pass range of the 
first filter. This condition can be shown to correspond to an 
attenuation requirement in the stop-range of the Z-filter. Let 
the Z-filter have image impedances Z v be terminated by a 
resistance 2 R, and have the image transfer constant 0 V Then 
by equation (238) we have 

Z r sinh 6 1 + 2 R cosh 
~~ 1 Zj cosh 6 1 + 2 R sinh B x 

* R. Stalemark reaches the same stage in “Theory and Application of a 
New Eight-terminal Network,” Ericsson Technics , 1935, No. 5. 
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In the stop range Z 2 is a pure imaginary, ignoring dissipation, 
and 

0 X = A x ]7nr, n being an integer. 

The expression for Z then becomes 

Zj sinh A x + 2 R cosh A 1 
~ x Zj cosh A 1 + 2 R sinh A 1 

Let us put Zj — j2 Ra, where a is a positive or negative real 
number. Then 

Z . ja sinh A 1 + cosh A 1 . 

2 R ~~ ^ a ja cosh A ± + sinh A t ~ X 
where x = a 2 /(sinh 2 A ± + a 2 cosh 2 A x ) 

and y = a sinh A 1 . cosh A 1 . (1 a 2 )/(sinh 2 A x + a 2 cosh 2 ^4 X ) 

For values of A ± above 2 nepers we may replace the sinh and 
cosh by \ times the exponential without serious error, and we 
then get 

x = 4a 2 /(l + a 2 )e 2Al 
and y = a. 


The condition in the pass range becomes 
1 + x + jy | 


< e a ° 


1-x-j y 

The left-hand expression is 

+ xf + y 2 II + y 2 + 2x 


1 (1 + *) 2 + y 2 / 1 _ 

V (1 -x)* + y* ■ V 1 


== 1 + 


*)* + y 2 V l + y 2 - 2x 

so that 2a;/(l + y 2 ) < fi"° - 1. 

Substituting for x and y the condition becomes 
[8a 2 /(l + a 2 ) 2 ] e~- At < e“» - 1 
8a 2 1 


2x 

i + y 2 


or 


e 2A ‘ > 


(1 + a 2 ) 2 ' e“* -1 


a varies in the range from - oo to + oo (in the ideal case), 
but the quantity 8a 2 /(l -j- a 2 ) 2 has a maximum at a 2 = 1 of 
value 2. We thus have the simple condition 

e 2Ai > 2/(e“» - 1) 

A 1 > 0-35 + i logh [l/(e“» - 1)] . . (493) 


or 
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Design of a Constant-resistance Filter. The method is now 
clear. We have to design a Z-filter with pass and stop bands 
where the final filter is to have stop and pass bands respec¬ 
tively. The condition that the attenuation in a stop range of 
the final filter shall exceed a minimum value A 0 becomes the 
condition in the corresponding pass range of the Z-filter, that 
the impedance variation shall not exceed s of equation (492). 
The condition in the pass range of the final filter, that the 
attenuation shall not exceed a maximum value a 0 , becomes the 
condition in the corresponding stop range of the Z-filter, that 
the attenuation shall exceed a minimum value A 1 given by 
equation (493). 

The specification of the Z-filter has thus been reduced to 
that of a Cauer filter, which has been fully discussed in 
Appendix V. The impedance 1R 2 /Z is obtained from the network 
for Z by the method given on page 163. 

A disadvantage of the method is that two filters are needed 
to form one final filter, and it is probable that the Norton 
method is the more useful method in practice, as all the filters 
are used in his arrangement for a separate task. 



APPENDIX VIII 

IMPEDANCE CORRECTION 


Impedance Matching and Crosstalk. We have already found 
that if a filter is to function in a proper manner it must be 
terminated properly, i.e. by its image impedances. If the filter 
is put between a line and a modulator (or demodulator), it is 
terminated by an impedance of the form given by.equation 
(147) at one end and by a constant resistance at the other. 
This mismatching affects the transmission characteristics of the 
system, but in practice the distortion so produced is quite 
trivial compared with the effect on the crosstalk. 

In a very interesting paper* E. B. Payne discusses the effects 
of mismatching on crosstalk and gives values of the reflection 
coefficients for different corrective systems. Fig. 374 shows 



Fig. 374. Paths of Crosstalk 


the main paths of crosstalk between A x and B x and B 2 of a 
4-wire carrier system. The near-end crosstalk path 1 and the 
reflected far-end crosstalk path 2 between A x and B x are not 
important, since different frequencies are used for transmission in 
opposite directions so that the filters at B x will not allow 
currents from A x to reach the listener at B v There is a 
far-end crosstalk path 3 from A x to B 2 ; since this path, includes 

* “Impedance Correction of Wave Filters,” B.S.T.J ., October, 1930, 
pages 770-793. 
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the whole length of the 4-wire system, whatever the point of 
crossing from the upper pair to the lower, a transposition 
scheme will eliminate this type of crosstalk. We are now left 
with the reflected near-end crosstalk path 4, and in this case 
transposition does not help, as the path depends upon the 
cross-over point; the only way to eliminate this type of cross¬ 
talk is to reduce the reflection at B x by good matching of 
impedances. It should be noted that the reflection at B x can 
take place only at the junction of the filter and the line at B v 
since the line filter at B x will not allow the currents to pass 
through to its modulator or demodulator terminals: it might 
then be imagined that we need match only at the junctions of 
the lines and filters, but this is seen not to be true. For the 
reflected far-end crosstalk path 5 has a component due to the 
mismatch of the filter at A 2 with its modulator (or demodulator). 

It should be noted that when a wave reaches a junction 
at which the impedances are Z x and Z 2 , the reflected wave is 
(Z x - Z 2 )/(Z X + Z 2 ) times the original wave, and vanishes only 
when Z x = Z 2 . 

It has been found well worth while to produce corrective 
networks which act as a reflectionless buffer between the filters 
and lines or modulators, and the theory of such networks will 
be described. 

Introduction. The fundamental idea is due to Zobel, who 
showed that the m- and mm '-type sections have an image 
impedance which is much more like a constant resistance in 
the pass band than the image impedance of the constant-^ 
section. (See Fig. 205, curves for m = 1 (constant-A;) and 
m — 0*6, and Fig. 235.) The method of ^-termination devised 
by Zobel (see pages 269-273) describes how complementary 
filters in parallel can be treated to achieve good matching. The 
work of Zobel has been extended considerably by H. W. Bode,* 
whose work will be briefly described below. Before describing 
this work two remarks will be made. 

A high modulator efficiency with low distortion demands that 
the impedance of the filter to the suppressed side band be low 
(or high) and nearly constant. For this reason constant-^ 
terminations were used rather than the m -terminations, 
although the latter gave much better matching in the trans¬ 
mitted range, for the impedance of the m-termination has poles 

* “A Method of Impedance Correction, October, 1930, pages 

794-835. 
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and zeros in the stop bands and thus varies very much more 
violently than that of the constant-^ termination. 

It is stated (by Bode) that the reflection coefficient of the 
filter in the stop bands is unimportant, as little energy gets 
through. This is not always true, as is seen by crosstalk path 4 
of Fig. 374, where the mismatch occurs between the line and a 
filter which attenuates in the frequency range concerned. 

Impedance Correcting Network. The network is to have an 
image impedance at one end equal to a constant resistance in 
the pass band (so as to match the modulator) and also fairly 
constant and low or high in the stop band, and an image 
impedance at the other end which matches that of the standard 
filters in the pass band. Moreover this network must not impair 
the transmission properties of the system. The last condition 
makes it impossible to use a two-terminal impedance as the 
network, for it would need to contain a variable resistance 
component which would produce losses. The method is to use a 
four-terminal network, containing only reactances, to act in 
effect as a transformer with an impedance ratio that varies 
with the frequency. 

A great simplification of the design is made possible by the 
following theorem.* 

If the impedance presented by the terminals 1, 1 of a four- 
terminal reactive network is Z x when the terminals 2, 2 are closed 
by Z 2 , then the impedance presented by 2, 2 is Z 2 when 1, 1 are 
closed by Z x , where Z x is the conjugate of Z x , and Z 2 of Z 2 . 
(See Fig. 375.) 



Fig. 375 


The proof follows at once from considerations of power and 
the reciprocity theorem. Suppose the network has Z x between 
terminals 1, 1 and Z 2 between 2, 2. Let E.M.F. e act in series 
with Z x and a current i then flow in Z 2 (Fig. 376). The input 
impedance is Z x , so that the input current is ef(Z x Z x ) — 
e/2 S 19 and the input power is e 2 /4R v This must be equal to 


* Bode, loc. cit., page 798, 
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the output power, since the network is reactive. We have 
therefore 

e 2 /4i? 1 = i 2 R 2 . 

Now suppose that the E.M.F. is put in series with Z 2 . By the 
reciprocity theorem the same current i must flow in Z v Let 



1 1 - 1 2 

Fig. 376 


the impedance presented by 2, 2 be Z = R + ]X. Equating 
powers as before we get 

e 2 R 

(R 2 + R) 2 + (X 2 + Xf ~ 

Thus (R 2 + R) 2 + (X 2 + X) 2 = {e 2 RI*RJ = 4 RR 2 , 
or (R 2 -R) 2 + (X 2 + X) 2 = 0, 

giving R = R 2 and X = - X 2 , 
so that Z = R + ]X = R 2 ~ ]X 2 = Z 2 . 

If and Z 2 are real, and Z 2 = Z 2 . This means that 

if the network matches Z 2 to (left part of Fig. 375), it will 
automatically match Z x to Z 2 (right part of Fig. 375). Our 
problem thus reduces to the finding of a network which, when 
terminated by a filter, has an input impedance which is a 
constant resistance ; or, conversely, which, when terminated by 
a constant resistance, has an input impedance equal to that 
of a filter. 

Theory of the Impedance Correcting Network. The method 
is simplified by considering the resistance and reactance of the 
input impedance of the network separately, for the reactance 
part can be adequately dealt with in general by a two-terminal 
impedance. The network adopted is shown in Fig. 377, together 
with the reactance correcting network. The a’s are real con¬ 
stants and x a function of frequency like the X of Appendix VI 
or Q of Appendix V. The resistance controlling network 
resembles a constant-^ filter, and its important property is 
that, if the impedance to be corrected is of a certain type 
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F(x) which includes those that are of practical importance, the 
resistance or conductance of the corrected impedance is of 
the form 


R (or G) 


W _ 

A 0 + A x x + . . . + A n x n 


(494) 


where the A 9 s are constants, involving the a 9 s of the network. 
It can be shown that, if F(x) is the square root of the ratio of 
two polynomials (or the ratio of two polynomials), equation 
(494) holds. Let the impedance to be corrected be of the form 

F ' J D ' 



F v F 2 , N 0 and D 0 ' being polynomials. This may be written in 
the form 


V(*iW) No = £_ , -A> 
' i j) > n + Jn< 


F 2 C 


D n 




. (495) 


where C has been chosen to make D 0 , i.e. F 2 G, have a factor 
D 0 ' 2 . Adding a series branch j a x x we get an admittance 


_1_ F - j£> 0 (a 1 x + Nq/Dq) 

F IN \ F 2 

Dq \I)o aiX ) ~D + NqIDq ') 2 

= (r + m/n v .( 496 ) 

where N 1 = - D Q {a 1 x -f- N 0 /D 0 ') 
and D ± = F X C + D^{a x x + N/D 0 ') 2 . 


As D 0 has a factor D 0 ' 2 , both N x and D x are polynomials. 
Adding a shunt branch (l/]a 2 x), we get an impedance 



F - j (a 2 xD 1 + N-l) 

r f 2 n \ 2 i 

d iId? + + dJ \ 


F+JN , 

A 


The denominator D 2 is 

fF 2 4- N, 2 \ 

A = A (— 1)2 J + "a 2 * 2 A + 2a 2 xN l 


( 497 ) 
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But 


F + NS w F '+jN^, F-jN, 

U 1 F ) 2 — X - x 


A 2 


A 


A 


J^2 


jy + A ( a i x + A/A ) 2 


JiA^+AJK-Ki+A] 


— ^0> 

on substituting for Z> 1? and for (F ± jAJ/Z^from equations (496). 
We get immediately 


D 2 = D o + U2 x * d i + %a 2 xN v 


which is a polynomial. Adding a series branch j a 3 x we get an 
admittance (F + jiV 3 )/X> 3 , where 


A = A + «s 2 ^ 2 A + 2a 3 a;A 2 . 

In general D r — Z) r _ 2 + a r 2x2 D r - x + 2 
and A r — N r - X + a r xD r _ v 

The latter equation is obvious, see equation (487). 



Having obtained R in the form of equation (484), we can cal¬ 
culate A 0 , A v ... to make R as constant as possible over the 
pass range of x. From these values of the A’ s we calculate 
the a’s of the network. 

Impedance Correcting Network for Constant-k Filter. The 

constantsection is the one usually employed at junctions 
and we choose the impedance to be corrected as its image 
impedance, which by equations (310) is 

K lk = Z 0 VLl + (z lk /2Z 0 )*] 
or K at = ZJVt 1 + (W2 A) 2 ]- 

writing Z 0 instead of R (as we have a new use for R here). We 
choose x, the frequency function, as 

x = (ziklfiZo)- 

Thus for low, high, and band pass filters x is a)/co v eoj/co, 
and ((o/a) m - a> m /o))f(co 2 /a) m - o> m /a> 2 ) respectively. The image 
impedances are then 

Z 0 V( 1 ~ ^ 2 ) and Z 0 /V(l ~ ^ 2 ). 

If the filter is terminated mid-series, the first branch of the 
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impedance correcting network is a series branch, and a shunt 
if shunt terminated. Then in both cases 


R (or G) = 


_ 

1 + A ± x 2 -\- Ag# 4 + • • • + A n x 2n ’ 


odd powers being missing. The larger n more closely will 
the expression be a constant; in practice values of n = 1, 2, 
and 3 are used. 

As filters are invariably used in parallel, the method is 
applied to conductance and susceptance, rather than to 


Reactance 


Controlling 

Network 


Resistance Controlling Network 



Fig. 377. Generalized Schematic of Impedance 
Correcting Network 


resistance and reactance, so that the series, reactance controlling 
network of Fig. 377 is replaced by a shunt susceptance con¬ 
trolling network. The idea and method are the same for both 
cases. 

Case of n — 1. This is shown in Fig. 378. As there is to be 

Appropriate 
Configurations 
of Susceptance 

Generai Configurations of Termination Annulling Networks 



Fig. 378. Configuration of One-branch Termination 


only one branch of the correcting network and the susceptance 
branch is to be a shunt, the filter must be terminated mid-series 
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so that its impedance is Z 0 y^l — x 2 ). We write j a x Z 0 x for the 
series branch, as a x is then constant for all constant-^ filters. 
We have at once 



G + jB = 

giving 

0 

and 

n = 

where 

A = 


y(l - x 2 ) - j a x x 
Z 0 [l~(l~ a i 2 ) 

V(l~^ 2 ) 

Z 0 (1 + A x x 2 ) 
a x x 

Z 0 ( 1 + A x x 2 ) 

a 1 2 - 1 or a x = \/(l + A x ). 


The susceptance is completely annulled by an impedance 


Z 0 (l+A 1 x 2 ) _ Z 0 }xZ 0 A x _2 l-a x 2 

j a x x ]a x x a x a x %2k 2 a x Zlk 

The combination of series and shunt branch form, in fact, a 
half-section of the m-type filter with m = a x (see Fig. 204). 

Case of n = 2. This is shown in Fig. 379. This time we must 
terminate the filter at mid-shunt. G and B are found to be 



Fig. 379. Configuration of Two-branch Termination 


G = y/(l -x 2 )fz 0 (l + A x x 2 + A 2 x% 

B = -a 2 x[(l - aja 2 ) - (1 - a x 2 )x 2 HZ Q (\ + A x x 2 + A 2 x 4 ), 
where A x — a 2 2 - 2a x a 2 , A 2 = a 2 2 ( a i 2 - 1)> 
whence a 2 = [ [1 ± \/{l + A x + A 2 )f - A 2 \* 
and a x = [1 \/(l + A x + A 2 )]/a 2 . 

The upper sign gives the better reactance characteristic. The 
susceptance is easily seen to have the form shown in the 
figure and the values of k x , k 2 , k 2 can be easily found from the 
expression for B in the way described in Appendix V. 
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Case of n = 3. This is shown in Fig. 380. The values of 
C } B, A, a are the following—• 

r—1—-j__ 

KM 

~r~ 

KjAik K^2 Z k 


x 


\busceptance 

annulling 

network 


3= 




2 


g 


Filter 

Impe dance 

^ZfrJXo? 



(71-3) 

Fig. 380. Configuration of Three-branch Termination 


G = V( l - x2 )l Z oi 1 + + A 2 x * + A 3 x6 )> 

B = - x(B 0 + B x x 2 + B 2 xt)IZ 0 { 1 + ^a; 2 + + A 3 a: 6 ;, 

where ^ = a x 2 + 2^3 + a 3 2 - 2 a 2 a 3 - 1 , 

^4 2 = a 2 2 a 3 2 + 2a 2 a 3 - 2a 1 2 a 2 a 3 - 2 a x a 2 a 3 2 , 

A 3 = a ± 2 a 2 2 a 3 2 - a 2 2 a 3 2 , 

Bq = a± a 3 — a 2 , 

B 1 = a 2 + a 3 a 2 - a 2 a 2 - 2a 1 a 2 a 3 , 

B 2 = & 1 2 af 2 a 3 - a 2 2 a 3 . 

To find the a’s in terms of the ^4’s the most convenient forms 
are 

a/(1 H - ^1 Hr 2 a 2 a 3 ) - \/(A 3 a^a^) 

= i V(^ H" A H “^2 H“ j 4 3 ), 

% — a /(1 H - Azl a 2 a z)-> 
a 3 = -a 1 + \/(l + ^1 + 2 a 2 a 3 ) 
and ^2 — ^ 2 ^ 3/^3 ■ 

a 2 a 3 is found from the first equation by a graphical method and 
the rest are then easily obtained. Jc v k 2 , & 3 , & 4 are found from 5 
in the usual way. 

There remains now the problem of finding the A’s. 
Determination of the A’s. It is usually required to make C 
equal to a constant, C 0 say. The polynomial is therefore made 
to fit the expression y^l -x 2 ). Thus 

G 0 Z 0 (1 + A* 2 + + . . . ,4 n * 2 ") = V(1 - x 2 )- 

One obvious method is to expand \/(l -x 2 ) by the Binomial 
theorem, 

V (1 - x 2 ) = 1 - i-z 2 - zf 4 - T Va : 6 . . . , 






448 ELECTRIC CIRCUITS [Appen . VIII 

and to equate powers of x 2 . We get the following values for 
A’s and a’s. 


n 

A 

t 

^3 

«i 


«3 

1 

- 0-5 



0-7071 



2 

- 0-5 

- 0125 


0-9768 

1-6507 


3 

- 0-5 

- 0125 

- 0 0625 

1-0031 

1-9623 

1-6271 



x 

Fig. 381. Resistance and Conductance Characteristics 

SECURED FROM THE BlNOMIAL EXPANSION 


Fig. 381 shows how the polynomials behave over the range 
x = 0 to 1. The behaviour is very good for small values of 
x and bad for values near x = 1. Worse behaviour could be 
tolerated for low values of x if better behaviour could be ob¬ 
tained near x = 1. The best approximation (with “ least 
square ” deviation) is obtained by expressing the polynomial 
as a sum of Legendre coefficients. It is known* that 

Vd -**> = 5[|w -®(i)(i) W -*{!)( rs) 1 ™ 

-KiXiS)™--} 

where the P’s are the Legendre coefficients, as follows 

* Fourier's Series and Spherical Harmonics, by W. E. Byerly, page 184. 
(Ginn & Co.) 
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P 0 {x) = 1, P 2 (x) = i(3x 2 - 1), P A (x) = i(35s* - 30a; 2 + 3), 
P 6 (x) = x^(231x 6 - 315a; 4 + 105a; 2 - 3). 

Substituting for the P’s the polynomials and adding the various 
powers we get a polynomial for the right hand side, and hence 
we have the A’s. It should be noted that if we want to stop at 
a; 4 we must omit all the terms due to P 6 . The following table 



SECURED FROM EXPANSION IN TERMS OF LEGENDRIAN 

' Harmonics 

gives the values of A’s and a’s for n — 1, 2, 3, and Fig. 382 
shows the approximations obtained. 

It may be seen from Fig. 382 that the maxima and minima 
of GqZ 0 (or its reciprocal) have unequal deviations from unity, 
so that the method is not the best. A better solution is obtained 
by a Tschebyscheff approximation, in which the deviations 
from unity at maxima and minima are equal; Cauer’s method* 

* Mathematische Zeitschrift, loc. cit. 
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n 

VO 0 Z 0 

a 

A 2 

i 

A 3 

i 

i 

a 2 

1 

a 3 

0 

1*273 







1 

0*9699 

- 0*7142 



0*5546 

i 


2 

1011 

- 0*3236 

- 0*4884 


0*8986 

1*593 | 


3 

0*9948 

- 0*0461 

+ 0*4958 

- 0*7162 

0*9597 

1*924 

1*565 


may be used to obtain it. For the case of n = 2, the Tscheby- 
scheff approximation is obeyed if 

- (27/16M, = (A 2 - +A x + A 2 ) 

or (27/16) (1 - a 2 ) = a 2 2 [4(1 -a x a 2 ) 2 + a 2 2 (l ~a x a 2 )f 

This relation can be found by ordinary algebra. The range of x 
over which the relation holds gives another equation. 

Impedance Correction of Filters in Parallel. As the pass band 
of one filter is the stop band for the others, in which their im¬ 
pedances are purely reactive, the conductance correcting net¬ 
works are those for the filters acting alone. One susceptance 
network, in shunt with all the filters, can do the rest. 

Propagation Characteristics of Impedance Correcting Net¬ 
works. It is essential that the networks do not disturb the 
filter properties. It is easy to see that they pass freely currents 
within the pass band, for their image impedances are real 
within this band (see equations (286) ). It is in fact quite clear 
that they resemble the constant-^ and m types. It is possible 
that a new theory of non-recurrent filters can be built out of 
the principles described above. For the effect of the networks, 
see Payne ( loc . cit.) and a paper by A. W. Clement.* 

* “Line Filter for Program System,” B.&.T.J ., July, 1934, page 382. 
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FILTERS USING QUARTZ CRYSTALS* 

Introduction. It has already been shown in Chapter IV that a 
quartz crystal behaves like an electrical network of the form 
given in Fig. 124, the Q of the coil being very high, 15,000 and 
higher. It is therefore to be expected that very discriminating 
filters can be built with their aid, and in fact the recent coaxial 
cable uses quartz-crystal filters to separate out bands of width 
about 10 kilocycles up to 1000 kilocycles and higher. Some of 
the remarkable attenuation-frequency curves will be given later. 

There is a fundamental limitation in the network of the 
quartz crystal for by equations (194) we have 

CJC = lc7r/32Ed 12 2 = 140. 

Theoretically this is the smallest value possible, for any stray 
capacitances across the crystal will increase this ratio, but in 
practice slightly smaller values are found, 125 being a realizable 
value. This number fixes some filter properties, the most 
important of which is the fact that using crystals and con¬ 
densers only the maximum band width that can be passed is 
1/125 of the mid-frequency. 

Fig. 383 shows some filter sections containing crystals and 
condensers. To save redrawing, additional condensers may be 
considered to be included in those put across a crystal, for 
which only the resonant-arm values are shown. The reactances 
for the series arms are shown by full fines and for the shunt 
arms by dotted lines. By the relation - 1 < < 0 

for a pass band, we find the band pass shown. 

In case (a), A is the resonant frequency of the crystal and 
its shunt capacitance whilst / 2 is something less than the anti- 
resonant frequency, so that 

A = 1/27t#A) and / 2 < 1/2 t7 V[L 1 C' 1 /(1 + CJC,)], 
i.e. / 2 <AV(1 + =A (1 + ^ 1 / 2 ^ 2 )* 

As CJC 2 must be less than 1/125, / 2 must be less than A (1 + 

* See W. P. Mason, B.S.T.J., July, 1934, pages 405-452; Lack, Willard 
and Fair, ibid., pages 453-463; Mason, B.S.T.J. , October, 1937, pages 423-436; 
Lane, ibid., January, 1938. 

30— (T.5782) 
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1/250) = 1*004/!. The same holds for case (6), whilst in case (c) 
/ 2 must be less than 1*008 f v Capacitances in series or in shunt 
with the crystal narrow the band. 

The ladder type filter with crystals and capacitances only 
are limited in the positions of the peak attenuations and also 



Fig. 383. Filters containing Crystals and Condensers 


in band width. The first difficulty can be overcome by using a 
lattice form, but the second only by using coils. 

Filters using Crystals, Condensers and Coils. The advantages 
of the crystals will be lost if the coil dissipations cause a varying 
loss within the pass bands, and configurations are to be found 
in which these advantages are retained. 

The key to the solution is as follows. If we put the coils at 
the ends of a filter the resistances of the coils can be made to 
be part of the terminating resistances, i.e. they can be con¬ 
sidered as outside the filter proper, which can then be con¬ 
sidered to be composed of crystals, condensers, and non- 
dissipative coils: the resistances can be either series or shunt. 
Between sections of the filter, coils can be tolerated provided 
their resistances are so arranged that they form an aperiodic 
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attenuating pad. Fig. 384 shows all these cases in one com¬ 
posite filter. The resistances rj 2 form part of the left termina- 



Fig. 384. Avoiding the Effects of Resistance on 
Attenuation 


tion, r 2 part of the right, and resistances |r 3 and \r± can be 
made to form an attenuating pad with an added resistance r 5 . 
It is obvious from the T-equivalent of a lattice structure 

Za+Zc 


2^o Z A ^Zc 

Fig. 385. Putting a Series Impedance Outside a Lattice 





(see Fig. 175) that the structures of Fig. 385 are equivalent: 
for the T-equivalent of the left network has arms Z A + Z c and 
\{Z B -Z A ) = \(Z B -f- Z C ~Z A -f- Z c ), which is also that of the 



Fig. 386. Putting a Shunt Impedance Outside a Lattice 


right. The equivalence of Fig. 386 follows from the inverse 
property. We can, in this way, take an end coil into a lattice 
network without losing the attenuation properties. The 
resulting filters are shown in Fig. 387. 

The effect of the series coil in the left filter of the figure is to 
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lower the resonant frequency / x and produce another, //, as 
shown in Fig. 388. It is easily found that if/ x and// are evenly 
spaced about, their frequency separation is about 9 per cent. 



Fig. 387. Introducing Coils into a Lattice Filter 


The separation of the filter in this case is found to be 13*5 per 
cent, and can be made less by putting capacitances across the 
filters. The attenuation curve is shown in Fig. 388,* and applies 



Fig. 388. Effect of the Series Coils in the Lattice 
Filter 
I f L 0 = L u 

fsOO — 00 • 

equally well for the filter of Fig. 387(6). There is a fundamental 
difference in the filters of Fig. 387; for a narrow band filter the 
first structure has an image impedance which is low, whilst the 
second has a high impedance. Thus for the case of Fig. 387 (a), 
* For design formulae see Mason, loc. cit ., October, 1937, page 435. 
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with crystals of normal size, the impedance for a mid-frequency 
of 64 kc. and band width 3 kc. the impedance is 600 Q , whilst 
for a mid-frequency of 500 kc. and band width 3 kc. the 
impedance is 25 Q. Fig. 389 shows the measured insertion loss 
of a filter of type Fig. 387 (a), impedance 25 Q. For a filter of 
type Fig. 387 (6) the impedance is about 400,000 Q for a 1 per 
cent band width. 

Low and high pass filters can be obtained, using crystals, in 



494 495 496 497 498 499 500 501 502 


Frequency , in kilocycles per second 

Fig. 389. Measured Insertion Loss Characteristic of a 
Band-pass Filter at a High Frequency 

various ways. A high pass filter can be obtained by omitting 
the series or shunt coils of Fig. 387, but it is seen that the 
frequencies of infinite attenuation are very near the cut-off and 
there is little attenuation at a distance from the cut-off. The 
structure behaves more like a narrow band elimination filter. 

High and low pass filters, with relatively broad bands and 
sharp discrimination, can be obtained by the use of transformers 
and crystals. Fig. 390 (a) shows a low-pass lattice filter. The 
transformer has a specified coupling, not unity, and we find 
that the reactance curves are those shown in Fig. 390 ( b) by 
replacing the transformer by its T-equivalent. If the elements 




Frequency 


Fig. 391. Impedance Characteristic of a Transformer, 
Condenser, and Crystal 

shows a case where the last anti-resonant and resonant fre¬ 
quencies coincide; the attenuation is that due to three 
sections, and the impedance is nearly constant up to a 
frequency near the cut-off. The effect of dissipation in the 
transformer is interesting. Fig. 391 shows the equivalent 
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circuit of the transformer and crystal. If an air-cored trans¬ 
former is used, the shunt arm, being due to mutual inductance, 
has a very small resistance. The series impedance on the right 
is in series with the crystal, and with good design has a resis¬ 
tance approximately the same as that of the crystal. The 
resistance of the left series impedance can be included in the 
end effect described above. The net effect of the transformer 
is to halve the Q of the crystal, which may thus be reduced 
from 10,000 to 5,000; the sharpness of the filter is thus still 
determined mainly by the Q of the crystal. 

By replacing the series condenser of Fig. 390 (a) by a con¬ 
denser across the primary of the transformer in the horizontal 
arms, we get a high-pass filter. 

Bridged-T Crystal Filters and Resistance Compensation.* It 
is often required to have an unbalanced filter arrangement, and 
the bridged-T type suggests itself at once. The bridged-T 
network shown in Fig. 179 has the T-equivalent of Fig. 180. 
By the T-equivalent of a lattice network, shown in Fig. 175, 
it is clear that the equivalent lattice has arms 

Z A Z B /2(Z A + Z M ) 

and 2 Z c + Z A 2 /2(Z A + Z B ) + Z A Z B /2(Z A + Z B ) = 2 Z c + J Z A , 

and is represented in Fig. 392 {a). The equivalence shown in 
Fig. 392 ( b ) follows from Fig. 386. 

A bridged-T crystal filter is shown in Fig. 393 with its lattice 
equivalent. It will be shown that if R x is chosen properly the 
attenuation curve is substantially that corresponding to the 
high Q of the crystal, the coil dissipation being considered zero. 
Over a narrow frequency range, near a frequency co 0 /27t, a coil 
of inductance L with a resistance r has an admittance 

, . ~w~ . r — ](J)L 

(r + JC oL) = r 2 _|_ w 2£2 

= _I_+_1_ 

r(l + w 2 Z, 2 /r 2 ) jmL(l + r 2 /co 2 i 2 ) 

1 1 
^ r(l + Q 2 ) + j<wL(l + Q~ 2 ) 

* See Mason, jOctober, 1934, page 425, and B.S.T.J. , October, 
1937, pages 423-436; “ M derived band pass filters with resistance cancella¬ 
tion,” by V. D. Landon, JR.C.A. Review , Vol. 1, No. 2, October, 1936, pages 
92-101. 



ELECTRIC CIRCUITS 


[ Appen. IX 



Fig. 393. Bridged-T Crystal Filter and Lattice 
Equivalents 
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The series combination of L and r can therefore be represented 
over this narrow range by the parallel combination of L( 1 + Q~ 2 ) 
and r(\ + Q 2 ), say L' and R. L' will be nearly equal to L in 
practice, and R will be great whilst r will be small (compared 
with OqL ). Thus the resistance of L x can be taken out and put 
across the crystal (R in the third equivalent of Fig. 393). By 
suitable choice of R x the resistance in series with L x + 2 L 2 
produces an equal shunt resistance R. Then by means of the 
equivalence of Fig. 386 we get the final equivalent of Fig. 393, 
in which the lattice is dissipationless except for the crystal. 



The shunt resistances R are included in the terminations. The 
reactances of the arms are those shown in Fig. 394, and the 
attenuation curve shown follows at once from Table XIII and 
the fact that, since the lattice is a bridge, there is infinite 
attenuation when the arms have equal impedances. 

It is interesting to compare the behaviour of the filter of 
Fig. 393 with that of a filter of the same configuration using a 
series resonant circuit in place of the crystal. The dissipation 
due to L x and L 2 can be balanced out by R x , just as in the case 
dealt with. A series resonant circuit L , G , R can be replaced by 
a circuit L\ G' in parallel with R' provided 

1 (l/jcoL)(jcoG') 1 

R' ^ 1/j a)L' + j coG' R + jcoL + 1/j coG 

R - (j (joL + 1/j (oG) 

= R* +7 coL - 1/coG) 2 
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Frequency , in kilocycles per second. 

Fig. 395. Numerical Comparison between the Loss 
Characteristics of a Crystal Filter and a Coil and 
Condenser Filter 

giving B' = B( 1 + Q 2 ), L' = L( 1 + Q~ 2 ), G' = (1 + Q~ 2 ), 

where Q = ("% V«0) 
li 

As Q, defined by this equation, passes from a negative value 
through zero to a positive value within the pass band of the 
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filter, a constant resistance like R x cannot compensate for the 
dissipation. Fig. 395 shows very vividly the difference in 
behaviour of a filter using a crystal and one using a coil and 
condenser. For any two frequencies of equal Q 's the compen¬ 
sation can be exact, e.g. at the frequencies of high attenuation 
as shown in Fig. 395. 

A specially suitable arrangement of 
the filter of Fig. 393 is one in which 
there is a considerable mutual induct¬ 
ance between the coils shown as L v 
The inductance L x is then the primary 
plus the mutual inductance; the latter 
has no resistance attached to it if air- 
cored coils are used, so that the Q of the 
coil L x is high. £ 2 is made to neutra¬ 
lize the - M due to the s, and the 
comparatively low Q in this arm makes it unnecessary to use 
a very large value of R x for compensation. 

For other bridged-T and differential filters (of the type 
shown in Fig. 335 (a) ) using crystals see Mason’s second paper. 
Other Applications of Resistance Compensation.* Fig. 396 

shows a section of series- 



Fig. 396. Resistance 
Compensation foe w-type 
Low -pass Filter 
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Fig. 397. Resistance Compensation 
for Band-pass Fiiter 


tenuation near this 
equivalence of Figs, 
has impedance 

r 2, + + 

and this is zero when 


frequency. 
179 and 180. 


derived, m-type low pass 
filter, with a resistance R x 
> across the series coils. If R x 
is absent, there is infinite 
attenuation in the ideal 
case at w = 1 /\/(L 2 C 2 ), 
but in practice the at- 
d tenuation is finite because 
of dissipation. The use of 
R x results in infinite at- 
To prove this we use the 
The resulting shunt arm 


i , (,i"A + »i) (j<oLi + »i) 


j coCi 


+ 


Rx -j- 2r x -|— 2 j coL^ 


£ r 2 + [R x + 2 r x + 2]cdL 1 ] + + r x ) 2 = 0, 

* Landon, loc. cit. f H. W. Bode, U.S. Patent 2002216. 
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Fig. 398. Equivalent Methods of Resistance Compensation 

Rjc 



Fig. 399. Resistance Compensation for Two Peaks 
of Attenuation 


Fig. 397 shows the same principle applied to a band pass 
filter. Fig. 398 shows two circuits with equivalent performance. 
The filters shown have one peak of infinite attenuation, but 
it is possible to get two peaks; Fig. 399 shows such a case. For 
a very useful discussion of filters as interstage coupling devices 
see Landon, loc. cit. 




APPENDIX X 

SIMPLE PROOF OF FOSTER’S THEOREM 

A simple proof of this most important theorem is given by the 
use of the Compensation and Reciprocal Theorems. 

Proof of Foster’s Theorem. Fig. 400 shows a general two 




Fig. 400 

terminal network with terminals A and B. An E.M.F. E is 
applied to the terminals and produces an input current I . 
Then the admittance of the network is 



Fig. 401 



Y = I/E. 

Let the current in branch r be I r and the impedance Z r . Let 
the impedance be increased by A Z r . The new system of 
currents is that due to the E.M.F.’s in Fig. 401. As the E.M.F. E 
produces a current I r in branch r, the E.M.F. -I r .AZ r in 
branch r produces an input current of 


I r • AZ r 
E 


1 2 

x i r ~ A ^ 


The total input current is thus 


I-(ZI*.AZ r )IE , 

the E being taken over all the branches. The admittance of 
the network has thus become 


(I/E) - (EI r 2 AZ r )IE 2 , 

so that A Y — - (X/ r 2 . A Z r )/E 2 . 

If the network contains reactive elements only and we choose 
E to be a vector with no imaginary part, as we may, the various 
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currents are all represented by purely imaginary numbers since 
they are all in quadrature with the E.M.F. Thus we may put 

I r = j(X r E, 

where a r is a real positive or real negative number. Moreover 
Z r is composed of inductances and capacitances so that 

Z r = j coL r or 1 f]coC r . 

If the variation of Z r is due to an increase of the frequency 
A Z r = j L r or = (j fco 2 C r ) Aw, 

= \K Aw, say, 

where k r is always real and positive. 

Substituting for I r and A Z r we get 

A Y = + ](Sa 2 k r ) Aw. 

Thus (AT/j) is a quantity which invariably increases as the 
frequency increases. Now (Y/j) must start at co = 0 by being 
-Qo or 0, i.e. be a capacitive or inductive shunt at zero fre¬ 
quency. It can only increase, so that it must increase to oo 
(through zero in the first case), start again at - oo and go up 
through zero to + oo , and repeat. The zeros and poles must 
therefore be interlaced. Finally any network with a finite 
number of elements must have an admittance given by the 
quotient of two polynomials, obtained by the solution of a 
number of linear equations given by KirchhofFs Laws. It 
follows that the zeros give the factors of the polynomial in the 
numerator, and the poles the factors of the denominator. The 
proof is thus complete for any network containing inductances 


jcoMl s iwMI r 



Fig. 402 


and capacitances only. We have now to prove that mutual 
inductances cause a similar variation of the input admittance 
or impedance. 

Fig. 402 shows a mutual inductance between branches 
r and s. The increase of co by Aw causes new E.M.F.’s 
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-Ir-jLr. and - I s . j M Ao in branch r 

and - I s . j L s . Aw and - I r . \M Aco in branch s. 

The contribution to the input current due to these is 

- j A (o(I r 2 L r + I S 2 L S + 2 I r I s M) 

= + j A^ (ar 2 ^r + a s 2 ^s + 2a f a s if). 

Since Jf > ^/(LfLg) the expression in the brackets must always 
be positive, even when M is negative. The proof is now 
complete. 
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constant, 326 
motional, 93 

of an inductance and a capacitance, 
58 

of m-type high pass filter, 265 
low pass filter, 247 
presented by transformer, 157-8 
self and mutual, 66, 67 
short- and open-circuit, 98 
theorem on, 167 

transforming, attenuating pad, 190, 
192-193 

band pass filter, 293 
two-terminal, 146 
with given characteristic, 147 
Impedances in series and in parallel, 
71 

Incremental permeability, 110 
Inductance— 

design of, 107, 118 
effective, 154 
impedance of, 58 
negative, 96 
of long solenoid, 119 
of multilayer coil, 120-122 
of parallel wires, 119 
of part of a circuit, 50 
of straight wire, 118 et seq. 
self and mutual, 46 
with air-gap, 111 
Induction, electromagnetic, 44 
Induction, magnetic, 38 
Initial A.C. permeability, 110 
Input and intervalve transformers, 
135 

Insertion, loss factor , 177, 180-2 
-, losses, 180-2 

International Critical Tables, on 
resistivity, 99 

Intervalve and input transformers, 
135 

Inverse hyperbolic functions, 12-13 

- networks, 163 

Iterative parameters, impedances, 
and propagation constant, 174-175 

Jahnke and Emde, on Si function, 
345 

Jaumann, on differential equivalents 
of the lattice network, 365 
Jeffreys, on operational methods, 
332 

Johnson, on- 

equivalent networks, 159 
image parameters, 171 et seq. 
iterative parameters, 174 


Johnson, on {contd .)— 

mutual inductance in band pass 
filters, 300 

Jordan, on losses in dust cores 
(Nachwirkung), 117 

Kennelly, on— 
impedance, 57 

star-mesh transformation, 80 
tanh -1 r\y, 232 
Kirchhoff’s Laws, 67-69 
Konig, on four-terminal network, 
169 

Kupfmiiller, on attenuation distor¬ 
tion, 343, 345, 346 

Lack, Willard and Fair, on quartz. 
451 

Ladder network, 72 

-—, acoustic. 9J 

-, propagation constant of, 

234 

- type filter, band conditions for, 

205-207 

- equivalent of lattice, 368, 380, 

et seq. 

Landon, on resistance compensation, 
457 

Lattice section, 193-196 

-, differential forms, 365-6 

-, equivalent of m-type 

filter, 225 

--, filter, 207-208, 364 

-, filter, design of, 208 et seq. 

-, low pass filter, 249 

-, propagation constant of, 

232 

- network, ladder equivalent, 368 

Le Corbeiller, on Tschebyscheff 
parameters, 418 
Line, continuous, 96-99 
Linear differential equations, 23 

- parameters, 168-171 

Linear-phase intercept, 343, 349 351 

-, measurement of, 351-352 

Llewellyn, on extended algebraic 
method in A.C., 61, 63 
Lloyd, on carrier telephony and 
telegraphy, 241 
Loading, lamped, 201 
Logarithms, ordinary and neperian, 
3-6 

Lohys iron, hysteresis coefficient of, 
109 

London Electric Wire Co. & Smiths’ 
Ltd., on resistivity, 100 
Loney, on— 

complex numbers, 14 
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Loney, on ( contd .)— 

exponential and logarithmic func¬ 
tions, 3 

hyperbolic functions, 11 
Loop attenuation method, 322, 328 
Losses in dust cores, 116 
Loss factors and terminations, 176 

-, insertion, 177 

Low-and-band-pass filter, constant-^, 
217 et seq. 

- } mid-series equiva¬ 
lent, 229 

Low pass filter, 240 et seq 

attenuation distortion in, 344 
constant-&, 241 
dissipation in, 250-3 
lattice type, 249 
m-type, 242 
mm'-type, 248 
summary, Appendix I, 355 
L-type attenuating pad, 190, 193 

Macdonald, on high frequency tuned 
circuits, 303 

Mack, on transmission maintenance 
tests, 322 

Macrobert, on Fourier analysis, 336 
Maddison, on electrolytic condenser, 
142 

Magnetic, energy, 46 
flux, 39 
induction, 38 
Magnetism, 37 

Magnification factor of a coil, 117 
MaSett, on coupled circuits, 303 
Manganin, 100 
Martin, on the decibel, 179 
Mason, on— 

acoustic impedance, 90 
crystal filters, 145, 451, 454 
resistance compensation, 457 
ladder networks, 91 
Matching impedances, 172 
Maxfield and Harrison, on— 
acoustic gramophone, 88 
mechanical analogies, 54, 85 
Maxwell, on— 

bridge for inductance and resist¬ 
ance, 105 

capacitance coefficients, 32 
circulating currents, 67—69 
energy stored in a dielectric 
(Thomson, J. J.), 31 
Gauss’s theorem, 28 
induced E.M.F., 49 
layer dielectric, 161 
Mayer, on loop attenuation method, 
322. 328 


Mean power, 57 

Measurement of A.C. resistance, 105 

- attenuation and phase-shift, 

322-331 

- impedance, 106 

- inductance, 105 

- linear-phase intercept, 351-352 

- time-delay, 329 

Mechanical analogies, 53, 85 

- transformer, 86 

Micrion, 118 

Mid-series and mid-shunt, imped¬ 
ances, 213 

equivalent filters, 219 el seq . 
equivalent low - and - band - pass 
filter, 229, 231 
Mile of standard cable, 180 
MM '-type filters, 226 
band pass filter, 289 
high pass, 266 
lattice form of, 211 
low pass, 248 

Model, on high frequency tuned 
circuits, 303 

Montgomery, on carrier telephony 
and telegraphy, 241 
Motional, impedance, 93 

-/admittance, 94 

Moullin, on— 

capacitance and inductance of in¬ 
complete circuit, 26 
design of air-cored coils, 118 
expanded condenser, 49 
high frequency losses in coils (due 
to dielectric), 124 

skin and proximity effects, 104-5-6 
M -type— 

band pass filter, 280 
high pass filter, 265 
lattice equivalents of, 225 
low pass filter, 242 
series derived filter, 211, 223 
shunt derived filter, 224 
Multilayer coil, inductance of, 120-122 

-, best dimensions of, 122 

Mumetal. 114 
Mutual— 

capacitance, 32 
impedance, 66, 69 
inductance, 46 

in band-pass filter, 300 

N ACHWIEKUN G, 117 
Nagaoka, on inductance of single 
layer solenoid, 119 

Natural, frequency of tuned circuit, 
151 

-, logarithm, 3-6 
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Negative, resistance, 95 

-, inductance and capacitance, 96 

Neper, 178 

Neperian logarithm, 3-6 
Network, four-terminal, 168 et seq. 
Networks, equivalent, 158-163 
Nichols, on mechanical analogies, 54 
Nomogram for band pass filter, type 
4L, 359 

Norton, on impedance transforming 
band pass filter, 293 
constant-resistance networks, 162, 
173 

- filter groups, 422 

Notation, algebraic, 3 
Nottage, on inductance and capaci¬ 
tance, 50 

Nyquist, on measurement of time- 
delay, 329 

Oatley, on high-frequency tuned 
circuits, 303 
Ohm’s Law, 36 

Open- and short-circuit impedances, 
91, 171-174 

Orlich, on compensated resistances, 
103 

Owen’s bridge, 106 

Padstton, on design of transformers, 
107 

Parallel— 

combination of networks, 185—186 
impedances, 71 
inductance of, 119 
tuned circuit, 153 et seq. 
wires, inductance of, 119 
Parameters— 
image, 171 
iterative, 174 
linear, 168-171 
Pass band, 202 
conditions for, 202-203 
Payne, on impedance correction, 439 
Periodic waves, 333 
Permalloy, 111, 112, 114 
Permeability, 108 et seq. 

A.C., 109 
differential, 109 
incremental, 110 
Phantom circuit capacity, 34 
Phase-compensating networks, 196 
Phase distortion, 346 

- shift constant, 178 

in pass band, 203 
measurement of, 322-331 
of m-type low pass filter, 245 


Piezo electricity, 94, 143 

crystal for band elimination filter* 
312 

Polar form of complex numbers, 16 
Polygonal coil, inductance of, 119 
Potential, scalar, 27 
vector, 39, 43 
Power, mean, 57 

- in an A.C. circuit, 61 

Practical transformers, 129-130 
Propagation constant— 
image, 173 

impedance method of measuring,. 
326 

iterative, 175 
of ladder section, 188, 192 
of lattice section, 232 
of line, 97 

Proximity effect, 104 

II-section, 190-192 

II-type attenuating pad, 192 

Pulse, 337 [201 

Pupin, on loading of continuous line,. 

Quad capacities, 34 
Quadratic equation, 1 
Quadripole, 168 et seq. 

Quartz crystal, 143 

equivalent network of, 160 
- filters, 145, 451 

Ralph, on— 

band pass filter for carrier tele¬ 
graphy, 296-300 

calculation and measurement of 
band-pass filter, 322 
quartz crystal, 145 

band elimination filter, 312 
Rayleigh, on energy in a wave, 342 
Reactance, theorem on, 164 
Reciprocal theorem, 76, 170 
Reed, on— 

high-frequency tuned circuits, 303 
unbalance in circuits, 326 
Reflection— 
coefficient, 177 
factor, 177 
losses, 315 

losses in mid-m-type termination,. 
315-317 

^-termination of constant-Ar 
section, 317-321 
Resistance— 

compensation, 457 
dynamic, 125 

high frequency of coils, 124-126 
negative, 95 
specific, 100 
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Resistivity, 100 
Resonant frequency— 

of parallel tuned circuit, 153 
of series tuned circuit, 149 
Reyner, on— 

inductance of straight wires, 103 
multilayer coils, 121 
Rhometal, 115 

Rosa, on inductance of multilayer 
coil, 120 
Rosen, on— 
crosstalk, 35 

star-mesh transformation, 81 
Roseway, on— 

band pass filter for voice frequency 
carrier telegraphy, 296-300 
calculation and measurement of 
band pass filter, 322 
carrier telegraphy, 241 
leakage factor in transformers, 140 
Runge, on high-frequency timed 
circuits, 303 
Russell, on— 

hyperbolic functions, 13 

skin effect, 104 

star-mesh transformation, 80 

8ANDEMAN, On- 

measurement of time-delay, 329 
transformers as bandpass filters, 302 
Scalar product of vectors, 57 
Schneider, on radio frequency core 
losses, 117 

-Scratch filter, 260-263 
Screened coils, 126 
Selectivity, 155-157 
Self- 

capacitance, 32 
capacitance of coils, 122-124 
impedance, 66 
inductance, 46 

.Sels and Evans, on linear parameters, 
170 

Series impedances, 71 
Series-tuned circuit, 149 et seq. 
Shackleton and Barber, on dust 
cores, 115 
Shea, on— 

aperture distortion in television, 337 
compensation theorem, 77 
image parameters, 171 
impedance transforming band pass 
filters, 293 

mid-series equivalent band pass 
filter, 278 

mutual inductance in band pass 
filter, 300 

Th6venin’s theorem, 78 


Short- and open-circuit impedances— 
of line, 98 

of network, 171-174 
Sidebands, 346 
Side circuit capacitance, 34 
Siegmund, on aluminium electrolytic 
condenser, 142 

Silicon steel, permeability of, 110-112 
Simulating networks, 148 
Simultaneous equations, 1, 2 
Skin effect, 104 

Slepian, on power in A.C. circuits, 60 
Smith, Charles, on algebra, 1 

-, C. W., on decibel, 179 

Smoothing circuit, 259 
Solenoid, inductance of, 119 
Sowerby, on— 

inductance of coils, 119 
non-inductive condensers, 142 
screened coils, 126 
Specific resistance, 99-100 
Speed and Elmen, on— 
dust cores, 115 
losses in, 116 
Spooner, on— 

A.C. permeability, 109 
incremental permeability, 110 
Stalemark, on constant-resistance 
filter, 436 

Stalloy, hysteresis coefficient of, 109 
Standard cable, mile of, 180 

- Telephones and Cables, on— 

band pass filter for carrier 
telegraphy, 296 
permalloy, 110-112 
Star-mesh transformation, 80 
Starr, A. T., on— 

active three-terminal network, 83 
errors in measurement of attenua¬ 
tion, 326 

linear and image parameters, 173 
measurement of impedance, 106 

-, F. M., on— 

exact equivalent network of a 
transformer, 131 

parallel combination of networks, 
186 

Steinmetz, on— 

complex algebraic methods, 57 
hysteresis constant, 109 
Stewart, on acoustic ladder networks, 
91 

Stiffness, 54 
Stop band, 202 

condition for, 202-203 
Straight wire, inductance of, 118 
Stray capacities in Wheatstone 
bridge, 82 
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Strecker and Feldtkeller, on matrices, 
182 

Superheterodyne band pass filter, 309 
Symbolic form of ladder filter, 241 

Tandem combination of four-ter¬ 
minal networks, 182-185 
Tapered horn, 86-88 
Taylor’s theorem, 13 
Telegraph Construction and Main¬ 
tenance Co., Ltd., 114 
Terminations— 

in low-pass filter, 253 
loss factors, 176 

Terry, on voice frequency carrier 
telegraphy, 241 
Theorem— 

compensation, 77 

on active three-terminal network, 
83 

on impedance, 167 
on reactance, 164 
on star-mesh transformation, 80 
reciprocal, 76 
Thevenin’s, 78 
Thevenin’s theorem, 78 
Thomson, J. J., on Gauss’s theorem, 
28 

Three-terminal network, general, 83 
Time constant of a resistance, 102-103 
Time-delay, measurement of, 329, 
342 

T-network, 187-188 
Toroidal coil, 52 
inductance of, 108 
Transfer constant, image, 172 et seq. 

- impedance, 76 

Transformer, 53 

as band pass filters, 302 
between low impedances, 138 
equivalent network of, 131 et seq. 
general, 127 et seq. 
ideal, 85, 128 
impedance of, 157-158 
input and intervalve, 135 et seq. 
mechanical, 86 
practical, 129-130 
reduced to unity ratio, 133 
Transients, 332-336 
in filters, 352-353 
Transmission— 

general problem of, 341 
unit of loss, 178 
Trigonometric functions, 7-10 
Tschebyscheff behaviour, 386 

-, restricted, 388 

T-section, 187-188 
Tube of force, 28 


Tuned circuit— 

high-frequency, 303 
parallel, 153 
series, 149 et seq. 

Turnbull, on measurement of time- 
delay, 329 

Two-terminal impedances, 146 
Type of a wave filter, 214 

Unit function of Heaviside, 337 

- of transmission losses, 178 

Units, 45 

Unity ratio, reduction of transformer 
to, 133 

Van der Pol, on negative resistance, 
146 

Van Dyke, on— 

equivalent circuit of quartz 
crystal, 143 
piezo-electricity, 95 
Vector potential, 39, 43 

- product of vectors, 57 

Vectorial methods in A.C., 54 
Verman, on impedances with nega¬ 
tive resistance, 146 
Vigoureux, quartz resonators and 
oscillators, 95 
Vogt, on Ferrocart, 118 
Volt drop in resistance, inductance, 
and capacitance, 55—57 

Wave-trap, 156-157 
Weber’s Law on loudness, 178 
Webster, A. G., on acoustic imped¬ 
ance, 90 

Wheatstone bridge, 68-70 

-stray capacities in, 82 

Wheeler, on high-frequency tuned 
circuits, 303 

Wide range transformer, 140 
Willans, on inter valve transformers, 
135 

Wilmotte, on inductance of straight 
wires, 50 
Wire gauges, 100 

Wolfe, on carrier telephony and tele¬ 
graphy, 241 

Wright and Weaire, on— 
scratch filter, 260-263 
superheterodyne band pass filter, 
310-311 

Zobel, on- 

bridged-T network, 197 
calculation of loss, 314 
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Zobel, on ( contd .)— 

class and type of a filter, 214 
constant resistant networks, 162, 
196, 199, 200 

complementary filters, 269 
constant-^, low - and - band - pass 
filter, 217 et seq. 
equivalent networks, 159 
iterative parameters, 174 


Zobel, on (contd .)— 

ladder-type filter, 212 et seq. 
mid-series equivalent low - and - 
band-pass filter, 229 
mm'-type filter, 212, 226 
negative dB/da >, 348 
phase shift in pass band, 203 
theorem on impedance, 167 
transients in filters, 352 
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